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Abstract

Let M be aright R —module. A right R —module N is called small
pseudo principally M —injective (briefly, small PP —M — injective) if, every
R —monomorphism from a small and principal submodule of M to N can be
extended to an R —homomorphism from M to N. In this paper, we give some
characterizations and properties of small PP —Q —injective modules.
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1. Introduction

Let R bearing. Aright R—module M is called principally injective
(or P —injective) [5], if every R —homomorphism from a principal right ideal of
R to M can be extended to an R —homomorphism from R to M.
Equivalently, I,,r;(a)=Ma for all a€ R . Following [7], a right R —module
M is called principally quasi-injective, if each R —homomorphism from a

principal submodule of M to M can be extended to an endomorphism of M .
In [9], aright R—module M is called small principally injective (or SP —
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injective) if, every R —homomorphism from a small and principal right ideal
aR to M can be extended to an R —homomorphism from R to M. A right
R — module M is called PPQ —injective [13] if, every R —monomorphism
from a principal submodule of M to M extends to an endomorphism of M. In
this note we introduce the definition of small PPQ — injective modules and give
some interesting results on these modules.

Throughout this paper, R will be an associative ring with identity and
all modules are unitary right R —modules. For right R —modules M and N,

Hom, (M, N) denotes the set of all R —homomorphisms from M to N and
S=End, (M) denotes the endomorphism ring of M. If X is a subset of M the

right (resp. left) annihilator of X in R (resp. S) is denoted
by 1, (X) (resp. I(X)). By notations, Nc® M, Nc*M,and N< M we

mean that N is a direct summand, an essential submodule and a superfluous
submodule of M, respectively. We denote the Jacobson radical of M by
J(M).

Following [1], a submodule K of a right R —module M is superfluous
(or small) in M, abbreviated K << M, in case for every submodule L of M,
K+L =M implies L=M. Itis clear that kKR < R if and only if k € J(R).

2. Small PPQ-injective Modules

Definition 2.1. Let M be aright R —module. A right R —module N is called
small pseudo principally M — injective (briefly, small PP —M — injective) if,
every R —monomorphism from a small and principal submodule of M to N can
be extended to an R —homomorphism from M toN. M is called small
pseudo principally quasi-injective (briefly, small PPQ — injective) if, it is small
PP —M — injective.
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Lemma 2.2.

(1) If N issmall PP—M —injective, then N is small PP —-X -
injective for any submodule X of M.

(2) Every direct summand of small PP —M —injective is also small
PP —M — injective.
Proof. (1) Let meX with mMR<<X and leta:mR—>N be an
R —monomorphism. Since MR <« M [1, Lemma 5.18], there exists an

R —homomorphism 1M — N such that o = &1211 where 1, :mMR — X and

1, : X =M are the inclusion maps. Then o, extends o.

(2) Let N be a small PP —M —injective module, Xc® N, meM
with MR<«<M and let o:mMR—>X be an R-—monomorphism. Let
@:X—> N be the injection map. Since o is monic, there exists an

R —homomorphism B:M — N such that oo =t where 1:mR — M s the
inclusion map. Then 73 extends o where m: N — X is the projection map.
O

F

Example 2.3. Let Rz{o

F F
Ng = . Then
00

(1) N issmall PP —M —injective.
(2) N issmall PPQ — injective.

F
j where F is a field, My =Ry and
F

Proof. (1) Let O0=xeF and m:( ] It is clear that only

0 F
mR:(0 OJ is the nonzero small and principal submodule of M. Let
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01
¢:mMR — N be an R —monomorphism. Since (O Oje MR, there exists

coxser sl (5 -7 %)
™ o o) <{lo o) [03)
{6 e D05 56 6 %)

It follows that X, =0.

A ~((a b ax;,, bxg,
Define ¢:M — N by o = forevery a,b,ceF.
0 c 0 0

Itis clear that (Ap isan R —homomorphism and (Ap extends .

Then N is small PP —M —injective.
(2) ByLemma 2.2 (1)

A right R —module N is called small principally M —injective (briefly,
SP —M —injective) [12] if, every R —homomorphism from a small and
principal submodule of M to N can be extended to an R —homomorphism
from M to N. Two right R—modules M, N are called mutually
SP —injective if M is SP— N —injective and N is SP — M —injective.

Proposition 2.4. If M; @M, is small PPQ — injective, then M, and M, are
mutually SP —injective.
Proof. Let aeM, with aR<<M, and let ¢:aR—>M, be an R-

homomorphism.  Define a:aR - M, @M, by a(x)=(p(Xx),x) for every
XeaR . Itisclear that o is an R —monomorphism. Since M; @ M, is small

PP —-M, —injective by Lemma 2.2, there exists an R —homomorphism
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B:M, -> M, @M, such that o =1 where 1:aR — M, is the inclusion map.
Let ©: M, ® M, — M, be the projection map. Then ¢ = o, = ntPt.
This proves that M, is SP — M, —injective. The same argument shows that M,
is SP —M, —injective.

O

Theorem 2.5. Let M be a right R —module. If every small and principal
submodule of M is projective, then every factor module of a small
PP — M — injective module is small PP —M — injective.

Proof. Let N be a small PP —M —injective module, X a submodule of N,
MR <<M, and let ¢:aR —> N/X be an R —monomorphism. Then by

assumption, there exists an R —homomorphism @:aR — N such that ¢ =1
where m:N— N/X is the natural R —epimorphism. If X e Ker(¢), then
¢(X) =ne(X) =X so x =0 which shows that ¢ is monic. Since N is a small
PP —M —injective, there exists an R —homomorphism :M — N which is an

extension of ¢ to M. Then nP is an extension of ¢ to M.
O

Let M be aright R —module with S=End(M). Following [7], write
W(S)={seS: Ker(s)c* M}.

It is known that W(S) is an ideal of S. A right R—module M is

called a principal self-generator if every element meM has the form
m =y(m,) forsome y:M —> mR.

Lemma 2.6. Let M be a principal, small PPQ—injective module. If
Ker(s) = Ker(t) , where s,t € S with s(M) << M, then StcSs.

Proof. Let Ker(s)=Ker(t), where s,teS with s(M)<<M. Define
@:3(M)>M by o@(s(m))=t(m) for every me M. It is obvious that ¢
isan R —monomorphism. Since s(M) is a small and principal submodule of M
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and M is small PPQ—injective, let @ be an extension of ¢. Then

t=ps=¢seSs andso St < Ss.
O

Proposition 2.7. Let M be a principal module which is a principal self-
generator and Soc(M;)c*M. If M is small PPQ—injective, then
J(S) c W(S).

Proof. Let seJ(S). If Ker(s)z® M, then Ker(s)mN=0 for some
nonzero submodule N of M. Since Soc(M;)c®* M, Soc(Mi)nN=0.
Then there exists a simple submodule KR of M such that kR < Soc(M) NN

[1, Corollary 9.10]. As M s a principal self-generator and kR is simple,
KR =t(M) for some teS. It follows that Ker(st) =Ker(t). Since M is a

principal module, J(M)<«< M [10, 21.6] and we have J(S)M cJ(M),
it follows that st(M) is a small submodule of M. Since M is small
PPQ —injective, StcSst by Lemma 2.6. Write t=gst where geS.

It follows that (1-gs)t =0 andso t=(1—gs)"0=0, acontradiction.
O

Proposition 2.8. Let M be a principal nonsingular module which is a principal
self-generator and Soc(M;)c®* M. If M is small PPQ—injective, then
J(S)=0.
Proof. Since J(S) — W(S) by Proposition 2.7, we show that W(S) =0.
Let se W(S) and let me M. Define ¢@:R — M by ¢(r)=mr for every
reR.Itisclear that ¢ isan R —homomorphism. Thus
rz(s(m))={reR: s(mr)=0}
={reR: mreKer(s)}
={reR: ¢(r) e Ker(s)}

= ¢ ' (Ker(s)).
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It follows that ¢ '(Ker(s))c*R [3, Lemma 5.8(@a)] so
r.(s(m)) = R. Thus s(m) € Z(M;) =0 because M is nonsingular. As this

is true forall me M, we have s=0. Hence W(S) =0 as required.
O

Proposition 2.9. Let M be a small PPQ —injective module me M and
seSsS.

(1) If mR is a simple and small right R —module, then Sm is a
simple left S—module.

(2) If s(M) is a simple and small right R —module, then Ss is a

simple left S—module.
Proof. (1) If A is a nonzero submodule of Sm and 0= a(m)e A, then

Sa(m) < A. Note that a.(m)R is a nonzero homomorphic image of the simple
module MR , then ao(m)R is simple. Itis clear that ao(m)R < M.

Define ¢@:a(M)R - M by ¢(a(m)r) =s(m) for every reR. Since
Ker(a)nmR =0, ¢ is well-defined. It is clear that ¢ is an
R —homomorphism. Since o(m)R is simple and ¢ is nonzero, Ker(¢)=0.

Then there exists an R —homomorphism (Ape S is an extension of ¢. Hence

m = (M) € Sau(m) . It follows that Sm =So(m) so A =Sm.

(2) By the similar proof of (1).
O

Proposition 2.10. Let M be a small PPQ-—injective module. If
Sm, @..®Sm, is direct, m;e M with mR <M, (I<i<n), then any

R —monomorphism o:mR+...4+m R — M hasan extensionin S.

Proof. Since o, ismonic, foreach i, there exists an R —homomorphism

¢,:M—>M such that ¢,(Mm)=a(m,).  Since (z:llmi)R <M,
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n n - -
(zi:lmi)R Y MR and a 5 o is monic, o can be extended to

¢:M —> M such that, forany reR,

(P(Zinzlmi)r:a(z::lmi)r'
It follows that Z::l@(mi)zzin:l@i(mi)' Since Sm, @...®Sm_ is direct,

o(m;) =¢,(m;) forall 1<i<n.Therefore ¢ isan extension of o.
O

Lemma 2.11. Let M be a small PPQ — injective module. If r,(m)=r,(n),
where m,ne M with mR «< M, then ShcSm.

Proof. Let ro(m)=ry(n), where m,neM with MR <« M. Define
@:mMR —>M by oe(mr)=nr for every reR. It is obvious that ¢ is an

R —monomorphism. Since M is small PPQ —injective, there exists (T)eS

such that ¢ extends @. Then n = (M) = @(m) € Sm so Sn = Sm.
O

Theorem 2.12. Let M be a small PPQ — injective module, m,n € M with

MR «< M.
(1) If mR embedsin nR, then Sm is an image of Sn.
(2) If mMR=nR, then Sm=3Sn.
Proof. (1) Let f:mR —nR be an R —monomorphism. Since M is small

PPQ — injective, there exists f S suchthat f extends f. Let :Sn —>Sm
defined by o(s(n)) = sf(m) for every s€S. Since o(s(n)) =sf(m) es(nR),
o is well-defined. It is clear that o is an S—homomorphism. Note that
f(mR :f(m)R <« M. Since f is monic, ry(f(m))=r;(m) and hence by
Lemma2.11, Smc Sf(m). Then m e Sf(m) < o(Sn).

2 Let f:mR—->nR be an R —isomorphism.  Write
f(ma)=n, aeR. Since M is small PPQ — injective, f can be extended to
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f:M — M. Define 6:Sn — Sm by o(s(n)) :sf(ma) forevery seS. ltis
clear that o is an S—epimorphism. If s(n)eKer(c), then
0= 5(s(n)) = sf (ma) = sf(ma) =s(n). This shows that & is monic.

O

Proposition 2.13.  Let M be a principal, small PPQ — injective module. Then
Soc(My) = 1, (3(9)) .

Proof. Let MR be a simple submodule of M. Suppose o(m) =0 for some
a€J(S). Then ry(a(m))=ry(m) because r,(m) is maximal. Since M is
small PPQ —injective and oo(m)R is a small and principal submodule of M,
SmcSa(m) by Lemma 2.11. Writt m=Ba(m) where B€S. Then
(1-Ba)m=0 so m=(1-Ba)*0=0, acontradiction.

O
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