
Science and Technology RMUTT Journal 
Volume 2 (2012) Number 1 : pp. 39 – 44 

 

www.stj.science.rmutt.ac.th 
Online ISSN 2229-1547 
 
Receive:  September 20, 2012 
Revise:  April 10, 2013 
Accepted:  April 17, 2013  
 

BASIC MATRIX OPERATIONS ON LEFTAND RIGHT 
CIRCULANT MATRICESVIA REPRESENTER POLYNOMIAL 

 
Aldous Cesar F. Bueno 

 
Department of Mathematics and PhysicsCentral Luzon State University 

Science City of Muñoz 3120, Nueva Ecija 
E-mail :aldouz_cezar@yahoo.com 

 
Abstract 

 
In this paper, the use of representer polynomial to compute the sum and 

product and product left and right circulant matrices was presented. Some 
examples were also provided to illustrate the concept. 
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1. Introduction 

Wyn-jones [2] introduced the concept of the representer polynomial in 
his work “Circulants”. Using the said polynomial, he illustrated how to compute 
the sum and the product of right circulant matrices. 
 

The following are established properties of right circulant matrices from [1]: 
a. The sum of two right circulant matrices is right circulant. 
b. The product of two right circulantmatrix is right circulant. 
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Definition 1.1A matrix ܴܥܴܫܥ௡ሺ റܿሻ א  ௡௫௡ሺԹሻ is said to be a rightܯ
circulant matrix if it is of the form 
 

௡ሺܥܴܫܥܴ റܿሻ ൌ

ۉ

ۈ
ۇ

ܿ଴ ܿଵ ܿଶ
ܿ௡ିଵ ܿ଴ ܿଵ

ڮ
ܿ௡ିଶ ܿ௡ିଵ
ܿ௡ିଷ ܿ௡ିଶ

ڭ ڰ ڭ
ܿଶ ܿଷ ܿସ
ܿଵ ܿଶ ܿଷ

ڮ
ܿ଴ ܿଵ

ܿ௡ିଵ ܿ଴ ی

ۋ
ۊ

 

 
The matrix ܴܥܴܫܥ௡ሺ റܿሻ has the following structure: 

1. Each row is a right cyclic shift of the row above it.  
2. ܿ௜,௝ ൌ ܿ௞,௟ whenever j – i = l – k (mod n) 

Definition 1.2A matrix ܥܴܫܥܮ௡ሺ റܿሻ א  ௡௫௡ሺԹሻ is said to be a left circulantܯ
matrix if it is of the form 
 

௡ሺܥܴܫܥܮ റܿሻ ൌ

ۉ

ۈ
ۇ

ܿ଴ ܿଵ ܿଶ
ܿଵ ܿଶ ܿଷ

ڮ
ܿ௡ିଶ ܿ௡ିଵ
ܿ௡ିଵ ܿ଴

ڭ ڰ ڭ
ܿ௡ିଶ ܿ௡ିଵ ܿ଴
ܿ௡ିଵ ܿ଴ ܿଵ

ڮ
ܿ௡ିସ ܿ௡ିଷ
ܿ௡ିଷ ܿ௡ିଶی

ۋ
ۊ

 

 
The matrix ܥܴܫܥܮ௡ሺ റܿሻ has the following structure: 

1. Each row is a left cyclic shift of the row above it 
௡ሺܥܴܫܥܮ .2 റܿሻis symmetric, that is ܥܴܫܥܮ௡ሺ റܿሻ் ൌ ௡ሺܥܴܫܥܮ റܿሻ. 

Definition 1.3Define ܿ݅ܿݎ௡ሺԹሻ ൌ ሼ റܿ| റܿ א Թ௡ሽ. That is ܿ݅ܿݎ௡ሺԹሻ  is the set 
of all circulant vectors in Թ௡. Let ݑሬറ ൌ ሺ0 1 0 … 0ሻ߳ܿ݅ܿݎ௡ሺԹሻ and form 
 ሬറ in mod n, the setݑ ሬറሻ. Then through convolution with powers ofݑ௡ሺܥܴܫܥܴ
ሼ1, ,ሬറݑ ,ሬറଶݑ … ,  ௡ሺԹሻ andܿݎ݅ܿ ሬറ௡ିଵሽ is the standard orthonormal basis forݑ
ሼܫ, ,ሬറሻݑ௡ሺܥܴܫܥܴ ௡ܥܴܫܥܴ

ଶሺݑሬറሻ, … , ௡ܥܴܫܥܴ
௡ିଵሺݑሬറሻሽ is the standard 

orthonormal basis for ܴܥܴܫܥ௡ሺԹሻ. From these relations any ܿ݅ܿݎ௡ሺ റܿሻ and 
௡ሺܥܴܫܥܴ റܿሻ can be written as a polynomial. That is ܿ݅ܿݎ௡ሺ റܿሻ ൌ
∑ ܿ௞

௡ିଵ
௞ୀ଴ ௡ሺܥܴܫܥܴ ሬറ௞andݑ റܿሻ ൌ ∑ ܿ௞

௡ିଵ
௞ୀ଴ ௡ܥܴܫܥܴ

௞ሺݑሬറሻ 
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The polynomial ܣ௥ሺݔሻ ൌ ∑ ܿ௞
௡ିଵ
௞ୀ଴  ௞ is called the representerݔ

polynomial. It evaluates ܿ݅ܿݎ௡ሺ റܿሻ at ݔ ൌ ௡ሺܥܴܫܥܴ  ሬറ andݑ റܿሻat ݔ ൌ
 .ሬറሻݑ௡ሺܥܴܫܥܴ
 
 
The Relationship of the Left and Right Circulant Matrices 
 

ሬറሻࢉሺ࢔࡯ࡾࡵ࡯ࡸ ൌ મ࢔࡯ࡾࡵ࡯ࡾሺࢉሬറሻ ሾࢗࡱ. ૚ሿ 
 

where મ ൌ ൬
૚ ॹ૚

ॹ૛ ૚ି࢔෨ࡵ
൰,ܫሚ௡ିଵ ൌ

ۉ

ۈ
ۇ

0
0
0

ڮ
0 0 1
0 1 0
1 0 0

ڭ ڰ ڭ
1 ڮ 0 0 ی0

ۋ
ۊ

,  

 ॹଵ ൌ ሺ0 0 0 ڮ 0ሻandॹଶ ൌ ॹଵ
௧ 

 
 
Remarks: 

ࢰ ൌ ࢚ࢰ ൌ .ࢗࡱ૚ሾିࢰ ૛ሿ 
ࢰሬറሻࢉሺ࢔࡯ࡾࡵ࡯ࡾ ൌ .ࢗࡱሬሬറሻ ሾࢽሺ࢔࡯ࡾࡵ࡯ࡸ ૜ሿ 

 
whereߛറ ൌ ሺܿ଴ ,ܿ௡ିଵ, ܿ௡ିଶ, … , ܿଵሻ 
 
 
The effect of ࢰ in multiplication is as follows. 
 
Left multiplication: fixes the first row and does horizontal flip on the 
remaining part of the matrix 
 
Right multiplication: fixes the first column and does vertical flip on the 
remaining part of the matrix 
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The Representer Polynomial and the Basic Matrix Operations 
 
Let റܽ ൌ ∑ ܽ௞ݑሬറ௞௡ିଵ

௞ୀ଴  and ሬܾറ ൌ ∑ ܾ௞ݑሬറ௞௡ିଵ
௞ୀ଴  be circulant vectors then 

௡ሺܥܴܫܥܴ റܽሻ ൅ ௡൫ሬܾറ൯ܥܴܫܥܴ ൌ ௡൫ܥܴܫܥܴ റܽ ൅ ሬܾറ൯andܥܴܫܥܮ௡ሺ റܽሻ ൅
௡൫ሬܾറ൯ܥܴܫܥܮ ൌ ௡൫ܥܴܫܥܮ റܽ ൅ ሬܾറ൯ 
 

On the other hand, on matrix multiplication the calculation will be 
a little bit different. The calculation is the same as the multiplication of 
polynomials, but with all the powers of ݑሬറ taken modulo n. 
 

As an example, consider the right circulant matrices 
,ହሺ1ܥܴܫܥܴ 0, െ3, 2, 1ሻ and ܴܥܴܫܥହሺ3, െ1,2,0,4ሻ and their corresponding 
left circulant matrices ܥܴܫܥܮହሺ1, 0, െ3, 2, 1ሻand ܥܴܫܥܮହሺ3, െ1,2,0,4ሻ. 
 
Sum: 
,ହሺ1ܥܴܫܥܴ 0, െ3, 2, 1ሻ ൅ ,5ሺ3ܥܴܫܥܴ െ1,2,0,4ሻ ൌ ,5ሺ4ܥܴܫܥܴ െ1, െ1, 2, 5ሻ 
,ହሺ1ܥܴܫܥܮ 0, െ3, 2, 1ሻ ൅ ,5ሺ3ܥܴܫܥܮ െ1,2,0,4ሻ ൌ ,5ሺ4ܥܴܫܥܮ െ1, െ1, 2, 5ሻ 

 
Product: 
,ହሺ1ܥܴܫܥܴ 0, െ3, 2, 1ሻ · ,5ሺ3ܥܴܫܥܴ െ1,2,0,4ሻwill be determined by the 
resulting circulant vector. 
 
ሺ1, 0, െ3, 2, 1ሻ ൌ 1 െ ሬറଶݑ3 ൅ ሬറଷݑ2 ൅ ,ሬറସandሺ3ݑ െ1,2,0,4ሻ ൌ 3 െ ሬറݑ ൅ ሬറଶݑ2 ൅
 ሬറସݑ4
 
ሺ1 െ ሬറଶݑ3 ൅ ሬറଷݑ2 ൅ ሬറସሻሺ3ݑ െ ሬറݑ ൅ ሬറଶݑ2 ൅  ሬറସሻݑ4
        ൌ 3 െ ሬറݑ െ ሬറଶݑ7 ൅ ሬറଷݑ9 െ ሬറସݑ ൅ ሬറହݑ3 െ ሬറ଺ݑ10 ൅ ሬറ଻ݑ8 ൅  ሬറ଼ݑ4
        ൌ 6 െ ሬറݑ11 ൅ ሬറଶݑ ൅ ሬറଷݑ13 െ  ሬറସݑ
 
Hence, 
,ହሺ1ܥܴܫܥܴ 0, െ3, 2, 1ሻ · ,5ሺ3ܥܴܫܥܴ െ1,2,0,4ሻ ൌ ,5ሺ6ܥܴܫܥܴ െ11, 1, 13, െ1ሻ. 
 

The computation for the product of two left circulant matrices and the 
product of a left circulant matrix and a right circrulant matrix will be based 
on the following results. 
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2. Main Results 

Theorem 2.1The product of two left circulant matrices is a right circulant 
matrix. 
Proof.Let ܥܴܫܥܮ௡ሺݒറሻ and ܥܴܫܥܮ௡ሺݓሬሬറሻ be left circulant matrices where 
റݒ ൌ ሺݒ଴, ,ଵݒ … , ሬሬറݓ ௡ିଵሻandݒ ൌ ሺݓ଴, ,ଵݓ … ,  ,௡ିଵሻ. Then by Eq. 1ݓ
റሻݒ௡ሺܥܴܫܥܮ ൌ Πܴܥܴܫܥ௡ሺݒറሻand ܥܴܫܥܮ௡ሺݓሬሬറሻ ൌ Πܴܥܴܫܥ௡ሺݓሬሬറሻ. 
 
റሻݒ௡ሺܥܴܫܥܮ ·  ሬሬറሻݓ௡ሺܥܴܫܥܮ
 ൌ Πܴܥܴܫܥ௡ሺݒറሻΠܴܥܴܫܥ௡ሺݓሬሬറሻ 
 ൌ റߩ ሬሬറሻ whereݓ௡ሺܥܴܫܥറሻܴߩ௡ሺܥܴܫܥܮߎ ൌ ሺݒ଴, ,௡ିଵݒ ,௡ିଶݒ … ,  .ଵሻሾby Eqݒ
3ሿ 
 ൌ  ሬሬറሻ ሾby Eq. 1ሿݓ௡ሺܥܴܫܥറሻܴߩ௡ሺܥܴܫܥܴߎߎ
 ൌ  ሬሬറሻ ሾby Eq. 2ሿݓ௡ሺܥܴܫܥറሻܴߩ௡ሺܥܴܫܥܴ

 ז
 
Theorem 2.2The product of a left circulant matrix and a right circulant 
matrix is a left circulant matrix. 
Proof.Let ܥܴܫܥܮ௡ሺݒറሻ be left circulant matrix and ܴܥܴܫܥ௡ሺݓሬሬറሻ  be a right 
circulant matrix where ݒറ ൌ ሺݒ଴, ,ଵݒ … , ሬሬറݓ ௡ିଵሻandݒ ൌ ሺݓ଴, ,ଵݓ … ,  ..௡ିଵሻݓ
Then by Eq. 1,ܥܴܫܥܮ௡ሺݒറሻ ൌ Πܴܥܴܫܥ௡ሺݒറሻ. 
 
Case 1: ܥܴܫܥܮ௡ሺݒറሻ ·  ሬሬറሻݓ௡ሺܥܴܫܥܴ
റሻݒ௡ሺܥܴܫܥܮ · ሬሬറሻݓ௡ሺܥܴܫܥܴ ൌ Πܴܥܴܫܥ௡ሺݒറሻܴܥܴܫܥ௡ሺݓሬሬറሻ 
This is a left circulant matrix because ܴܥܴܫܥ௡ሺݒറሻܴܥܴܫܥ௡ሺݓሬሬറሻ is right 
circulant matrix. 
 
Case 2: ܴܥܴܫܥ௡ሺݓሬሬറሻܥܴܫܥܮ௡ሺݒറሻ 
 റሻݒ௡ሺܥܴܫܥܮሬሬറሻݓ௡ሺܥܴܫܥܴ
 ൌ  റሻ ሾby Eq.1ሿݒ௡ሺܥܴܫܥܴߎሬሬറሻݓ௡ሺܥܴܫܥܴ
 ൌ റߪ റሻwhereݒ௡ሺܥܴܫܥറሻܴߪ௡ሺܥܴܫܥܮ ൌ ሺݓ଴, ,௡ିଵݓ ,௡ିଶݓ … ,  ଵሻ ሾby Eq. 3ሿݓ
 ൌ  റሻ ሾby Eq. 1ሿݒ௡ሺܥܴܫܥറሻܴߪ௡ሺܥܴܫܥܴߎ
This is a left circulant matrix using the same argument in the Case 1. 

 ז
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3. Examples 

Consider ܥܴܫܥܮହሺ1, 2, െ7, 0, 10ሻ, ,ହሺെ4ܥܴܫܥܮ െ8, 1, 5, 3ሻ and  
,ହሺ2ܥܴܫܥܴ  7, 1, െ3,1ሻ 
,ହሺ1ܥܴܫܥܮ 2, െ7, 0, 10ሻ · ,ହሺെ4ܥܴܫܥܮ  െ8, 1, 5, 3ሻ 

ൌ ,ହሺ1ܥܴܫܥܴߎ 2, െ7, 0, 10ሻ · ,ହሺെ4ܥܴܫܥܴߎ  െ8, 1, 5, 3ሻ 
ൌ ,ହሺ1ܥܴܫܥܮߎ 10, 0, െ7, 2ሻ · ,ହሺെ4ܥܴܫܥܴ െ8, 1, 5 ,3ሻ 
ൌ ,ହሺ1ܥܴܫܥܴ 10, 0, െ7, 2ሻ · ,ହሺെ4ܥܴܫܥܴ െ8, 1, 5 ,3ሻ 

 
ሺ1, 10, 0, െ7, 2ሻ ൌ 1 ൅ ሬറݑ10 െ ሬറଷݑ7 ൅  ሬറସandݑ2
 ሺെ4, െ8, 1, 5 ,3ሻ ൌ െ4 െ ሬറݑ8 ൅ ሬറଶݑ ൅ ሬറଷݑ5 ൅  ሬറସݑ3
ሺ1 ൅ ሬറݑ10 െ ሬറଷݑ7 ൅ ሬറସሻሺെ4ݑ2 െ ሬറݑ8 ൅ ሬറଶݑ ൅ ሬറଷݑ5 ൅  ሬറସሻݑ3

ൌ െ4 െ ሬറݑ48 െ ሬറଶݑ79 ൅ ሬറଷݑ43 ൅ ሬറସݑ101 ൅ ሬറହݑ7 െ ሬറ଺ݑ33 െ ሬറ଻ݑ11 ൅  ሬറ଼ݑ6
ൌ െ4 ൅ 7 െ ሬറݑ48 െ ሬറݑ33 െ ሬറଶݑ79 െ ሬറଶݑ11 ൅ ሬറଷݑ43 ൅ ሬറଷݑ6 ൅  ሬറସݑ101
ൌ 3 െ ሬറݑ81 െ ሬറଶݑ90 ൅ ሬറଷݑ49 ൅ ሬറସݑ101 ൌ ሺ3, െ81, െ90, 49, 101ሻ 

 
՜ ,ହሺ1ܥܴܫܥܮ 2, െ7, 0, 10ሻ · ,ହሺെ4ܥܴܫܥܮ  െ8, 1, 5, 3ሻ 

ൌ ,ହሺ3ܥܴܫܥܴ െ81, െ90, 49, 101ሻ 
 
,ହሺെ4ܥܴܫܥܮ െ8, 1, 5, 3ሻ · ,ହሺ2ܥܴܫܥܴ 7, 1, െ3,1ሻ 

ൌ ,ହሺെ4ܥܴܫܥܴߎ െ8, 1, 5, 3ሻ · ,ହሺ2ܥܴܫܥܴ 7, 1, െ3,1ሻ 
 
ሺെ4 െ ሬറݑ8 ൅ ሬറଶݑ ൅ ሬറଷݑ5 ൅ ሬറସሻሺ2ݑ3 ൅ ሬറݑ7 ൅ ሬറଶݑ െ ሬറଷݑ3 ൅  ሬറସሻݑ

ൌ െ8 െ ሬറݑ44 െ ሬറଶݑ58 ൅ ሬറଷݑ21 ൅ ሬറସݑ62 ൅ ሬറହݑ15 െ ሬറ଺ݑ11 െ ሬറ଻ݑ4 ൅  ሬറ଼ݑ3
ൌ െ8 ൅ 15 െ ሬറݑ44 െ ሬറݑ11 െ ሬറଶݑ58 െ ሬറଶݑ4 ൅ ሬറଷݑ21 ൅ ሬറଷݑ3 ൅  ሬറସݑ62
ൌ 7 െ ሬറݑ55 െ ሬറଶݑ62 ൅ ሬറଷݑ24 ൅ ሬറସݑ62 ൌ ሺ7, െ55, െ62, 24, 62ሻ 

 
՜ ,ହሺെ4ܥܴܫܥܮ െ8, 1, 5, 3ሻ · ,ହሺ2ܥܴܫܥܴ 7, 1, െ3,1ሻ 

ൌ ΠRCIRCହሺ7, െ55, െ62, 24, 62ሻ 
ൌ LCIRCହሺ7, െ55, െ62, 24, 62ሻ 
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