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Abstract

In this paper, the use of representer polynomial to compute the sum and
product and product left and right circulant matrices was presented. Some
examples were also provided to illustrate the concept.
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1. Introduction

Wyn-jones [2] introduced the concept of the representer polynomial in
his work “Circulants”. Using the said polynomial, he illustrated how to compute
the sum and the product of right circulant matrices.

The following are established properties of right circulant matrices from [1]:
a. The sum of two right circulant matrices is right circulant.
b. The product of two right circulantmatrix is right circulant.
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Definition 1.1A matrix RCIRC, (c) € M,,,,(R) is said to be a right
circulant matrix if it is of the form

(Co G G Cn Cn—l\
th-1 Co G Cn-3 Cp-2
RCIRC,(¢) = : :
C2 C3 G4 Co €
€1 G C3 Ctn-1 Co /

The matrix RCIRC,,(¢) has the following structure:

1. Each row is a right cyclic shift of the row above it.
2. ¢;j = ¢y, Whenever j—i=1-k (mod n)

Definition 1.2A matrix LCIRC,,(¢) € M,,,(R) is said to be a left circulant
matrix if it is of the form

( Co €1 € . 2 Cn—l\
€1 G G th-1 Co
LCIRC,(c) = : :
th-2 Cn-1 Co  Cn-a C(n-3
th-1 G0 O Cn-3 Cn—Z/

The matrix LCIRC,(c) has the following structure:

1. Eachrow is a left cyclic shift of the row above it
2. LCIRC,(c)is symmetric, that is LCIRC,(¢)T = LCIRC,(C).

Definition 1.3Define circ,(R) = {c|c € R"}. That is circ,(R) is the set
of all circulant vectors in R™. Let u = (010...0)ecirc,(R) and form
RCIRC, (u). Then through convolution with powers of u in mod n, the set
{1,u,u? ..., u™ 1} is the standard orthonormal basis for circ,(R) and
{I,RCIRC,,(w),RCIRCZ(W), ..., RCIRCI 1 (u)} is the standard
orthonormal basis for RCIRC,,(R). From these relations any circ,(c) and
RCIRC,(¢) can be written as a polynomial. That is circ,(c) =
n_dcukand RCIRC, (C) = XRZd ¢ RCIRCE (W)
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The polynomial A"(x) = XRZdc, x* is called the representer
polynomial. It evaluates circ,(¢) at x =u and RCIRC,(¢)at x =
RCIRC,(%).

The Relationship of the Left and Right Circulant Matrices

LCIRC,(¢) = IRCIRC,(¢) [Eq.1]

1 .
where IT = ( ~ ),I =
0, T,/

0,=(0 0 0--0)and0, = 0,*

Remarks:
In=1I1=1"1Eq.2]
RCIRC, (¢c)IT = LCIRC,(¥) [Eq.3]

Where)? = (CO’Cn_l, Cn_z, ey Cl)

The effect of IT in multiplication is as follows.

Left multiplication: fixes the first row and does horizontal flip on the
remaining part of the matrix

Right multiplication: fixes the first column and does vertical flip on the
remaining part of the matrix
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The Representer Polynomial and the Basic Matrix Operations

Letd = Y-} a, ik and b = Y122 b, u* be circulant vectors then
RCIRC,(a) + RCIRC,(b) = RCIRC,(a + b)andLCIRC,(a) +
LCIRC,(b) = LCIRC,(@ + b)

On the other hand, on matrix multiplication the calculation will be
a little bit different. The calculation is the same as the multiplication of
polynomials, but with all the powers of u taken modulo n.

As an example, consider the right circulant matrices
RCIRC5(1,0,—-3,2,1) and RCIRCs(3,—1,2,0,4) and their corresponding
left circulant matrices LCIRCs(1,0,—3,2, 1)and LCIRCs(3,—1,2,0,4).

Sum:
RCIRCs(1,0,-3,2,1) + RCIRC5(3,—1,2,0,4) = RCIRC5(4,—-1,-1,2,5)
LCIRC5(1,0,-3,2,1) + LCIRC5(3,—-1,2,0,4) = LCIRC5(4,—-1,—1,2,5)

Product:
RCIRC5(1,0,—-3,2,1) - RCIRC5(3,—1,2,0,4)will be determined by the
resulting circulant vector.

(1,0,-3,2,1) = 1 — 3u2 + 2u® + u%and(3,—-1,2,0,4) = 3 — u + 2u? +
4yt

(1-=3u?+2u3+u")(3 —u + 2u? + 4u*)
=3 —u—7u®+9u® —u*+3u°—10u’ + 8u’ + 4us
=6—11u+u?+ 133 —u*

Hence,
RCIRCs(1,0,—3,2,1) - RCIRC5(3,—1,2,0,4) = RCIRC5(6,—11,1,13,—1).

The computation for the product of two left circulant matrices and the
product of a left circulant matrix and a right circrulant matrix will be based
on the following results.
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2. Main Results

Theorem 2.1The product of two left circulant matrices is a right circulant
matrix.

Proof.Let LCIRC,,(v) and LCIRC,(w) be left circulant matrices where
v = (g, Uy, ., Vp_g)and w = (wy, wy, ..., w,,_;). Then by Eq. 1,
LCIRC,(v) = TIRCIRC,,(v)and LCIRC,,(w) = IIRCIRC,,(w).

LCIRC,(%) - LCIRC,,(W)
= TIRCIRC,,(#)[IRCIRC,,(%)
= [ILCIRC,(p)RCIRC,,(w) where p = (vy, Vp_1, V-2, ---, V1) [by Eq.
3]
= [IIIRCIRC, (5)RCIRC, (W) [by Eq. 1]
= RCIRC, (3)RCIRC, (W) [by Eq. 2]
u

Theorem 2.2The product of a left circulant matrix and a right circulant
matrix is a left circulant matrix.

Proof.Let LCIRC,, (V) be left circulant matrix and RCIRC,(w) be a right
circulant matrix where v = (v, vy, ..., Vp_1)and w = (W, Wy, o, Wp_1)-.
Then by Eq. 1,LCIRC,(¥) = IIRCIRC,, (V).

Case 1: LCIRC,,(v) - RCIRC,(w)

LCIRC, (D) - RCIRC, (W) = NIRCIRC, (¥)RCIRC, (W)

This is a left circulant matrix because RCIRC, (V)RCIRC,(w) is right
circulant matrix.

Case 2: RCIRC,,(W)LCIRC, (v)

RCIRC,(W)LCIRC, (¥)
= RCIRC,(W)IIRCIRC, (V) [by Eq.1]
= LCIRC, (6)RCIRC,,(v)where 6 = (Wy, Wy,_1, Wy_3, ..., w;) [by Eq. 3]
= [IRCIRC,(6)RCIRC, (¥) [by Eq. 1]

This is a left circulant matrix using the same argument in the Case 1.
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3. Examples

Consider LCIRCs(1,2,—7,0,10), LCIRCs(—4, —8,1,5,3) and
RCIRCs(2,7,1,-3,1)

LCIRCs(1,2,—7,0,10) - LCIRCs(—4,—8,1,5,3)
= [IRCIRC<(1,2,—7,0,10) - [IRCIRCs(—4,-8,1,5,3)
= [ILCIRCs(1,10,0,—7,2) - RCIRCs(—4,—8,1,5,3)
= RCIRCs(1,10,0,—7,2) - RCIRCs(—4,—8,1,5,3)

(1,10,0,—7,2) = 1 + 10u — 7u3 + 2u*and
(—4,-8,1,5,3) = —4 — 8u + u? + 5u + 3u*

(14 10u — 7u3 + 2u*)(—4 — 8u + u? + 5u + 3u*)
= —4 — 48u — 79u? + 43u3 + 101u* + 7u® — 33u® — 11u” + 6u®
= —4 47 —48u — 33u — 79u? — 11u? + 43u3 + 6u® + 101u*

N

=3 —81u — 90u? + 49u3 + 101u* = (3,—-81,-90,49,101)

- LCIRC5(1,2,-7,0,10) - LCIRC5(—4,-8,1,5,3)
= RCIRC;5(3,—-81,-90,49,101)

LCIRCs(—4,-8,1,5,3) - RCIRCs(2,7,1,—3,1)
= [IRCIRC<(—4,-8,1,5,3) - RCIRCs(2,7,1,—3,1)

(=4 —-8u+u?+5u+3uHQ2+7u+u?-3u+u*
= —8 — 44y — 58u? + 21u® + 62u* + 15u° — 11u® — 4u’” + 3u®
= —8 + 15 — 44u — 11u — 58u? — 4u? + 21u® + 3u® + 62u*
=7 — 55u — 62u? + 24u® + 62u* = (7,—55,—62,24,62)

- LCIRCs(—4,-8,1,5,3) - RCIRCs(2,7,1,—3,1)
= MRCIRCs (7, —55, —62, 24, 62)
= LCIRC(7, —55, —62, 24, 62)
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