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Abstract

In this paper, we introduce an iterative method and prove a weak con-
vergence theorem for finding common fixed points of a families of nonexpansive
mappings and a nonspreading mapping in Hilbert spaces. Moreover, we apply
our result to finding common element of a solution set of equilibrium problem
with a relaxed monotone mapping and a common fixed point set nonspreading
mappings. Using the result, we improve and unify several results in fixed point
problems and equilibrium problems.
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ping, Nonspreading mapping.

1 Introduction

Let H be a real Hilbert space and let C' be a nonempty closed convex subset of
H. Then a mapping T : C' — C'is said to be nonexpansive if ||[Tz—Ty|| < ||[z—yl]|
for all z,y € C. We denote by F(T') the set of fixed points of 7. A mapping F’
is said to be firmly nonexpansive if

|Fa - Fy||* < (x —y, Fx — Fy),
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for all z,y € C; see, for instance, [2, 5l [6 15 I7]. On the other hand, a mapping
Q : C — C is said to be quasi-nonexpansive if F(Q) # () and

1Qz =yl < llz =yl

for all x € C and y € F(Q), where F(Q) is the set of fixed points of Q. If
T : C — C is nonexpansive and the set F'(T) of fixed points of T is nonempty,
then T' is quasi-nonexpansive.

Recently, Kohsaka and Takahashi [I0] introduced the following nonlinear
mapping: Let E be a a Hilbert space and let C' be a nonempty closed convex
subset of . Then, a mapping S : C' — C is said to be nonspreading if

2|[Sz — Sy||* < Sz — yl* + [l= — Syl|*,

for all z,y € C. We know in a Hilbert space that every firmly nonexpansive
mapping is nonspreading and that if the set of fixed points of a nonspreading
mapping is nonempty, the nonspreading mapping is quasi-nonexpansive; see [10].
Let A: C — H be a mapping of C' into H is called monotone if

(Au— Av,u —v) >0 Vu,v € C.

A mapping A : C — H is called A-inverse-strongly monotone if there exists a
positive real number \ such that

(Au — Av,u —v) > M|Az — Ay||* Vu,v € C.

A mapping T : C' — H is said to be relaxed 7 — a monotone if there exist a
mapping 7 : C' x C — H and a function a : H — R positively homogeneous of
degree p, that is, a(tz) = tPa(z) for all t > 0 and z € H such that

<T.ZU - Tyan(xvy» Z a(x - y)7 V:C,y € Ca

where p > 1 is a constant; see [4]. In the case of n(z,y) =x —y for all z,y € C,
T is said to be relaxed a-monotone. In the case of n(x,y) = x —y for all z,y € C
and a(z) = k||z||P, where p > 1 and k£ > 0, T is said to be p-monotone; see
[7, 16, 21]. In fact, in this case, if p = 2, then T is a k-strongly monotone
mapping. Moreover, every monotone mapping is relaxed 7 — o monotone with
n(z,y) =z —y for all z,y € C and a = 0.

Let F': C' x C — R be a bifunction. The equilibrium problem for F' is to
determine its equilibrium points, i.e. the set

EP(F)={x€C: F(x,y) >0, Vy € C}.
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Many problems in physics, optimization, and economics require some elements
of EP(F), see [2, B, [I1], I8, 19 20]. Several iterative methods have been pro-
posed to solve the equilibrium problem, see for instance [3, [I8], 19] 20]. In 2005,
Combettes and Hirstoaga [3] introduced an iterative scheme for finding the best
approximation to the initial data when EP(F') is nonempty and proved a strong
convergence theorem.

The variational inequality problem is to find u € C such that

(Au,v —u) >0

for all v € C'. The set of solutions of the variational inequality is denoted by
VI(C,A). The generalized equilibrium problem for F' and A is to find x € C
such that

F(z,y)+ (Az,y —x) > 0 for all y € C. (1.1)

Problem (I.1)) was introduce by Takahashi and Takahashi [19] and the set of
solution of (1.1f) is denoted by GEP(F, A). The generalized mixed equilibrium
problem for F, v and A is to find x € C such that

F(z,y) + ¢(y) — o(x) + (Az,y —x) > 0 forall y € C. (1.2)

Recently, Wang et al. [22] introduce the generalized mixed equilibrium problem
with a relaxed monotone mapping. that is, to find € C such that

F(z,y) + (Tz,n(y,z)) + (Az,y —z) >0 forally e C. (1.3)

The set of solution of (1.3]) is denoted by GEP(F,T).
On the other hand, Halpern [§] introduced the following iterative scheme for
approximating a fixed point of 7"

Tnt1 = anx + (1 — )Ty, (1.4)

for all n € N, where 1 = x € C and {«a,} is a sequence of [0,1]. Recently,
Aoyama et al. [I] introduced a Halpern type iterative sequence for finding a
common fixed point of a countable family of nonexpansive mappings. Let x1 =
z € C and

Tnt1 = anx + (1 — an)Thoy (1.5)

for all n € N, where C is a nonempty closed convex subset of a Banach space,
{an} is a sequence in [0, 1] and {7}, } is a sequence of nonexpansive mappings of
C into itself which satisfies the AKTT-condition, that is,

Zsup{HTnHz —Thz|| : z€ C} < 0. (1.6)

n=1
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They proved that the sequence {z,} defined by converges strongly to a
common fixed point of {7}, }.

In this paper, motivated by Plubtieng and Thammathiwat [14], Iemoto and
Takahashi [9], Wang et al. [22], we introduce a new iterative sequence and prove
a weak convergence theorem for finding common fixed points of a families of non-
expansive mappings and a nonspreading mapping in Hilbert spaces. Moreover,
we apply our result to finding common element of a solution set of equilibrium
problem with a relaxed monotone mapping and a common fixed point set non-
spreading mappings.

2 Preliminaries

This section collects some lemmas which will be used in the proofs for the main
results in the next section. Let H be a real Hilbert space with inner product
(.,.) and norm ||.||. In a Hilbert space, it is known that

laz + (1 = a)yl* = allzl* + (1 = a) [ylI* — a(l — )|z — y||*.

By definition of the metric projection Po we have known that Pc is a nonex-
pansive mapping of H onto C' and satisfies

HPCJ/'—PCZ/||2 < <PCCL'—PCZJ,ZE—y>, V$,y€ H.

Further, for any z € H and y € C, y = Peox if and only if (z — y,y — 2) >
0, Vze C.

A space X is said to satisfy Opial’s condition [12] if for each sequence {zy, }22 ;
in X which converges weakly to point z € X, we have

liminf ||z, — 2| < liminf ||z, —y|, Vy e X, y#x
n—oo n—oo

and
limsup ||z, — x| < limsup ||z, —y||, Yy € X, y # x.
n—oo n—oo
Lemma 2.1. [I0] Let H be a Hilbert space, C a nonempty closed convex subset
of H. Let S be a nonspreading mapping of C into itself. Then F(S) is closed
and conver.

In order to prove the main result, we shall use the following lemmas in the
sequel.

Lemma 2.2. [9] Let H be a Hilbert space, C' a closed convex subset of H, and
S : C — C a nonspreading mapping with F(S) # 0. Then S is semiclosed, i.e.,
Tp — u and x, — Sz, — 0 imply u € F(S).
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Lemma 2.3. [13] Let C be a nonempty bounded closed convex subset of Hilbert
space E and {T,,} a sequence of mappings of C into itself. Suppose that
lim pf =0 (2.1)
k,l—o0
where pf = sup{||Tyz—Tjz| : 2 € C} < oo, for all k,1 € N. Then for each z € C,

{T,x} converges strongly to some point of C'. Moreover, let T' be a mapping from

C in to itself defined by

Tx = lim Tpz, for all x € C.
n—oo

Then limsup,, . {||Tz — Tnz| : z € C} = 0.

In fact, Aoyama et al. [I] proved Lemma in case the sequence {T,}
satisfies the AKTT-condition. We note that if a sequence {7} satisfies the
AKTT-condition then {7} satisfies the condition ({2.1).

3 Weak convergence theorem

In this section, we prove a weak convergence theorem for finding common fixed
points of a families of nonexpansive mappings and a nonspreading mapping in a
Hilbert space.

Theorem 3.1. Let H be a real Hilbert space and let C' be a nonempty closed
convex subset of H. Let S be a nonspreading mapping of C' into itself and let
{T,} be the sequences of nonexpansive mappings of C into itself such that F :=
F(S)N (NS F(T},)) is nonempty. Let {a,} C la,b] for some a,b € (0,1) such
that liminf,, o ap (1 — ay) > 0. Let {x,} be a sequence defined by zo = x € C
and

Tnt1 = nxp + (1 — ap)SThxy, n>0. (3.1)

Suppose that {T,} satisfy the AKTT-condition, T be the mapping of C into itself
defined by Ty = limy,_.oc Ty for all y € C such that F(T) = NS F(T,,) and
suppose that for any v € F,

| Ty — UH2 < lzn — U”2 — [|zn — T71377"b||2 + Cn,
where lim,, . ¢, = 0. Then {z,} converges weakly to z € F'.

Proof. Take a point v € F and put y, = T,,x,,. We shall show that the sequences
{z,,} is bounded. First, we note that

[Syn — vl < lyn —
= ||Tn$n - UH
< lan =
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and hence

| Tne1 — UH2 = |lanzn + (1 — an)Syn — U||2
lan(zr —v) + (1 — an)(Syn — U)||2

= agllan — ol + (1 = an)[|Syn — vl = an(1 = @n)[[Syn — @l
< apllzn — U||2 + (1 —an)llyn — U||2 — an(l — )|l Syn — anZ
< apllzn — U||2 + (1 —an)llzn — U||2 —an(l —an)[|Syn — $nH2
= Hxn—vH2—an(l—an)HSyn—an2

<l — ol (3.2)

Then {||z,+1 — v||} is a decreasing sequence and therefore lim,, o ||z, — ||
exists. This implies that {x,}, {Thzn},{yn} and {Sy,} are bounded. By our
assumption, we have

| Tnzn — vH2 < lzn — UHQ — ||zn — nanQ + Cn,
where lim,, .o ¢;, = 0. Thus, we note that

”$n+1 - UHQ = Hanfvn + (1 — an)Syn — UHQ
= Jlan(@n —v) + (1 — o) (Syn — v)|1?

< anllzn =0l + (1 = @) [[Syn — o

< anllzn =0l + (1 = an)llyn — |

= apllz, — U||2 + (1= an)[|Than — U||2

< agllrn — U||2 +(1 - O‘n)(Hxn - UH2 —||zn — TnanQ + Cn)

(3.3)
and hence

(1 —an)l|zn — TnanQ an|zn — UH2 + (1 = an)|zn — ”HQ

IN

+(1 = an)en — [[Tny1 — ”HZ

= Hxn - UHQ - H‘rn—l-l - 'UH2 + (1 - an)cn-

Since 0 < a < o, < b < 1,¢, — 0 and limy, oo |20 —v||? = limy oo || st — v]|?,
it follows that

|lzn — Thwn|l = || — ynll — 0. (3.4)

Since {y,} is bounded, there exists a subsequence {yn, } of {yn, } which converges
weakly to 2. Without loss of generality, we can assume that y,, — 2. By Lemma
we have 2 € F(S). Since limy, . ||Zn—yn| — 0 and y,, — 2, we get z,,, — 2.



Weak convergence theorem for finding common fized points of a families of... 7

We shall show that 2 € F(T'). From ||T,,z, — || — 0 and the AKTT-condition,
we have ||Tx, — xn|| < ||Txn — Tnxn|| + | Thzn — zn|| — 0. We next show that
z € F(T). Assume z ¢ F(T). Since x,, — %2 and 2 # TZ2. By the Opials
condition, we have

liminf ||z, — 2|

n—oo

liminf ||z, — TZ||
n—oo

liminf ||z, — 2|

n—oo

<

< liminf |z, — Tay, || + |T2n, — TZ||
n—oo

<

This is a contradiction. So, we get 2 € F(T'). Hence 2 € F. Let {x,,} be
another subsequence of {z,} such that {z,, } converges weakly to z. We may
show that 2 = Z, suppose not. Since lim,_, ||z, — v|| exists for all v € F, it
follows by the Opial’s condition that

lim ||z, — 2] = liminf|x,, — 2| < liminf ||z, — Z|| = lim |z, — Z||
n—oo 1—00 1—00 n—oo

= liminf|z,, — Z|| < liminf ||z,, — 2| = lim |z, — 2|
k—oo k—oo n— oo

This is a contradiction. Thus, we have 2 = Z. This implies that {x,} converges
weakly to 2 € F'. This completes the proof. O

Corollary 3.2. Let H be a real Hilbert space and let C' be a nonempty closed
convex subset of H. Let S be a nonspreading mapping of C into itself and let
{T.} be the sequences of firmly nonexpansive mappings of C into itself such that
F :=F(S)N (NS, F(Ty)) is nonempty. Let {a,} C [a,b] for some a,b € (0,1)
such that liminf, . an(l — ay) > 0. Let {z,} be a sequence defined by xo =
xz e C and

Tnt1 = nZp + (1 — ap)STyxy, n>0. (3.5)

Suppose that {T,,} satisfy the AKTT-condition and T be the mappings of C into
itself defined by Ty = limy, o Tny for all y € C and suppose that F(T) =
N> F(T,). Then {x,} converges weakly to z € F.

Proof. Since {T},} is firmly nonexpansive, it follows that

| Tnzn — 7)”2 = || Tazn — Tnvuz
S <Tnxn — UV, Tn — U>

1
= S (ITaen = ol* + lon — vl* = llon = Tuzall?),

for all v € F and hence || T2, — v||? < ||zn — v||? — ||zn — Than||?. This implies
that {7z, } satisfying condition in Theorem[3.1] So, we obtain the desired result
by using Theorem O
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4 Applications

In this section, using Theorem we prove weak convergence theorem for find-
ing a common element of the set of solutions of equilibrium problem with a
relaxed monotone mapping and the fixed point set of a nonspreading mapping
in Hilbert space. Before, proving our theorems, we need the following lemmas.
For solving the equilibrium problem for a bifunction F' : C x C' — R, let us
assume that F' satisfies following conditions:

(Al) F(z,xz) =0 for all x € C.

(A2) F is monotone, that is, F(z,y) + F(y,z) <0 for all z,y € C.

(A3) for each z,y,z € C. limyg F(tz + (1 — t)z,y) < F(z,y).

(A4) for each z € C,y — F(z,y) is convex and lower semicontinuous.
The following lemma appears implicitly in [2].

Lemma 4.1. [2] Let C' be a nonempty closed convex subset of H and let F be a
bifunction of C x C into R satisfying (A1)-(A4). Let r > 0 and x € H. Then,
there exists z € C' such that

1
F(z,y)—i—;(y—z,z—@EOfOTaZZyEC.

The following lemma was also given in [3].

Lemma 4.2. [3] Assume that F': C x C — R satisfies (A1)-(A4). Forr >0
and x € H, define a mapping T, : H — C as follows:

1
Tr(ac):{zGC’:F(Z,y)qL;(y—z,z—x} >0,Vy € C}

for all z € H. Then, the following hold:
(1) T, is single- valued;

(2) T, is firmly nonexpansive, i.e., for any x,y € H, |Trx — Try||* < (Tyx —
T’I’y7 T — y>7

(3) F(T;) = EP(F);

(4) EP(F) is closed and convet.
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Lemma 4.3. [22] Let H be a real Hilbert space and let C' be a nonempty bounded
closed convex subset of H. Let T : C — H be an n-hemicontinuous and relaxed
n — a monotone mapping and let ® be a bifunction from C x C — R satisfying
(A1), (A2), and (A4). Letr >0 and define a mapping T, : H — C as follows:

1
TT(x) = {Z eC: (I)(Zay) + <TZ,77(y, Z>> + ;<y — X2 = .%'> > 07 Vy € C}
for all x € H. Assume that

(i) n(z,y) +n(y,z) =0, for all z,y € C;

(ii) for any fized u,v € C, the mapping x — (Tv,n(xz,u)) is conver and lower
semicontinuous and the mapping x — (Tu,n(v,x)) is lower semicontinu-
ous;

(i1i) a: H — R is weakly lower semicontinuous;
(iv) for any x,y € C, a(x —y) + aly —x) > 0.
Then, the following holds:

(1) T, is single- valued;

(2) T, is firmly nonexpansive, i.e., for any x,y € H, |Trx — T,y||*> < (Trx —
Try,x — y);

(3) F(I;) = EP(®,T);
(4) EP(®,T) is closed and convez.

Theorem 4.4. Let C' be a nonempty closed convex subset of a real Hilbert space
H. Let ¢ : C x C — R satisfying (A1)-(A4). Let T be n-hemicontinuous and
relaxed n—a monotone mapping of C' into H and let S be a nonspreading mapping
of C into itself such that F := F(S) N EP(¢,T) # 0. Suppose xo =z € C and
define the sequence {x,} and {y,} by

$Wns ¥) + (TYn: 1Y, Yn)) + 7=y = Yn, Yo — n) >0, Vy € C,

Tptl = QpTp + (1 - an)Syny
for alln € N, where {r,} € (0,00) with Y7 |rni1 —rn| < 0o and {ay,} C [a,b]

for some a,b € (0,1) with liminf,, .o an(l — o) > 0. Then {z,} converges
weakly to z € F.
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Proof. Setting T,, = T, in Theorem [3.1] and putting y, = T}, x,. Let v € F and
let B be a bounded subset of C. For n € N, let 2, = T}, z. we first prove that

o0
ZSUP{||Trn+1Z ~ T2 1 2€ B} < (4.1)
n=1

for any bounded subset B of C'. We note that
1
@b(zmy) + <TZn7 n(yv Zn)> + 7(@ — Zn,<n — Z) Z 0 (42)

for all y € C and
1

V(znt1,Y) + (T2ng1,0(Y, 2ng1)) + " (Y — 2nt1, 2041 — 2) 2 0 (4.3)

n+1

for all y € C. Setting y = 2,41 in (4.2) and y = z,, in (4.3)), we have

1
¢(zna Zn+1) + <Tzna n(2n+17 Zn)> + 7<Zn+1 — ZnsZn — Z> >0
n
and
1
77[)(2’”4-1, Zn) + <Tzn+1, 77(2717 Zn+1)> + —_ <Zn — Zn+1,cAn+1 — Z) > 0.
n+

Adding the two inequalities and by (A2), we have

zn—z_zn+1—zn>

<Tzn - Tzn—l—la TI(Zn+1, Zn)> + <2n+1 — Zn,
T'n T'n+1

Thus, we have

Zn — 2 Zpal — %
<Zn+1 — Zn, z — =t n> > <T2n+1 - Tznan(zn+1azn)>

Tn Tn+1
and hence
Tn
<Zn+1 — ZnyRn — Zn+1> + Zn4+1 — Zn, (1 - )(Zn—i-l - Z)
T'n+1
> <Tzn+1 — T'zy, U(Znﬂ, Zn)> (4'4)

Since T is relaxed 17 — @ monotone mapping and r > 0, we have

r

n >(zn+1 _ z)> > ra(zpg1 — 2n).

- Hszrl - zn||2 + <zn+1 — Zn, (1 -
Tn+1
(4.5)



Weak convergence theorem for finding common fized points of a families of... 11

Similarly, by exchanging the position of 2z, and z, in (4.4), we get

Tn+1
<Zn*2n+1yzn+1fzn> + <ann+1y(1 Uax )(Zn2)>

Tn

Z <Tzn - Tzn-i—ly n(zTM Zn+1)>- (46)

and hence

’
— |lzn — zn+1H2 + <zn — Znad, <1 — n+1>(zn — z)> > ra(zn — zZnt1)-

Tn
(4.7)
Adding (4.5) and (4.7), we have

7
2”2n+1 - ZnH2 < <Zn+1 — Zns <1 - = >(Zn+1 - Z)>

T'n+1
Tn+1
+<zn+1 — Zn, ( - 1) (zn — z)>
Tn
T'n
<zt = zall|1 = [znt1 — 2|l
T'n+1
T'n+1
Fllznr = 2all|1 = lzn = 2]
n
Thus [|zn41—2a| < 3]]1— o ’Han — 2|+ |1 = = ]|z, — z]| |- Without loss of

generality, let us assume that there exists a real number b such that r, > b > 0
for all n € N. Then
1T

n+1z_TrnzH = |lzny1 — znll

1{ 1 1
< 5|t =l Tz = 2 ol = raalTh 1]
T'n+1 Tn
1

1 1
< 5 |:b‘7“n+1 - Tn’”TrnHz - ZH + B‘Tn - rn-‘rl‘HTTnz - z”]

Let u € EP(¢,T) and M =sup {||z —ul| : 2 € B}. Then

1 Traz =2l < Tz —ull + flu = 2|

= ||T7’n+1z - Trn+1u|| + Hu - ZH
< 20z —ul.
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Similarly, we note that |7,z — z|| < 2|z — u||. Thus, we have

1|1 1
HTr‘n+1Z — T, 2] < 9 [b|7"n+1 - Tn|HTrn+1Z —z|| + 5|Tn — o112 — 2|
114M
< 5 T|7“n+1 - Tn‘
2M

= —|rpt1 — ral
b

Hence sup {HTrnHz —T, 2| :z € B} < %|rn+1 —rpl. Since > 00 | |[rpg1 — 1| <
0o, we obtain > o0 sup {||T},.,z — T;,z| : # € B} < co. By Lemma E we
define a mapping T by Tx = lim,, .o 1}, for all z € C.

Next, we prove that F'(T) = N2>, F(T;,). It easy to see that NS>, F'(T}.,) C

n

F(T). Let w € F(T). For n € N, let w, = T;,,w. Then

1
forally € C. By (A2), we obtain i(y—wn,wn—w) > (Y, wp)+(Twn, n(wn,y))
for all y € C. Since w, — w and from (A4), we have 0 > ¢(y, w)+{(Tw,n(w,y))
for all y € C. Put uy =ty + (1 — t)w for all t € (0,1] and y € C. Thus, we note
that

0

(ug, ug) + <Tw,77(ut,ut>
Yty + (1 = tw, ty + (1 — t)w) + (Tw,n(ty + (1 — t)w, ur))
Wty + (1 —thw,y) + (1 — )ty + (1 — thw, w) + t{Tw, n(y, ur))
+(1 - t)<Tw,77(w,ut)>
Loty + (1 = thw,y) + (Tw,n(y, ur))]
+(1 =) [ty + (1 = hw, w) + (Tw, n(w, ur))]
< t[y(ty + (1= tw,y) + (Tw, n(y, ur))] -
So, Y(ty + (1 — t)w,y) + <Tw,n(y,ut)> > 0 for all y € C. Letting t — 0T

and using (A3), we obtain ¥ (w,y) + (Tw,n(y,w)) > 0 for all y € C. Thus
w e EP(,T). It follows that w € N7, F(T},) and it easy to see that

IN

n
[ U”2 < lzn — U||2 — [|zn — TrnmnHQ'

Thus {7}, x,} satisfying condition in Theorem So, we obtain the desired
result by using Theorem O



Weak convergence theorem for finding common fized points of a families of... 13
Acknowledgement

The authors would like to thank the referees for the insightful comments and
suggestions. Moreover, the authors gratefully acknowledge the Thailand Re-
search Fund Master Research Grants (TRF-MAG, MRG-WII5155029) for fund-
ing this paper.

References

[1] K.Aoyama, Y. Kimura, W. Takahashi and M. Toyoda, Approximation of
common fixed points of a countable family of nonexpansive mappings in a
Banach space. Nonlinear Anal. 67 (2007) 2350-2360.

[2] E. Blum and W. Oettli, From optimization and variationnal inequalities to
equilibrium problems, Math. Student 63 (1994) 123-145.

[3] P. L. Combettes and S. A. Hirstoaga, Equilibrium programming in Hilbert
spaces, J. Nonlinear Convex Anal. 6 (2005) 117-136.

[4] Y. P. Fang and N. J. Huang, Variational-like inequalities with generalized
monotone mappings in Banach spaces, J. Optim. Theo. Appl. 118, no. 2
(2003) 327-338.

[5] K. Goebel and W.A. Kirk, Topics in Metric Fixed Point Theory, Cambridge
University Press, Cambridge, 1990.

[6] K. Geobel and S. Reich, Uniform Convexity, Hyperbolic Geometry and Non-
expansive Mappings, Marcel Dekker inc. New York, 1984.

[7] D. Goeleven and D. Motreanu, Eigenvalue and dynamic problems for vari-
ational and hemivariational inequalities, Comm. Appl. Nonl. Anal. 3, no.
4(1996) 121.

[8] B. Halpern, Fixed point of nonexpanding maps, Bull. amer. Math. Soc. 73
(1967) 957-961.

[9] S. Iemoto and W. Takahashi, Approximating common fixed points of nonex-
pansive mappings and nonspreading mappings in a Hilbert space, Nonlinear
Analysis (2009), doi:10.1016/j.na.2009.03.064.

[10] F. Kohsaka and W. Takahashi, Fixed point theorems for a class of nonlinear
mappings related to maximal monotone operators in Banach spaces, Arch.
Math. 91(2008) 166-177.



14 S. Plubtieng and S. Chornphrom

[11] A. Moudafi and M. Thera, Proximal and Dynamical Approaches to Equilib-
rium Problems, in: Lecture Notes in Economics and Mathematical Systems,
477 (1999) 187-201.

[12] Z. Opial, Weak convergence of the sequence of successive approximations
for nonexpansive mappings, Bull. Amer. Math. Soc. 73(1967) 595-597.

[13] S. Plubtieng and T. Thammathiwat, A viscosity approximation method
for finding a common fixed point of nonexpansive and firmly nonexpansive
mappings in hilbert spaces. Thai. J. Math. 6 (2008) 377-390.

[14] S. Plubtieng and T. Thammathiwat, A viscosity approximation method for
finding a common solution of fixed point and equilibrium problems in Hilbert
spaces. J. Glob. Optium, (2010) doi:10.1007/s10898-010-9583-z.

[15] S. Reich and D. Shoikhet, Nonlinear Semigroups, Fixed Points, and Geom-
etry of Domains in Banach Spaces, Imperial College Press, London, 2005.

[16] A. H. Siddiqi, Q. H. Ansari, and K. R. Kazmi, On nonlinear variational
inequalities, Indian Journal of Pure and Applied Mathematics. 25, no. 9
(1994) 969-973.

[17] W. Takahashi, Nonlinear Functional Analysis-Fixed Point Theory and its
Applications, Yokohama Publishers, Yokohama, 2000.

[18] A. Tada and W. Takahashi, Strong convergence theorem for an equilibrium
problem and a nonexpansive mapping, J. Optim. Theory Appl. 133 (2007)
359-370.

[19] S. Takahashi and W. Takahashi, Viscosity approximation methods for equi-
librium problems and fixed point problems in Hilbert spaces, J. Math. Anal.
Appl. 331 (2007) 506-515.

[20] S. Takahashi and W. Takahashi, Strong convergence theorem for a gener-
alized equilibrium problem and a nonexpansive mapping in a Hilbert space,
Nonlinear Anal. 69 (2008) 1025-1033.

[21] R. U. Verma, Nonlinear variational inequalities on convex subsets of Banach
spaces, Appl. Math. Letters. 10, no. 4 (1997) 25-27.

[22] S. Wang, G. Marino, F. Wang, Strong Convergence Theorems for a Gener-
alized Equilibrium Problem with a Relaxed Monotone Mapping and a Count-
able Family of Nonexpansive Mappings in a Hilbert Space, Fixed Point The-
ory and Applications (2010), doi:10.1155/2010/230304.



	Introduction
	Preliminaries
	Weak convergence theorem
	Applications

