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Abstract
In this paper, we present identities involving common factors of Pell and Pell-Lucas numbers and related
identities consisting even and odd terms. We also present some generalized identities on the products of Pell and
Pell-Lucas numbers. Binet’s formula will employ to obtain the identities.
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1. Introduction

The Fibonacci sequence, Lucas sequence,
Pell sequence, Pell-Lucas sequence, Jacobsthal
sequence and jacobsthal-Lucas sequence are most
prominent examples of recursive sequences.

Many research papers are dedicated to Pell,
Pell-Lucas and Modified Pell sequences, denoted by
B,,Q.,andq,, where n a non negative integer,
respectively. These sequences are particular cases of
the sequences W, (a, b;p,q) defined by the general
recurrence relation W, = pW,_q —qWy_5;n =2
with Wy =a,W; =b and a,b,p,q integers with
p > 0,q # 0 by Horadam (5, 6).

In fact, in the Horadam notation we have
P, = W,(0,1;2,-1); Q, = W,(2,2;2,—-1) and
qn = W,(1,1;2,-1).

The Pell sequence{R, }is defined by
Ppip = 2Py +Pyn =2 (1.1)
withP, =0 &P, = 1.

The Pell-Lucas sequence{Q,,}is defined by

Qn+2 = 2Qn+1 + Qn;n =2 (12)
with Qo = Q; = 2.

The corresponding characteristic equation
of (1.1) and (1.2) is
x2=2x—1=0 (1.3)
and its roots are ®; = 1 ++/2 and R, = 1 — /2 and
verify R, + R, = 2, Ry — R, = 2V, R R, = —1.

Their Binet's formulas are well known and
given by

_ RP-RT
TR -R, (14)
Qn = RT +R3 (1.5)
_n (RI-%R7
P = (D (550 (1.6)
Q= (-D™(RT + R3) (1.7)

2. Preliminaries

Thongmoon (13, 14), defined various
identities of Fibonacci and Lucas numbers. Singh,
Bhadouria and Sikhwal (11), present some
generalized identities involving common factors of
Fibonacci and Lucas numbers. Gupta and Panwar (3),
present identities involving common factors of
generalized Fibonacci, Jacobsthal and jacobsthal-
Lucas numbers. Panwar, Singh and Gupta (9, 10),
present Generalized Identities Involving Common
factors of generalized Fibonacci, Jacobsthal and
jacobsthal-Lucas numbers. Singh, Sisodiya and
Ahmed (12), investigate some products of k-Fibonacci
and k-Lucas numbers, also present some generalized
identities on the products of k-Fibonacci and k-Lucas
numbers to establish connection formulas between
them with the help of Binet’s formula. In this paper,
we present identities involving common factors of Pell
and Pell-Lucas numbers.
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3. Identities of the Pell and Pell-Lucas numbers

In this section, we present identities
involving common factors of Pell and Pell-Lucas
numbers. We shall use Binet’s formula for derivation.

Theorem 3.1: If B, is the Pell numbers and
Q,, is Pell-Lucas numbers, then
[En_102n+1 =:fun + ZJNheTf?n >1 (3.1)
Proof:
m%n—l _ %gn—l

— 2n+1 | gp2n+l
Prn-1Q2n+1 SRl _ ERZ (ml + R )
1 . . R, Ry
e (G P RIC A  Cr
Ri"— m§">
== = (R R (R, + Ry)
( R, — R, 112 1 2
=P, +2

this completes the proof.

Theorem 3.2:
Pyn+1Q2n = Pany1 + 1, wheren =0 (3.2)
Proof:
m%n+1 _ m%n+1 5
P. =[—2— (R + R
2n+1Q2n < ‘.Rl — ‘.Rz ( 1 2 )
1

= m{(fﬁi"m = R + (R Ry — Ry}
;zzlmﬂ _ sRzzm+1

- ( R, — R,

=Pin +1

this completes the proof.

> + (R R)*"

Theorem 3.3:
Pont2Qon = Pynyr + 2, wheren = 0 (3.3)
Proof:
m%n+2 _ m%n+2>
P. Qyp = < (%Zn + 9:{271)
2n+2N¥2n ml — mz 1 2
= —ﬁR R {(snlll-n+2 _ Enzzl-n+2) + (9{19{2)271(9{% _ iR%)}
1 2

%zlm+2 _ m§n+2
=< Ry — R,
= Pania +2
this completes the proof.

Following theorems can be solved with the
help of Binet’s formula.

) + (R R (R, + Ry)

Theorem 3.4:
Prn+1Q2n+2 = Panys + L wheren = 0 (3.4)

Theorem 3.5:
PynQ2n+1 = Pany1 — 1, wheren = 0 (3.5)

Theorem 3.6:
Pr@nQ2n+1 = Pans1 — Lwheren =0 (3.6)

Theorem 3.7:
Prn+2Q2n+1 = Panys — Lwheren = 0 (3.7

Theorem 3.8:
Pry1Qn410Q2n41 = Paniz — Lwheren =0 (3.8)

Theorem 3.9:
8Pan+2Pan+1 = Qanyz + 2,wheren = 0 (3.9)

4. Generalized Identities on the Products of Pell
and Pell-Lucas Numbers

In this section we present generalized
identities involving common factors of Pell and Pell-
Lucas numbers. We shall use Binet’s formula for
derivation.

Theorem 4.1: If B, & Q,, are the Pell and
Pell-Lucas numbers, then

PonimQans1 = Panyme1 — Pm-1 (4.1)
wheren = 0,m > 1.
Proof:

2n+m __ qR%n+m

Ry
P2n+mQZn+1 =

2n+1 2n+1
e )m1+mz)

1 n+m4: N+ N (qpm m
o {(snf L) (v, ) (] mz—snzml)}
B mtlln+m+1 _ mtzln+m+1 n ma’n—l _ iR;n_l
- < iRl — ERZ ) - (mlmz)z < ER1 — ERZ )

= Pynims1 — Pm-1

this completes the proof.

Corollary 4.2: For different values of
M , (4.1) can be expressed for even and odd numbers:

(@) If m = 1then Pyp1Q2n+1 = Pant2

(i0) If m = 2 then Pypy2Qan+1 = Pantz — 1

(iii) If m = 3 then Pyy13Qzns1 = Pansa — 2
Following theorems can be solved with the

help of Binet’s formula.

Theorem 4.3: Forn > 0,m = 2,
P2n+mQ2n+2 = P4n+m+2 + Pm—Z (42)

Corollary 4.4: For different values of
m, (4.2) can be expressed for even and odd numbers:
() If m = 2 then Pyn42Q2n+2 = Panta
(@) If m = 3 then Pyp43Qan+2 = Panss + 1
(i) If m = 4 then Pyp44Qant2 = Pante + 2

Theorem 4.5: Forn > 0,m = 0,
PonsmQ2an = Panym + Pn (4-3)

Corollary 4.6: For different values of
m, (4.3) can be expressed for even and odd numbers:
(1) If m = 0 then P2 Q2p = Pan
(i0) If m =1 then Py 41 Qan = Papes +1
(iii) If m = 2 then Pp42Q2n = Panya +2
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Theorem 4.7: Forn > 0,m > 1,
Prn-mQ2an-1 = Pan-m-1 = P1-m (4.4)
Corollary 4.8: For different values of
m, (4.4) can be expressed for even and odd numbers:
() If m = 1then Pyy—1Qzn-1 = Pan—
(t)) If m = 2 then Pyp_»Qan-1 = Pan-3 — 1
(iii) If m =3 then Py, _3Q2p-1 = Pap_s + 2

Theorem 4.9: Forn > 0,m = 0,
Pon-mQan = Pan-m + P (45)
Corollary 4.10: For different values of
m, (4.5) can be expressed for even and odd numbers:
) If m = 0then P2, Q2p = Pan
(@) If m=1then Pyp,_1Q, = P41 +1
(iii) If m = 2then Py, _5Q5y = P4y — 2

Theorem 4.11: Forn = 0,m = 0,

BQznsm = Pspam — (=1D)"Ppam (4.6)
Theorem 4.12: Forn = 0,m = 0,

Ponsm@n = Pangm + (1) Py (4.7
Theorem 4.13: Forn = 0,m = 0,

PonQ2n+m = Pantm — Bn (4.8)

4. Conclusions

In this paper, we present many identities of
common factors of Pell and Pell-Lucas humbers with
the help of their Binet’s formula. The concept can be
executed for generalized second order sequences as
well as polynomials.
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