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Abstract 

In this paper, we propose the common fixed point theorems for asymptotic regularity on 𝑏-metric spaces. 
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1. Introduction  

In many branches of science, engineering, 

economics, computer science and the development of 

nonlinear analysis, the fixed point theory is one of the 

most important tool. Since the work of Banach (1) 

known as the Banach Contraction Principle, many 

mathematicians have extended and generalized the 

results in (1). The Banach Contraction Principle states 

that:  

Theorem 1.1 (1) (The Banach Contraction Principle) 

If a self-mapping 𝑓 of a complete metric space 

(𝑋, 𝑑) satisfies the condition; 

𝑑(𝑓𝑥, 𝑓𝑦) ≤ 𝑀𝑑(𝑥, 𝑦), 

𝑀 ∈ [0,1), for each 𝑥, 𝑦 ∈ 𝑋, then 𝑓 has a unique 

fixed point. 

In recent years, several authors have 

obtained fixed point theorem and common fixed point 

theorem of mappings in the setting of many 

generalized metric spaces. In 1966, Browder and 

Petryshyn (2) introduced the notion of asymptotic 

regularity. For example of asymptotic regularity and 

its relevance to metric fixed point theorem can be seen 

in (3-5). 

In 2006, Proinov (6) was initiated study of 

fixed point of the class of mappings (1.1). 

Theorem 1.2 (6) Let 𝑇 be a continuous and 

asymptotically regular self-mapping on a complete 

metric space (𝑋, 𝑑) satisfying the following 

conditions: 

(i) There exists 𝜑 ∈ 𝜙 such that  

𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝜑(𝐷(𝑥, 𝑦)) 

for all 𝑥, 𝑦 ∈  𝑋; 

(ii) 𝑑(𝑇𝑥, 𝑇𝑦) < (𝐷(𝑥, 𝑦)) for all 𝑥, 𝑦 ∈  𝑋 with 

𝑥 = 𝑦. 
Then 𝑇 has a contractive fixed point. Moreover, if 

𝐷(𝑥, 𝑦) = 𝑑(𝑥, 𝑦) + 𝑑(𝑥, 𝑇𝑥) + 𝑑(𝑦, 𝑇𝑦) and 𝜑 is 

continuous and satisfies 𝜑(𝑡)  <  𝑡 for all 𝑡 >  0, then 

the continuity of 𝑇 can be dropped. 

In 2019, Górnicki (7) proved the fixed point 

theorem for a complete metric space and 𝑓 is a 

continuous asymptotically regular mapping and if 

there exists 𝑀 ∈ [0,1) and  𝐾 ∈ [0, ∞) satisfying  

𝑑(𝑓𝑥, 𝑓𝑦) ≤ 𝑀𝑑(𝑥, 𝑦) + 𝐾{𝑑(𝑥, 𝑓𝑥) + 𝑑(𝑦, 𝑓𝑦)},

 (1.1) 

for all 𝑥, 𝑦 . Then 𝑓 has a unique fixed point. 

In 2019, Bisht and Singh (8) obtain the 

existence of common fixed point theorems for 

mappings satisfying Lipschitz–Kannan type 

condition. 

Theorem 1.3 (8) If (𝑋, 𝑑) is a complete metric space 

and 𝑓, 𝑔: 𝑋 → 𝑋. Suppose that 𝑓 is asymptotically 

regular with respect to 𝑔 and there exist 𝑀 ∈ [0,1)  

and 𝐾 ∈ [0, ∞) satisfying 

𝑑(𝑓𝑥, 𝑓𝑦) ≤ 𝑀𝑑(𝑔𝑥, 𝑔𝑦) + 𝐾{𝑑(𝑓𝑥, 𝑔𝑥) 

+ 𝑑(𝑓𝑦, 𝑔𝑦)}, (1.2)  
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for all 𝑥, 𝑦 ∈ 𝑋. Further, suppose that 𝑓 and 𝑔 are 

(𝑓, 𝑔)-orbitally continuous and compatible. Then 

𝐶(𝑓, 𝑔) ≠ ∅ and 𝑓 and 𝑔 have a unique common fixed 

point. 

The idea of 𝑏-metric was initiated from the 

works of Bourbaki (9) and Bakhtin (10).  

In 1993, Czerwik (11) gave an axiom which 

was weaker than the triangular inequality and formally 

defined a 𝑏-metric space with a view of generalizing 

the Banach contraction mapping theorem.  

Theorem 1.4 (11) Let (𝑋, 𝑑) be e a complete 𝑏-metric 

space and let 𝑇 ∶  𝑋 → 𝑋 satisfy 

𝑑(𝑇𝑥, 𝑇𝑦) ≤ 𝜑(𝑑(𝑥, 𝑦)), 𝑥, 𝑦 ∈ 𝑋   

where 𝜑 ∶  ℝ → ℝ+ is an increasing function such 

that   
lim

𝑛→∞
𝜑𝑛(𝑡) =  0, 

for each 𝑡 > 0. Then 𝑇 has exactly one fixed point 𝑢 

and 

lim
𝑛→∞

𝑑(𝑇𝑛𝑥, 𝑢) =  0, 

for each 𝑥 ∈ 𝑋. 

In this paper, we establish new common 

fixed points theorems for asymptotic regularity on 𝑏-

metric spaces. Our work extends and improves some 

important results due to many others. 

2. Preliminaries 

In this section we introduce the following 

definitions for this paper. 

Definition 2.1 (12) Let 𝑋 be a non-empty set and  

s ≥ 1 be a given real number. A function 𝑏: 𝑋 × 𝑋 →
[0, ∞) is called 𝑏-metric if it satisfies the following 

properties for each 𝑥, 𝑦, 𝑧 ∈ 𝑋: 
(b1): 𝑏(𝑥, 𝑦) = 0 ⇔ 𝑥 = 𝑦; 
(b2): 𝑏(𝑥, 𝑦) = 𝑏(𝑦, 𝑥); 
(b3): 𝑏(𝑥, 𝑧) ≤ 𝑠[𝑏(𝑥, 𝑦) + 𝑏(𝑦, 𝑧)]. 
The pair (𝑋, 𝑏) is called a 𝑏-metric space. 

Example 2.2 Let 𝑋 = {2,3,4}  and a function   
𝑏: 𝑋 × 𝑋 → ℝ+ be defined by  

𝑏(2,2) = 𝑏(3,3) = 𝑏(4,4) = 0 , 
𝑏(2,3) = 𝑏(3,2) = 𝑏(3,4) = 𝑏(4,3) = 1, 

𝑏(2,4) = 𝑏(4,2) = 𝑚, 

where 𝑠 is a given real number such that 𝑚 ≥  2.  

It is easy to see  

𝑏(𝑥, 𝑧) ≤
𝑚

2
[𝑏(𝑥, 𝑦) + 𝑏(𝑦, 𝑧)] 

 for all 𝑥, 𝑦, 𝑧 ∈  𝑋. Therefore, (𝑋, 𝑏) is a 𝑏-metric 

space with constant 𝑠 =
𝑚

2
. However, if 𝑚 >  2, the 

ordinary triangle inequality does not hold and thus  
(𝑋, 𝑏) is not a metric space. 

Definition 2.3 (12) Let (𝑋, 𝑏) be a 𝑏-metric space. A 

sequence {𝑥𝑛 } 𝑖𝑛 𝑋 is said to be: 

(i) Cauchy if and only if 𝑏(𝑥𝑛 , 𝑥𝑚) → 0  
𝑎𝑠 𝑛, 𝑚 →  ∞; 

(ii) convergent if and only if there exist 𝑥 ∈ 𝑋 such 

that 𝑏(𝑥𝑛 , 𝑥) → 0 𝑎𝑠 𝑛 → ∞; and we write 

lim
𝑛→∞

𝑥𝑛 = 𝑥; 

(iii) the 𝑏-metric space (𝑋, 𝑏) is complete if every 

Cauchy sequence is convergent. 

Definition 2.4 (13) Let 𝑓 and 𝑔 be self-maps of a set 

𝑋 (i.e., 𝑓 , 𝑔 ∶ 𝑋 →  𝑋). If 𝑤 =  𝑓𝑥 =  𝑔𝑥 for some 

𝑥 ∈  𝑋, then 𝑥 is called a coincidence point of 𝑓 and 

𝑔, and 𝑤 is called a point of coincidence of 𝑓 and 𝑔. 

The set of coincidence points and point of 

coincidences of 𝑓 and 𝑔 are denoted by 𝐶(𝑓, 𝑔) and 

𝑃𝐶(𝑓, 𝑔), respectively. If  𝑤 = 𝑥 then 𝑥 is a common 

fixed point of 𝑓 and 𝑔 and the set of common fixed 

points is denoted by 𝐹(𝑓, 𝑔). 

Definition 2.5 Let 𝑓 and 𝑔 be two self-mappings of a 

𝑏-metric space (𝑋, 𝑏). Then 

(i)  𝑓 is asymptotically regular with respect to 𝑔 at 

𝑥0 ∈ 𝑋, if there exists a sequence {𝑥𝑛} in 𝑋  

such that 𝑔𝑥𝑛+1 = 𝑓𝑥𝑛 , for𝑛 = 0,1,2, …, and 

lim
𝑛→∞

𝑏(𝑔𝑥𝑛+1, 𝑔𝑥𝑛+2) = 0. 

(ii)  𝑓 and 𝑔 are called compatible iff 

lim
𝑛→∞

𝑏(𝑓𝑔𝑥𝑛 , 𝑔𝑓𝑥𝑛) = 0, whenever {𝑥𝑛} is a 

sequence in 𝑋 such that  

lim
𝑛→∞

𝑓𝑥𝑛 = lim
𝑛→∞

𝑔𝑥𝑛 = 𝑡 , 

for some 𝑡 in 𝑋. 

Definition 2.6 Let 𝑓 and 𝑔 be two self-mappings of a 

𝑏-metric space (𝑋, 𝑏) and let {𝑥𝑛}  be a sequence in 𝑋 

such that 𝑓𝑥𝑛 = 𝑔𝑥𝑛+1 . Then the set  

𝑂(𝑥0, 𝑓, 𝑔) = {𝑓𝑥𝑛: 𝑛 = 0,1,2, … } 

is called the (𝑓, 𝑔)-orbit at 𝑥0 and  

𝑔 is called (𝑓, 𝑔)-orbitally continuous if lim
𝑛→∞

𝑓𝑥𝑛 = 𝑧 

implies lim
𝑛→∞

𝑔𝑓𝑥𝑛 = 𝑔𝑧  or 

𝑓 is called (𝑓, 𝑔)-orbitally continuous if lim
𝑛→∞

𝑓𝑥𝑛 = 𝑧 

implies lim
𝑛→∞

𝑓𝑓𝑥𝑛 = 𝑓𝑧. 

We say 𝑓 and g are orbitally continuous if 

𝑓 is (𝑓, 𝑔)-orbitally continuous and 𝑔 is (𝑓, 𝑔)-

orbitally continuous. 

3. Main results 

We start this section by the following result: 

Theorem 3.1 If (𝑋, 𝑏) is a complete 𝑏-metric space 

and 𝑓, 𝑔: 𝑋 → 𝑋. Suppose that 𝑓 is asymptotically 

regular with respect to 𝑔 and there exist 𝑀 ∈ [0,1) and 

𝐾 ∈ [0, ∞) satisfying 

𝑏(𝑓𝑥, 𝑓𝑦) ≤ 𝑀𝑏(𝑔𝑥, 𝑔𝑦) + 𝐾{𝑏(𝑓𝑥, 𝑔𝑥) +
𝑏(𝑓𝑦, 𝑔𝑦)}, (3.1) 

for all 𝑥, 𝑦 ∈ 𝑋. Further, suppose that 𝑓 and 𝑔 are 

(𝑓, 𝑔)-orbitally continuous and compatible. Then 

𝐶(𝑓, 𝑔) ≠ ∅ and 𝑓 and 𝑔 have a unique common fixed 

point. 



12 Prog. Appl. Sci. & Tech. Vol.11 No.2 (2021) 

 

 

Proof. Since 𝑓 is asymptotically regular with respect 

to 𝑔 at 𝑥0 ∈ 𝑋, there exists a sequence {𝑦𝑛} in 𝑋 such 

that 𝑦𝑛 = 𝑓𝑥𝑛 = 𝑔𝑥𝑛+1 for all 𝑛 ∈ ℕ ∪ {0} and  

lim
𝑛→∞

𝑏(𝑔𝑥𝑛+1, 𝑔𝑥𝑛+2) = lim
𝑛→∞

𝑏(𝑦𝑛 , 𝑦𝑛+1) = 0. 

We show that  {𝑦𝑛} is a Cauchy sequence. Since 

(3.1), for any 𝑛 and any 𝑝 > 0, 

𝑏(𝑓𝑥𝑛+𝑝, 𝑓𝑥𝑛) = 𝑏(𝑦𝑛+𝑝, 𝑦𝑛) 

≤ 𝑠[𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1) 

+𝑏(𝑦𝑛+𝑝+1, 𝑦𝑛)] 

≤ 𝑠𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1) 

+𝑠𝑏(𝑦𝑛+𝑝+1, 𝑦𝑛) 

≤ 𝑠𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1) 

+𝑠2[𝑏(𝑦𝑛+𝑝+1, 𝑦𝑛+1)

+ 𝑏(𝑦𝑛+1, 𝑦𝑛)] 

≤ 𝑠𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1) 

+𝑠2𝑏(𝑦𝑛+𝑝+1, 𝑦𝑛+1)

+ 𝑠2𝑏(𝑦𝑛+1, 𝑦𝑛) 

≤ 𝑠𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1) 

+𝑠2[𝑀𝑏(𝑦𝑛+𝑝, 𝑦𝑛)

+ 𝐾{𝑏(𝑦𝑛+𝑝+1, 𝑦𝑛+𝑝)

+ 𝑏(𝑦𝑛+1, 𝑦𝑛)}] + 𝑠2𝑏(𝑦𝑛+1, 𝑦𝑛) 

≤ 𝑠𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1) 

+𝑠2𝑀𝑏(𝑦𝑛+𝑝, 𝑦𝑛)

+ 𝑠2𝐾𝑏(𝑦𝑛+𝑝+1, 𝑦𝑛+𝑝)

+ 𝑠2𝐾𝑏(𝑦𝑛+1, 𝑦𝑛)
+ 𝑠2𝑏(𝑦𝑛+1, 𝑦𝑛). 

So, 

𝑏(𝑦𝑛+𝑝, 𝑦𝑛) − 𝑠2𝑀𝑏(𝑦𝑛+𝑝, 𝑦𝑛) 

≤  𝑠𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1) 

+𝑠2𝐾𝑏(𝑦𝑛+𝑝+1, 𝑦𝑛+𝑝) + 𝑠2𝐾𝑏(𝑦𝑛+1, 𝑦𝑛) 

+𝑠2𝑏(𝑦𝑛+1, 𝑦𝑛), 

and then 

𝑏(𝑦𝑛+𝑝, 𝑦𝑛)(1 − 𝑠2𝑀) 

≤  𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1)(𝑠 + 𝑠2𝐾) 

+𝑏(𝑦𝑛+1, 𝑦𝑛)(𝑠2 + 𝑠2𝐾). 

Hence, 

𝑏(𝑦𝑛+𝑝, 𝑦𝑛) ≤
(𝑠+𝑠2𝐾)

(1−𝑠2𝑀)
 𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1)  

+ 
(𝑠2+𝑠2𝐾)

(1−𝑠2𝑀)
 𝑏(𝑦𝑛+1, 𝑦𝑛) (3.2) 

By 𝑓  is asymptotic regularity with respect to 𝑔, we 

have 𝑏(𝑦𝑛+𝑝, 𝑦𝑛) → 0 as 𝑛 → ∞. Therefore, {𝑦𝑛}  is 

a Cauchy sequence. By completeness of 𝑋 there exists 

𝑡 ∈ 𝑋  such that  

lim
𝑛→∞

𝑓𝑥𝑛 = lim
𝑛→∞

𝑔𝑥𝑛 = 𝑡. 

Since orbital continuity of 𝑓 and 𝑔 implies that  

lim
𝑛→∞

𝑓𝑓𝑥𝑛 = lim
𝑛→∞

𝑓𝑔𝑥𝑛 = 𝑓𝑡, 

and  

lim
𝑛→∞

𝑔𝑓𝑥𝑛 = lim
𝑛→∞

𝑔𝑔𝑥𝑛 = 𝑔𝑡. 
 

Since compatibility of 𝑓 and 𝑔, 
lim

𝑛→∞
𝑏(𝑓𝑔𝑥𝑛 , 𝑔𝑓𝑥𝑛) = 0. Letting 𝑛 → ∞, we get  

𝑓𝑡= lim
𝑛→∞

𝑓𝑔𝑥𝑛 = lim
𝑛→∞

𝑔𝑔𝑥𝑛 = 𝑔𝑡. 

Hence 𝐶(𝑓, 𝑔) ≠ ∅.  

By compatibility of 𝑓 and 𝑔, we have 

𝑔𝑓𝑡 = 𝑓𝑔𝑡 = 𝑓𝑓𝑡 = 𝑔𝑔𝑡.  

Using (3.1), we obtain 

𝑏(𝑓𝑡, 𝑓𝑓𝑡) ≤ 𝑀𝑏(𝑔𝑡, 𝑔𝑓𝑡) 

+𝐾{𝑏(𝑓𝑡, 𝑔𝑡) + 𝑏(𝑓𝑓𝑡, 𝑔𝑓𝑡)} 

= 𝑀𝑏(𝑔𝑡, 𝑔𝑓𝑡) 

+𝐾{𝑏(𝑓𝑡, 𝑓𝑡) + 𝑏(𝑓𝑓𝑡, 𝑓𝑓𝑡)} 

= 𝑀𝑏(𝑔𝑡, 𝑔𝑓𝑡) 

= 𝑀𝑏(𝑓𝑡, 𝑓𝑓𝑡). 

So,  

𝑏(𝑓𝑡, 𝑓𝑓𝑡) − 𝑀𝑏(𝑓𝑡, 𝑓𝑓𝑡) ≤ 0, 

and then 

(1 − 𝑀)𝑏(𝑓𝑡, 𝑓𝑓𝑡) ≤ 0. 

Therefore, 

𝑏(𝑓𝑡, 𝑓𝑓𝑡) = 0. 

Hence 𝑓𝑡 = 𝑓𝑓𝑡 =  𝑔𝑓𝑡 and 𝑓𝑡 is a common fixed 

point of 𝑓 and 𝑔. 

Suppose that 𝑠𝑡  and 𝑓𝑡  are common fixed 

point of 𝑓  and 𝑔  implies that 𝑓𝑠𝑡 = 𝑔𝑠𝑡 = 𝑠𝑡  and 

𝑓𝑓𝑡 = 𝑔𝑓𝑡 = 𝑓𝑡 . We show that 𝑓𝑡 = 𝑠𝑡. Using (3.1), 

we obtain 

𝑏(𝑓𝑡, 𝑠𝑡) = 𝑏(𝑓𝑓𝑡, 𝑓𝑠𝑡) 

≤ 𝑀𝑏(𝑔𝑓𝑡, 𝑔𝑠𝑡) 

+𝐾{𝑏(𝑓𝑓𝑡, 𝑔𝑓𝑡) + 𝑏(𝑓𝑠𝑡, 𝑔𝑠𝑡)} 

= 𝑀𝑏(𝑔𝑓𝑡, 𝑔𝑠𝑡) 

= 𝑀𝑏(𝑓𝑡, 𝑠𝑡). 
So, 

𝑏(𝑓𝑡, 𝑠𝑡) − 𝑀𝑏(𝑓𝑡, 𝑠𝑡) ≤ 0. 

Hence, 

0 ≤ 𝑏(𝑓𝑡, 𝑠𝑡) ≤ 0. 

Therefore, 

𝑏(𝑓𝑡, 𝑠𝑡) = 0. 

Hence 𝑓𝑡 = 𝑠𝑡 and 𝑓 and 𝑔 have a unique common 

fixed point. 

Corollary 3.2 If (𝑋, 𝑏) is a complete 𝑏-metric space 

and 𝑓, 𝑔: 𝑋 → 𝑋 . Suppose that 𝑓  is asymptotically 

regular with respect to 𝑔 and there exist 𝐾 ∈ [0, ∞) 

satisfying 

𝑏(𝑓𝑥, 𝑓𝑦) ≤ 𝐾{𝑏(𝑓𝑥, 𝑔𝑥) + 𝑏(𝑓𝑦, 𝑔𝑦)}, (3.3) 

for all 𝑥, 𝑦 ∈ 𝑋. Further, suppose that 𝑓 and 𝑔 are 

(𝑓, 𝑔)-orbitally continuous and compatible. Then 

𝐶(𝑓, 𝑔) ≠ ∅ and 𝑓 and 𝑔 have a unique common fixed 

point. 

Proof. Since 𝑓 is asymptotically regular with respect 

to 𝑔 at 𝑥0 ∈ 𝑋, there exists a sequence {𝑦𝑛} in 𝑋 such 

that 𝑦𝑛 = 𝑓𝑥𝑛 = 𝑔𝑥𝑛+1 for all 𝑛 ∈ ℕ ∪ {0} and  

lim
𝑛→∞

𝑏(𝑔𝑥𝑛+1, 𝑔𝑥𝑛+2) = lim
𝑛→∞

𝑏(𝑦𝑛 , 𝑦𝑛+1) = 0. 
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We show that  {𝑦𝑛} is a Cauchy sequence. Since 

(3.3), for any 𝑛 and any 𝑝 > 0, 

𝑏(𝑓𝑥𝑛+𝑝, 𝑓𝑥𝑛) = 𝑏(𝑦𝑛+𝑝, 𝑦𝑛) 

≤ 𝑠[𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1) 

+𝑏(𝑦𝑛+𝑝+1, 𝑦𝑛)] 

≤ 𝑠𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1) 

+𝑠𝑏(𝑦𝑛+𝑝+1, 𝑦𝑛) 

≤ 𝑠𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1) 

+𝑠2[𝑏(𝑦𝑛+𝑝+1, 𝑦𝑛+1) 

+𝑏(𝑦𝑛+1, 𝑦𝑛)] 

≤ 𝑠𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1) 

+𝑠2𝑏(𝑦𝑛+𝑝+1, 𝑦𝑛+1) 

+𝑠2𝑏(𝑦𝑛+1, 𝑦𝑛) 

≤ 𝑠𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1) 

+𝑠2[𝐾{ 𝑏(𝑦𝑛+𝑝+1, 𝑦𝑛+𝑝) 

+𝑏(𝑦𝑛+1, 𝑦𝑛)}] 
+𝑠2𝑏(𝑦𝑛+1, 𝑦𝑛) 

≤ 𝑠𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1) 

+𝑠2𝐾𝑏(𝑦𝑛+𝑝+1, 𝑦𝑛+𝑝)

+ 𝑠2𝐾𝑏(𝑦𝑛+1, 𝑦𝑛) + 𝑠2𝑏(𝑦𝑛+1, 𝑦𝑛) 

≤ 𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1)(𝑠 + 𝑠2𝐾) 

  +𝑏(𝑦𝑛+1, 𝑦𝑛)(𝑠2𝐾 + 𝑠2). 

By 𝑓  is asymptotic regularity with respect to 𝑔, we 

have 𝑏(𝑦𝑛+𝑝, 𝑦𝑛) → 0  as 𝑛 → ∞ . Therefore, {𝑦𝑛}  
is a Cauchy sequence. By completeness of 𝑋  there 

exists 𝑡 ∈ 𝑋  such that  

lim
𝑛→∞

𝑓𝑥𝑛 = lim
𝑛→∞

𝑔𝑥𝑛 = 𝑡. 

Since orbital continuity of 𝑓 and 𝑔 implies that  

lim
𝑛→∞

𝑓𝑓𝑥𝑛 = lim
𝑛→∞

𝑓𝑔𝑥𝑛 = 𝑓𝑡, 

and  

lim
𝑛→∞

𝑔𝑓𝑥𝑛 = lim
𝑛→∞

𝑔𝑔𝑥𝑛 = 𝑔𝑡. 

 

Since compatibility of 𝑓 and 𝑔, 
lim

𝑛→∞
𝑏(𝑓𝑔𝑥𝑛 , 𝑔𝑓𝑥𝑛) = 0. Letting  𝑛 → ∞, we get  

𝑓𝑡= lim
𝑛→∞

𝑓𝑔𝑥𝑛 = lim
𝑛→∞

𝑔𝑔𝑥𝑛 = 𝑔𝑡. 

Hence 𝐶(𝑓, 𝑔) ≠ ∅. 

By compatibility of 𝑓 and 𝑔 implies 

𝑔𝑓𝑡 = 𝑓𝑔𝑡 = 𝑓𝑓𝑡 = 𝑔𝑔𝑡. 

Using (3.3), we have 

𝑏(𝑓𝑡, 𝑓𝑓𝑡) ≤ 𝐾{𝑏(𝑓𝑡, 𝑔𝑡) + 𝑏(𝑓𝑓𝑡, 𝑔𝑓𝑡)} = 0. 

So, 

0 ≤ 𝑏(𝑓𝑡, 𝑓𝑓𝑡) ≤ 0. 

 

Thus,  

𝑏(𝑓𝑡, 𝑓𝑓𝑡) = 0. 

Hence 𝑓𝑡 = 𝑓𝑓𝑡 =  𝑔𝑓𝑡 and 𝑓𝑡 is a common fixed 

point of 𝑓 and 𝑔. 

Suppose that 𝑠𝑡 and 𝑓𝑡 are common fixed 

point of 𝑓 and 𝑔 implies that 𝑓𝑠𝑡 = 𝑔𝑠𝑡 = 𝑠𝑡 and 

𝑓𝑓𝑡 = 𝑔𝑓𝑡 = 𝑓𝑡 . We show that 𝑓𝑡 = 𝑠𝑡. Using (3.3), 

we obtain 

𝑏(𝑓𝑡, 𝑠𝑡) = 𝑏(𝑓𝑓𝑡, 𝑓𝑠𝑡) 

≤ 𝐾{𝑏(𝑓𝑓𝑡, 𝑔𝑓𝑡) + 𝑏(𝑓𝑠𝑡, 𝑔𝑠𝑡)} 

= 0. 

Then 

𝑏(𝑓𝑡, 𝑠𝑡) = 0. 

Hence 𝑓𝑡 = 𝑠𝑡 and 𝑓 and 𝑔 have a unique common 

fixed point. 

In the next theorem, we drop orbital 

continuity of a pair of mappings considered in 

Theorem 3.1 besides relaxing compatibility by the 

minimal non-commuting notion, i.e., non-trivially 

weak compatibility. We recall that 𝑓 and 𝑔 are weakly 

compatible (15) if 𝑓𝑔𝑥 = 𝑔𝑓𝑥, whenever 𝑓𝑥 =
𝑔𝑥 for some 𝑥 ∈ 𝑋. 

Theorem 3.3 If (𝑋, 𝑏) is a 𝑏-metric space and 𝑓 and 

𝑔 be self-mappings on an arbitrary non-empty set 𝑌 

with values in a 𝑏-metric space 𝑋. Suppose that 𝑓 is 

asymptotically regular with respect to g and 𝑔𝑌 is a 

complete subset of 𝑋 for 𝑀, 𝐾 ∈ [0,1) satisfying  
𝑏(𝑓𝑥, 𝑓𝑦) ≤ 𝑀𝑏(𝑔𝑥, 𝑔𝑦) 

+𝐾{𝑏(𝑓𝑥, 𝑔𝑥) + 𝑏(𝑓𝑦, 𝑔𝑦)}, 
for all 𝑥, 𝑦 ∈ 𝑌. Then 𝐶(𝑓, 𝑔) ≠ ∅  . Moreover, if  
𝑌 =  𝑋, then 𝑓  and 𝑔  have a unique common fixed 

point provided 𝑓  and 𝑔  are non-trivially weakly 
compatible. 

Proof. Since 𝑓 is asymptotically regular with respect 

to 𝑔 at 𝑥0 ∈ 𝑋, there exists a sequence {𝑦𝑛} in 𝑋 such 

that 𝑦𝑛 = 𝑓𝑥𝑛 = 𝑔𝑥𝑛+1 for all 𝑛 ∈ ℕ ∪ {0} and  

lim
𝑛→∞

𝑏(𝑔𝑥𝑛+1, 𝑔𝑥𝑛+2) = lim
𝑛→∞

𝑏(𝑦𝑛 , 𝑦𝑛+1) = 0. 

We show that  {𝑦𝑛} is a Cauchy sequence. Since (3.1), 

for any 𝑛 and any 𝑝 > 0, 

𝑏(𝑓𝑥𝑛+𝑝, 𝑓𝑥𝑛) = 𝑏(𝑦𝑛+𝑝, 𝑦𝑛) 

≤ 𝑠[𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1) 

+𝑏(𝑦𝑛+𝑝+1, 𝑦𝑛)] 

≤ 𝑠𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1) 

+𝑠𝑏(𝑦𝑛+𝑝+1, 𝑦𝑛) 

≤ 𝑠𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1) 

+𝑠2[𝑏(𝑦𝑛+𝑝+1, 𝑦𝑛+1)

+ 𝑏(𝑦𝑛+1, 𝑦𝑛)] 

≤ 𝑠𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1) 

+𝑠2𝑏(𝑦𝑛+𝑝+1, 𝑦𝑛+1)

+ 𝑠2𝑏(𝑦𝑛+1, 𝑦𝑛) 

≤ 𝑠𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1) 

+𝑠2[𝑀𝑏(𝑦𝑛+𝑝, 𝑦𝑛)

+ 𝐾{𝑏(𝑦𝑛+𝑝+1, 𝑦𝑛+𝑝)

+ 𝑏(𝑦𝑛+1, 𝑦𝑛)}] + 𝑠2𝑏(𝑦𝑛+1, 𝑦𝑛) 

≤ 𝑠𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1) 

+𝑠2𝑀𝑏(𝑦𝑛+𝑝, 𝑦𝑛)

+ 𝑠2𝐾𝑏(𝑦𝑛+𝑝+1, 𝑦𝑛+𝑝)

+ 𝑠2𝐾𝑏(𝑦𝑛+1, 𝑦𝑛)
+ 𝑠2𝑏(𝑦𝑛+1, 𝑦𝑛). 

So, 

𝑏(𝑦𝑛+𝑝, 𝑦𝑛) − 𝑠2𝑀𝑏(𝑦𝑛+𝑝, 𝑦𝑛) 

≤ 𝑠𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1) 

+𝑠2𝐾𝑏(𝑦𝑛+𝑝+1, 𝑦𝑛+𝑝)

+ 𝑠2𝐾𝑏(𝑦𝑛+1, 𝑦𝑛)
+ 𝑠2𝑏(𝑦𝑛+1, 𝑦𝑛), 
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and then 

𝑏(𝑦𝑛+𝑝, 𝑦𝑛)(1 − 𝑠2𝑀) 

≤  𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1)(𝑠 + 𝑠2𝐾) 

+ 𝑏(𝑦𝑛+1, 𝑦𝑛)(𝑠2 + 𝑠2𝐾). 
Hence, 

𝑏(𝑦𝑛+𝑝, 𝑦𝑛) ≤
(𝑠 + 𝑠2𝐾)

(1 − 𝑠2𝑀)
 𝑏(𝑦𝑛+𝑝, 𝑦𝑛+𝑝+1) 

+
(𝑠 + 𝑠2𝐾)

(1 − 𝑠2𝑀)
 𝑏(𝑦𝑛+1, 𝑦𝑛). 

Since asymptotic regularity of 𝑓  with respect to 𝑔, 

𝑏(𝑦𝑛+𝑝, 𝑦𝑛) → 0  as 𝑛 → ∞ . Therefore, {𝑦𝑛}  is a 

Cauchy sequence in 𝑔𝑌 . Since 𝑔𝑌  is a complete 

subset of 𝑋  and  𝑦𝑛 = 𝑓𝑥𝑛 = 𝑔𝑥𝑛+1  is a Cauchy 

sequence in 𝑔𝑌. Then there exists 𝑡 ∈ 𝑋  such that 

lim
𝑛→∞

𝑔𝑥𝑛+1 = 𝑔𝑡. 

Moreover, 

lim
𝑛→∞

𝑓𝑥𝑛 = lim
𝑛→∞

𝑔𝑥𝑛+1 = 𝑡. 

By (3.1), we obtain 

𝑏(𝑓𝑥𝑛 , 𝑓𝑡) ≤ 𝑀𝑏(𝑔𝑥𝑛 , 𝑔𝑡) 

+𝐾{𝑏(𝑓𝑥𝑛 , 𝑔𝑥𝑛) + 𝑏(𝑓𝑡, 𝑔𝑡) 

= 𝐾𝑏(𝑓𝑡, 𝑔𝑡). 

So, 

𝑏(𝑓𝑥𝑛 , 𝑓𝑡) = 𝑏(𝑔𝑡, 𝑓𝑡) ≤ 𝐾𝑏(𝑓𝑡, 𝑔𝑡). 

Thus, 

𝑏(𝑔𝑡, 𝑓𝑡) − 𝐾𝑏(𝑓𝑡, 𝑔𝑡) ≤ 0. 

Therefore, 

𝑏(𝑓𝑡, 𝑔𝑡) = 0. 

Hence 𝐶(𝑓, 𝑔) ≠ ∅. 

Since 𝑌 = 𝑋  and  𝑓  and 𝑔  non-trivially weakly 

compatible, then 𝑔𝑓𝑡 = 𝑓𝑔𝑡. This further implies that 

𝑓𝑔𝑡 = 𝑔𝑓𝑡 = 𝑓𝑓𝑡 = 𝑔𝑔𝑡. 
Using (3.1), we obtain 

𝑏(𝑓𝑡, 𝑓𝑓𝑡) ≤ 𝑀𝑏(𝑔𝑡, 𝑔𝑓𝑡) 

+𝐾{𝑏(𝑓𝑡, 𝑔𝑡) + 𝑏(𝑓𝑓𝑡, 𝑔𝑓𝑡)} 

= 𝑀𝑏(𝑔𝑡, 𝑔𝑓𝑡) 

+𝐾{𝑏(𝑓𝑡, 𝑓𝑡) + 𝑏(𝑓𝑓𝑡, 𝑓𝑓𝑡)} 

= 𝑀𝑏(𝑔𝑡, 𝑔𝑓𝑡) 

= 𝑀𝑏(𝑓𝑡, 𝑓𝑓𝑡). 

So,  

𝑏(𝑓𝑡, 𝑓𝑓𝑡) − 𝑀𝑏(𝑓𝑡, 𝑓𝑓𝑡) ≤ 0. 

Then  

(1 − 𝑀)𝑏(𝑓𝑡, 𝑓𝑓𝑡) ≤ 0. 

Therefore, 

𝑏(𝑓𝑡, 𝑓𝑓𝑡) = 0. 

Hence 𝑓𝑡 = 𝑓𝑓𝑡 =  𝑔𝑓𝑡 and 𝑓𝑡 is a common fixed 

point of 𝑓 and 𝑔. 

Suppose that 𝑠𝑡 and 𝑓𝑡 are common fixed 

point of 𝑓 and 𝑔 implies that 𝑓𝑠𝑡 = 𝑔𝑠𝑡 = 𝑠𝑡 and 

𝑓𝑓𝑡 = 𝑔𝑓𝑡 = 𝑓𝑡. We show that 𝑓𝑡 = 𝑠𝑡. Using (3.1), 

we obtain 

𝑏(𝑓𝑡, 𝑠𝑡) = 𝑏(𝑓𝑓𝑡, 𝑓𝑠𝑡) 

≤ 𝑀𝑏(𝑔𝑓𝑡, 𝑔𝑠𝑡) 

+𝐾{𝑏(𝑓𝑓𝑡, 𝑔𝑓𝑡) + 𝑏(𝑓𝑠𝑡, 𝑔𝑠𝑡)} 

= 𝑀𝑏(𝑔𝑓𝑡, 𝑔𝑠𝑡) 

= 𝑀𝑏(𝑓𝑡, 𝑠𝑡). 

So, 

𝑏(𝑓𝑡, 𝑠𝑡) − 𝑀𝑏(𝑓𝑡, 𝑠𝑡) ≤ 0, 

and then  

(1 − 𝑀)𝑏(𝑓𝑡, 𝑠𝑡) ≤ 0. 

Hence, 

0 ≤ 𝑏(𝑓𝑡, 𝑠𝑡) ≤ 0. 

Therefore, 

𝑏(𝑓𝑡, 𝑠𝑡) = 0. 

Hence 𝑓𝑡 = 𝑠𝑡 and 𝑓 and 𝑔 have a unique common 

fixed point. 

Remark. Let 𝐾 = 0 in Theorem 3.3, we obtain  
𝑏(𝑓𝑥, 𝑓𝑦) ≤ 𝑀𝑏(𝑔𝑥, 𝑔𝑦) 

+𝐾{𝑏(𝑓𝑥, 𝑔𝑥) + 𝑏(𝑓𝑦, 𝑔𝑦)} 

= 𝑀𝑏(𝑔𝑥, 𝑔𝑦) 

≤ 𝑀𝑚𝑎𝑥{ 𝑏(𝑔𝑥, 𝑔𝑦) 

, 𝑏(𝑓𝑥, 𝑔𝑥), 𝑏(𝑓𝑦, 𝑔𝑦) 

      ,
𝑏(𝑓𝑥, 𝑔𝑦) + 𝑏(𝑓𝑦, 𝑔𝑥)

2
}. 

Hence satisfy the condition in Corollary 3.4. 

Corollary 3.4 If (𝑋, 𝑏) is a 𝑏-metric space and 𝑓 and 

𝑔 be self-mappings on an arbitrary non-empty set 𝑌 

with values in a 𝑏-metric space 𝑋. Suppose that 𝑓 is 

asymptotically regular with respect to g and 𝑔𝑌 is a 

complete subset of 𝑋 for 𝑀, 𝐾 ∈ [0,1) satisfying  

𝑏(𝑓𝑥, 𝑓𝑦) ≤  𝑀𝑚𝑎𝑥{ 𝑏(𝑔𝑥, 𝑔𝑦), 𝑏(𝑓𝑥, 𝑔𝑥) 

                                 , 𝑏(𝑓𝑦, 𝑔𝑦),
𝑏(𝑓𝑥, 𝑔𝑦) + 𝑏(𝑓𝑦, 𝑔𝑥)

2
}, 

for all 𝑥, 𝑦 ∈ 𝑌. Then 𝐶(𝑓, 𝑔) ≠ ∅ . Moreover, if 

𝑌 = 𝑋 , then 𝑓  and 𝑔  have a unique common fixed 

point provided 𝑓  and 𝑔  are non-trivially weakly 

compatible. 

The following example illustrates Theorem 3.3. 

Example 3.5 Let 𝑋 = [2,20] and a function  𝑏: 𝑋 ×
𝑋 → ℝ be defined by 𝑏(𝑥, 𝑦) = |𝑥 − 𝑦|2 for all 𝑥, 𝑦 ∈
ℝ is a 𝑏-metric on 𝑋. Define self-mappings 𝑓 and 𝑔 

on 𝑋 as follows 

𝑓𝑥 = {

2, 𝑥 = 2         
6, 𝑥 ∈ (2,5]

2, 𝑥 ∈ (5, ∞)
 

and 

𝑔𝑥 = {

2,                  𝑥 = 2         
11,             𝑥 ∈ (2,5]

𝑥 + 1

3
, 𝑥 ∈ (5, ∞).

 

 

Then 𝑓 and 𝑔 satisfy the following conditions of 

Theorem 3.3 and have a unique common fixed point 

𝑥 = 2 which 𝑓 and 𝑔 are discontinuous: 

(i)  𝑔𝑌 = [2,7] ∪ {11} is a complete subspace of 

𝑋 = [2,20]; 
(ii)  𝑓 and 𝑔 satisfy the condition  

𝑏(𝑓𝑥, 𝑓𝑦) ≤
4

5
{𝑏(𝑓𝑥, 𝑔𝑥) + 𝑏(𝑓𝑦, 𝑔𝑦)}, 

for all 𝑥, 𝑦 ∈ 𝑌 and 𝑀 ∈ [0,1); 
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(iii)  𝑓 and 𝑔 are non-trivially weakly compatible as 

𝑓 and 𝑔 commute at their only coincidence point 

𝑥 = 2. 
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