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Abstract
In this paper, the concept of (F;, L)-contraction was presented and a new fixed-point theorem
for such contractions would be established. We provide applications to prove that there is a fixed point
for cyclic mappings. We also received fixed-point results for the weak contraction type mappings.
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1. Introduction

Let (Q, d) be a metric space and I'(Q)
be the class of nonempty subsets of Q. Denote by
CB(Q) (resp. K(Q)) the class of nonempty
bounded and closed (resp. all nonempty
compact) subsets of Q. For U,V € CB(Q),
consider the Pompeiu-Hausdorff functional

H(U,V) == max {sup inf d(u, v), sup inf d(u, v)}.
uey VeV vey Uel
(1.1)

For{ € Q, define D(, V) = érel‘g d ((,0).

Nadler (1) used the notion of the
Pompeiu-Hausdorff metric to ensure the
existence of fixed points for multivalued
contractive mappings. Berinde (2) introduced
the following notion which was later named
from weak contraction to almost contraction by
Berinde (3).

Let (Q,d) be a metric space and a
mapping Z: Q- Q is said to be an almost
contraction or an (8, L)-contraction if there are
6 €(0,1), L = 0andn, u € Q such that

d(Zn,Zp) < 6d(m, W) + Ld(w, Zn). 12)

Indeed, the notion of multivalued almost
contractions as follows: A mapping Z:Q —
CB(Q) is an almost contraction if there are § €
(0,1) and L =0, for n,u€ Q, the following
inequality holds:

H(Zn, Zp) < 6d(n, w) + LD (u, Zn). (1.3)

Berinde (4) established the Nadler
fixed point theorem in (1). Popescu (5)
introduced the concept of (s,r)-contraction
multivalued operators and obtained some (strict)
fixed point results. Let Z:Q — CB(Q) be a
multivalued operator on a complete metric space
(Q,d) with Z is an (s,r)-contractive if r €
[0,1),s =randn,peQ

D(u,Zn) < sd(u,n) implies
H(Zn,Zp) <N, p), (14)

where
N, W)

= max {d(n,u),D(n, Zn),D(u, Zw), >
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Then Z has a fixed point. Moreover, if s > 1,
such a fixed point is unique.

Latter, Kamran et al. (6) improved the
results of Popescu (5) to weakly (s,1)-
contractive multivalued operators. Let Z: Q —
CB(Q) be a multivalued operator on a metric
space with Z is a weakly (s,r)-contraction if
there are r € [0,1),s = r and L = 0 such that

D(u,Zn) < sd(u,n) implies

where
M, w)

= max {d(n,u).D(n,Zn),D(u, Zu), >

+L min{d(n, w), D(y, Zn)}.

Then Z has a fixed point. Moreover, if s > 1
such a fixed point is unique. On the other hand,
Wardowski (7) introduced a generalized version
of contraction mappings, called F-contractions,
i.e., amapping Z : Q — Q satisfying

T+ Fd(Zn,Zn) < Fd(n, W), (1.6)

for all n,pe Q with d(Zn,Zp) >0, where
T > 0andF: (0,) - R is a function verifying
the following conditions:
(F1) F is strictly increasing;
(F2) for each {9,} € R*, lim 9, =0 if and
n—oo

only if lim F (9,) = —o0;

n—oo
(F3) there is 0 < k <1 such that
ali%l+ 9 F(9) = 0.
He proved that every F-contraction on a
complete metric space has a unique fixed point.

Latter, Turinici in (8) relaxed
condition (F2) by (F2*) for each {9,}¢<
R, 111_1}1;10 9, =0, then 1{1_{?0 F(9,) = —. Then
the following
(F2**)F(9,,) » —c implies 9,, - 0canbe
derived from (F1).

Recently, Wardowski (9) considered
the class of F-contractions in a generalized way
by replacing T by a function ¢: (0, ©) — (0, ©)
and defined (¢, F)-contractions on a metric
space (£, d) so that
(H1) F verifies (F1) and (F2*);

D(n,Zuw) + D(u, Zn)

(H2) lim inf,_,,+ @(t) >0 for q =0;

(H3) @(d(n, W) + F(d(Zn, Zw)) < F(d(n, W)
forall n,u € Qsothat d(Zn, Zp) > 0.

It was proved a fixed point result for such
nonlinear contractions by omitting (F3).

Altun et al. (10) used an extra
condition on F:
(F4) F(inf(P)) = infF (P) for P c (0, o) such
that inf(P) > 0.
Many authors endeavor to reach their goals in
real world applications, see (11-15) and the
related reference therein.

Motivated and inspired by concept of
(F,, L)-contractive multivalued operators. We
will extend the results of Kamran et al. (6) and
Popescu (5) as follow define:
(H1*) F satisfies (F1), (F2*), and (F4).
(H3*) There are s = 0 and L = 0 such that, for
N, U € Qwith H (Zn, Zp) > 0 we have

D(w,Zn) < sd(u,n) implies @(d(n, 1)) +
F(#(Zn,Zw) < F(Q(n, 1)), (L.7)

where
[1+ D, Zm]D(u, Zp)

Q(n,w) = max {d(ﬂ'ﬂ), T+ dmm

+Lmin{d(n, w), D(u, Zn)}.

Remark. Let (Q,d) be a metric space. The
multivalued operator Z:Q — CB(Q) is an
(Fg, L)-contraction if conditions (H1*), (H2),
and (H3*) are satisfied.

2. Preliminaries
The graph of Z:Q — 2% is given as

Gr(Z) = (3,8) € 02, 8 € ZL.
The mapping Z is said to be upper semi-
continuous if the inverse image of closed sets is
closed.

Definition 2.1 (16) A mapping Z: 2 —» CB() is
called a multivalued weakly Picard operator if,
foralln € Nand u € Zyu, thereis {n,,} in 2 such
that the following statements hold:
(no=nand ny, = p,

(il) npyr € Zn, forall n >0,

(iii) {n,} converges to a fixed point of Z.
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Lemma 2.1 (1) Given a metric space (2, d). Let
Bcand a >1.Forn€en, thereis u €B
such that d(n, u) < aD(n, B).

Theorem 2.1 (4) Let Z:2 - CB(2) be an
almost contraction mapping on a complete
metric space. Then Z has a fixed point.

3. Main results

Theorem 3.1 Let (22,d) be a complete metric
space and Z:2 - CB(2) be an (F,L)-
contractive multivalued operator on a complete
metric space. Assume that Gr(Z) is a closed
subset of 22. Then Z is a multivalued weakly
Picard operator.

Proof. Let no€Q and mn; €Zn, then
DMy, Zne) = 0.In the case thatng = 14, thenn;
is a fixed point of Z and the proof is completed.

Suppose that ng #n4. If nq € Zny,
the proof is done. Otherwise, if n; € Zn,, then
since Zm is closed, we have D(n,Zn,) > 0.
Therefore, #(Zno,Zn1) = D(My,Zn1) > 0, SO
D(M1,2Zn0) < sd(Mq,Mo). Since Z is an (F,, L)-
contractive multivalued operator, we get

@(d(Mo,m)) + F(H (Zno, Zn1))

where

Q(Mo,M1)

_ max{d( ) [1+ D(TIO’ZT]O)]D(T]LZTM)}
Mo, M), 1+ d(me, 1)

+ L min{d (o, 1), D(y, ZM0)}

< max{d(Mo,N1), D(M1, Zn1)}

Thus,
o(d(Mo, 1)) + F(#H(Zno, Zn1))
< F(max {d(mo,n1), D(1, Zn1) ).

Since D(ny,Zny) < H(Zng, Zny), from (F1)
and inequality

F(D(nl,an)) < F(H(ZTIO'ZTM))
< F(d(o,m)) — @ (d(mo, 1)) (3.2)

From D(ny,Zn;) > 0 and (F4), we obtain

F(D(n1,Zny)) =gienzj; F(d(n,9). (33)

3
Using inequality (3.2), we get
inf F(d(n1,9))
gEZN,
< F(d(mo,m)) — ¢(dCno,m)). B4
There isn, € Zn, such that
F(d(11,m2)) < F(d(mo,11)) — ¢(d(no,11))-
3.5)

Continuing in this way, we get {n,} such that
Nn+1 € Znn and

F(d(Mn+1))
< F(dMn-1,1) — @(dWn-1.m)),  (3.6)

foralln > 1. Let9,, = d(n,,—1, M) forall n =
0. We assume that 9,, > 0 for each n € N. From
inequality (Eq. 3.6), there is a > 0 such that

F(ﬁn+1) < F(ﬁn) - <P(19n)' (37)
foreach n € N.

From (F1), {9,} is decreasing and hence 9,, -
t,t = 0. By (H2) there are a > 0 and ng € N
such that @ (9,,) > 0 for each n > n,. Therefore,

F(93) < F(9n-1) = 9(9n—1)
< 'F(‘Sn—z) - ‘P(\(jn—z)

< F(9;) — 7 0(9)
=F(O) - I 0(9) — X1t 9(9)
<F@®;) —(n—ngla, vn>n, (3.8)

Letting n — oo, F({)n) — —oo and using (F**),
9, — 0.

Next, we prove that {n, } is a Cauchy.

Assume that {n,} is not a Cauchy
sequence. Using (F1), the set = of all
discontinuity elements of F is at most countable.
ThereisA > 0,A ¢ E in order that for each k >
0 there are m;, n; € N such that

k <my <ny and d(nmk,nnk) > 2,
d(nmk' nnk—l) < /L d(nnk' 77mk+1) <A (39)
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Denote by iy, is the least of m,, satisfying (3.9)
and by 7, is the least of n;, are satisfying (3.9),
so that 7, < n; and

d(nmvk, r]nk) > A. Naturally, one writes that
d(mnm) > A A n-1) <A

d(nap Mag+1) < A (3.10)

Letting ko € N such that for y, < A for each
k = ko, we get

A < d(Namp i)

< d(No ag-1) + d(Mi-1,Maz)
<A+vyg, foreachk = k,.
Thus,

Lim d(nm, ) = A. (3.11)

Observe that

D (N Z0im,) < (M is1)
<A< d(np i)

< sd(nap, N, )- (3.12)

Using (H3*), we obtain

¢ (d(rmp ;) )

< F (A 1)) = F (d(himns i) ),
(3.13)

forall k > 0.
Using (3.10)-(3.13) and by the continuity of F at
A, we obtain

lim inf,_+ @(s)
< liminfy_, @ (d(nﬁfk' 77"7))
< Jim (F (d(nmo )

-F (d(?’)fn‘k+1’nﬁ+1)))

=0, (3.14)

which is a contradiction to (H2). Hence {n,,} isa
Cauchy sequence. Therefore, n, - x € Q as
n — . Since Gr(Z) is closed, at the limit
n = 00, My, Nns1) = (x,3) With (x,x) € Gr(2).
Hence, x € Zx, i.e., x is a fixed point of Z.

4. Application

Theorem 4.1 Let (22,d) be a complete metric
space and Z:2 - CB(2) be an (F,L)-
contractive multivalued operator on a complete
metric space. Assume that Z is upper semi-
continuous. Then Z is a multivalued weakly
Picard operator.

Proof. Using the upper semi-continuity
condition is stronger than the closedness of
Gr(Z) and follow prove in Theorem 3.1.

Theorem 4.2 Let (22,d) be a complete metric
spaceand Z: 2 — K () be an (F;, L)-contractive
multivalued operator on a complete metric space
and s > 1. Assume that Gr(Z ) is a closed subset
of N2. Then Z is a multivalued weakly Picard
operator.

Proof. Let ng € Q and n; € Zn,. If N1 € Zny,
then the proof is complete. Suppose n; & Zn;.
Then, from Zn; is closed, D(n4,Zn,) > 0. On
the other hand, from

D(My,Zn,) < H(Zno, Zn1), using (F1),
we obtain

F(D(Th: ZTh)) < F(H(Zno.Zm))- (4.1
Thus, we have

D(M1,Z1ng) < sd(ny,Mo).

Using (H3*), we get

F(D(1,Zny))

< F(#(Zno,Zn1))

< F(QMo,n1)) — @(d(mo, 1))

< F(max{d(no,n1), D(1, Zn1)})
—¢(d(mo,n))

< F(d(o,m1)) = ¢(d (o, m1))- (4.2)

Since Zm is compact, there existsn, € Zn; such

that d(my,mz) =DMy, Zn.). Then  from
inequality (4.2), we get

F(d(m1,m2)) < F(d(Mo,m1)) — @(d(Mo,m1)).
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The rest of the proof is similar to that of the proof inf F(d(n2,9))
of Theorem 3.1. gEZN,

< F(d(m.’?z)) - @(d(nbﬂz))- (4.6)

Theorem 4.3 Let (22,d) be a complete metric
space and Z:2 - CB(2) be an (F. L)-
contraction on a complete metric space. Assume
that Gr(Z) is a closed subset of 22. Then Z is a
multivalued weakly Picard operator.

Proof. Consider t <1 which 0 <r<t<s.
Since 1—t >1, by Lemma 2.1, n; € Q and
there 1 — s isn, € Zn, such that

1-t
d(ym2) < 1__SD(‘11'Z‘11)'
then

%D(m,an) <D(My,Zny1)
<dMym2)
= iD(Th;ZTh)-
Since Z is an (Fr_s, L)-contraction, we get
@(d(1,n2)) + F (3 (Zny, Zny))
=< F(Q(‘h»nz)),

where

Q(My,M2)
3 [1+ D(ny, Zn1)1D (M2, Zn2)
= max(d(1,n2), 1+dMm,ng2)

+L min{d(ny,n2), D(2,Zn1)}

< max{d(M1,M2), D(M2, Zn2)}.

Thus,

@(d(m1,m2)) + F(H (Zny1, Zn,))
< F(max{d(n1,12),D (M2, Zn,)}). (4.3)

Since D(M3, Zn,) < H (Zn4, Zn,), from (F1) and
(4.3), we obtain

F(D(M2,Zn2) < F(H(Zn1,2Z17))
< F(d(m1,m2) — o(d(1,12)). (4.4)

From Zn, is closed, D(n,,Zn,) > 0 and using
(F4)

F(D(2 Znp)) = gienzj; F(d(my, ).  (45)

Using (4.4), we obtain

There isnz € Zn, such that

F(d(z,n3)) < F(d(y,n2)) — @(d(y,n2)).
From the proof of Theorem 3.1, {n,,} is a Cauchy
sequence and hence 1, = x € Q. By the same
way to those given in Theorem 3.1, we have that
D(x,Zx) = 0.

Example. Let Q= {0,2,4,6} and
d(m, 1) = |n — ul. Consider Z: Q —» CB(Q) as
(26}, ifn=6,
Zn = { {4}, if not.

For  (n,w €{(0,0),(0,2),(0,4),(2,0),(2,2),
(2,4),(4,0), (4,2), (4,4), (6,6)},
then £ (Zn, Zy) = 0.
For (1 €{(0,6),(2,6),(4,6),(6,0),(6,2),
(6,4)}, then H (Zn, Zp) = 2.
Choosing s = 0.5 and (n,p) € {(4,6),(6,4)},
we get
D(wZn) =2 =d(uwn),

which yields

D(w,Zn) > sd(w,m),
Now, for (n,u) € {(0,6),(2,6),(6,0),(6,2)},
we get

D(w,Zn) < sd(p,m),
Thus, for any L = 0, choosing ¢(t) =1 and
F(t) =t + In(t), we obtain

e(dm W) + F(H(Zn,Zw) < F(Q(n, w).

That is, Z is an (F,, L)-contraction. So, Gr(Z) is
a closed subset of Q2. Using Theorem 3.1, Z has
4 and 6 as fixed points.
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