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Abstract
In this paper, we obtained some formulas for the integer solutions of the Pell equation
x?—Dy? =N and the negative Pell equation x?>—Dy?=—N where D >1 is a non-square integer

and N is a positive integer.
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1. Introduction

The equation x*—Dy? =N is called
Pell equation with D, N are integers and x,y
are unknowns. If D is negative, it can have only
a finite number of solutions. If D is a square
number, for D=k?, the equation reduces to
(Xx—ky)(x+ky)=N and again there is only a
finite number of solutions. If D is a non-square
integer, it can have infinitely many solutions.

Let R denotes the sequence of

n

convergent to the regular continued fraction
expansion of /D . Then the pair (x,y,)
solving Pell equation satisfies x, =F, and
y, = L, forsome n is positive integer. This pair
is called the fundamental solution. Thus, the
fundamental solution may be found by
performing the continued fraction expansion and
testing each successive convergent until a
solution to Pell equation is found. Once the
fundamental solution is found, all remaining
solutions may be calculated algebraically from

(X1 + leB)m =x, +y,JD expanding the

left side, equating coefficients of /D on both
sides, and equating the other terms on both sides.

For completeness we recall that there
are many papers in which are considered
different types of Pell equation. Many authors
such as Tekcan (6), Kaplan & Williams (2),
Matthews (3) and the others consider some
specific Pell equations and their integer
solutions. In 2007, Tekcan (7) obtained some
formulas for the integer solutions the Pell
equation x* — Dy® =#4. In 2008, Shabani (5)
proved two conjectures related to Pell equation
x? — Dy? =+4. In 2011, Chandoul (1) obtained
some formulas for the integer solutions the Pell
equation x? — Dy? =+k?.In 2015, Ramyaetal.
(5) obtained some formulas for the integer
solutions the Pell equation x?>-Dy?=
+390625 .

In this paper, we obtain some formulas
for the integer solutions of the Pell equation
x> —Dy?=+N where D>1 is a non-square
integer and N is a positive integer.
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2. Preliminaries
In this section, we will prove that
(Xans1» Yonss) 1S sOlution of Pell equation

x?—Dy?=+N where D>1 is a non-square
integer and N is a positive integer.

Lemma 2.1 Let (x,y,) be the fundamental

solution of the Pell equation x> —Dy*=N and
let

(8- oY on
Vane i 0

for n>0. Then the integer solutions of the Pell

equation x*—Dy’=N are  (Xy.; Yoni)
where

u2n+1 v2n+1
Xonswr Yani) =| 750 g0 .
o) = 2. 2 @2)
for u,,,, and v,,,, are multiplesof N".

Proof. We prove theorem by mathematical
induction on n. For n=0, we have from (2.1),
(u,v,) =(x,y,) Wwhich is the fundamental
solution of x? — Dy? = N . With the assumption
that the Pell equation x* —Dy? = N is satisfied
for n>0, that is
u22n+1 —Dv
N 2n

2

2
Xone1 — Dyzznu = ot =N (2-3)

To prove that the Pell equation x?> —Dy? =N is
true for n+1.

) G %))
V2n+3 Y1 Xl 0
:(xl Dylﬂxl Dyljz"”(lj
Y1 X, Y1 Xy 0
=[X1 Dyl]Z(UZnJrlJ
Y1 Xy Vona

(X12 + Dylz)u2n+1 + 2DX1y1V2n+1

2 2
2X1Y1u2n+1 + (Xl + Dyl )V2n+1

Next, we will show that (x,,,, Y,n,5) is solution

2n+37
of Pell equation x*—Dy?=N .
Hence, by (2.2) we obtain

2 2
2 2 u. V.
Xontz ~ Dy2n+3 = (ﬁj - D(ﬁ]
1 2 2
NS (u2n+3 - DV2n+3)

= ﬁ{(( X} + DYf)UZnu + 2DX1Y1V2n+1)2
- D(2X1Y1u2n+1 + (Xlz + Dylz)vzml)z:l

1 2
=w[( X} + Dylz) T

2 2 22,22
+4(X1 + Dy; ) DX, YiUypVanaa + 4D X Y1 Van .

2,,2, 12

—4 DX1 Yilpn — 4( Xl2 + Dylz) Dxl YiUznaVoni
2
~D(x+ D) |

2
_ 2 2 2 2,2\,2,,2
- N 2n+2 |:( Xl + Dyl ) u2n+1 + 4D Xl y1V2n+1

DKy~ D+ DY) i,
1 2
e [(CR L T
(¢ + oy - amiyg o |

2
(0 + Dy2)’ - aDx?y (U - DV,
N 2n+2
2
(Xlz - Dylz) (u22n+1 - DV§n+1)
N 2n+2 '
By (2.3) we have uZ ., -DvZ , =N?"" and

2n+1

since (x,,y,) is the fundamental solution of the
Pell equation x*—Dy*=N.

conclude that

Hence, we

(x2 - Dy2) (uZ,,~ DVZ,.,)
N 2n+2

2 2
Xoniz — DYZn+3 -

N ZN 2n+1
= N 22
This complete the proof.

=N.

Example 2.1 Consider the Pell equation
x?—-3y?=6. The fundamental solution is
(%, 1) =32 . By (2.1) we have
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)2 e 2R
)G IGE AR
It A
o R I

And by (2.2) we obtain
(le yl) = (u1'V1) = (3:1)
(%, ¥a) = (: ;—j - 95
u; Vv

g,e—gj:(ss,w)

(XZMJ _ i(uzmj _ (2 3]“ [3J
Yonra) 6" Vonu 1 2)1
Hence

u?-3v’=6'=6

u?-3v:=6°=216

UZ —3vZ =6° = 7776

(Xsy ys) :(

2 2 2n+1
Uznyg = 3Vzn, =67
And

Zn+1 3y2n+1
for n>0.

Lemma 2.2 Let (x,y,) be the fundamental

solution of the Pell equation x* — Dy? =—N and
let

[UJ _ (x1 Dyljz"“(l)
V2n+1 - yl Xl 0
for n>0. Then the integer solutions of the Pell
equation x*-Dy’=-N are (X, Yonu)
where

u2n+1 v

X , — , 2n+1
( 2n+1 y2n+1) [ Nn Nn j

H n
for u,,,, and v,,,, are multiplesof N".

Proof. This lemma can be proved as in the same
way that lemma 2.1 was proved.

Example 2.2 Consider the Pell equation
x> —6y®>=-2. The fundamental solution is
(%, ¥,) =(2,1) . By (2.1) we have

L S S
PRI H P
e S
)G G 56

And by (2.2) we obtain
(X:l’ yl) = (u1'V1) =(2))
u3 V3

(ng y3) = (?,§j = (22-9)

e j (218,89)

i b I
Yona 2" Vanu 2 5 1
Hence

u—-6vi=-2'=-2

ui —6v; =-2°=-8

Uz —6v:=-2°=-32

(X5, Ys5) = [

2 2 l
Uznia — 6V2n+1 =2
And
2 2
Xona — 6y2n+]. =-2
for n>0.

3. Main results

In this section, we will find the
solutions of Pell equation x?—Dy?=%N
where D >1 is anon-square integerand N isa
positive integer.

Theorem 3.1 Let (x,,y,) be the fundamental

solution of the Pell equation x*> —Dy* =N then
(X} + DY? ) Xy 1 +2DX, ¥, Y0 4
Xona = N
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2X,YiXp0 1 + (X + DYY) Yo 4 = 2%
Yona = N This complete the proof.
and
M X, Theorem 3.2 Let (x,,y,) be the fundamental
e =2y, solution of the Pell equation x? —Dy*=-N
y2n+1 yZn 1

for n>1, where (2.1) and (2.2) hold.

Proof. By (2.1) we have
Upng = (Xlz + Dylz)UZn—l +2DX, Y1V
Vona = 2% Yilpn s +(X12 + DY12)V2n71

and by (2.2) we have
l"12n+1 = N nX2n+1

Zn+1 N y2n+1

N n)(2n+l = u2n+1
= (X12 + DY12>u2n71 +2DX Y1V
= (X12 + Dylz) N nilXZn—l +2Dx,y;N n71y2n-1
(X + DYS )Xo s +2DX, Y, Y304
X2n+1 = N
and
N " y2n+1 = V2n+1

2 2
=2X;Y1Upy +(X1 + Dy; )VZn—l

=2Dx,y;N 71X2n—1 +(X12 + Dylz) N nilyZn—l
2X,Y1%0 1+ (X + DY ) Yo 4

y2n+1 = N )

Hence,

X2n+l X2n 1

2n+1y2n 17 anl y2n+1

y2n+1 yZn 1

~ [(Xf + DY} )Xo 4 + 2Dx1y1y2n1]
- 2n-1

N

2X,Y1Xo0 1 + (X + DY} ) Van s
—Xon-1 N

— 2DX1Y1y22n—1 — 2X1Y1X22n—1
N
leyl(XZanl - Dyzznfl)
N

2x,Y,(N)
N

then
(X7 + DY} )Xoy +2DX, YY1

Xonu = N
2%,Y: X0 1 + (X + DY] ) Y04
Yona = N
and
Xonst Xon- — 2%y,
Yonu Y2n 1

for n>1, where (2.1) and (2.2) hold.

Proof. This theorem can be proved as in the same
way that theorem 3.1 was proved.

Theorem 3.3 Let (x,,y,) be the fundamental

solution of the Pell equation x*> —Dy® =N then
(Xope1s Yonee) Satisfy the following recurrence
relations

4
Xons1 = [_ X12 +S [ Xon
N

+(—%(s +2)x7 +2s+ 3) Xon-g T (S+2)X,5 5
4
Yona = le TS Yana

+[f%(s +2)X7 +2s+ 3} Yoz +(S+2) Yy s

(3.4)

for n>3 and s is an integer
where (2.1) and (2.2) hold,
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Proof. We prove theorem by mathematical
induction on n. By theorem 3.1, we have

(X} +Dy? )%, +2Dx,y;
X, =
N
xi(xf+3Dy12)
N

:%(4xf—3N)

2y + (X + DY)y,

B N
¥:(3x + Dy?)

- N

=%(4x1 N)

(¢ +Dy7 ) %, +2Dx,y,Ys
N

:H(xfmyf)[%(uf_s,\l)j

+2Dx1y1(%(4xf - N)ﬂ

:%[(M- N)(4x2-3N)

+2(xf—N)(4xf—N)J

:%(16xf—20Nxf+5N2)

X5 =

2%,Y,%; + (X + Dy} ) s
N

== {leyl( % (ax2 - 3N)j
(<o) - N)ﬂ
- '\31’1 [2x¢(4x2-3N)

+(2x¢ ~N)(4xt N )]

:%(16xf—12Nxf+ N2).

Y5 =

And
(XC +Dyf ) %s +2Dx,y,Ys
N

X; =

| o) oot aon )|
+2DX1Y1(%(16X14 _12NX12 + Nz)j:|

_ %[(2@ —N)(16x; —20Nx} +5N?)
#2(x - N (16! ~1200¢ N7)|

- %(esz ~112Nx; +56N?x2 ~7N°)

2%y, %+ (X + DYY ) ¥
T N
; {2x yl( (16, — 20N +5N )J

+(x? +Dy1)( 5 (16X —12Nx; + N )ﬂ
Nyl [2x¢ (16x; ~20NX] +5N°?)
(22~ N)(16% ~12Nx? + NZ)J
e (645 ~BON + 24N —N°?)

For n=3, we have
[ixz+ij +[—i(s+2)x2+23+3jx
N 1 5 N 1 3

+(s+2)x,

_(% X+ sj(%(%xf ~20NX? +5N 2)}

4 2 1
J{_ﬁ(s +2)x2 +25 +SJ(W(4X1 -3N )j

+(s+2)x,

64 112 56
xRk )

- ’;‘1 (64x¢ ~112Nx; +56N?x2 ~7N°?)

=X,

(%xf+sjy5+[—%(s+2)xf+25+3]y3
+(s+2)y,

:(ifors][ Y (16} ~12Nx? + N )J
N
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4 2 yl 2
+[—W(s +2)x%+2s +3)(W(4x1 -N )j

+(s+2)y,

64 80 24
(e R ‘@

e o (64x) ~BON; + 2N °x] - N°)
=Y
Therefore (3.4) is true for n=3. With the

assumption that (3.4) is satisfied for n>3.
To prove that (3.4) is true for n+1.

4 4
(W X2 + sj Xopug + (—W(s +2)X2 + 25+ 3} Xon1

+(S+2)Xy, 4

(4 ) j[(XﬁDyf)XZn1+2Dx1y1y2n1J
= le +S

N

? + DY?) X, 4 + 2D
+[—"\:(S+2)><12+25+3][(X1 yl) Z",\i K Yan 3]

N

1 4
= W{(xf + Dyf)[(ﬁ X2+ s] Xon 1

+(—%(s +2)X2 +25+ 3} Xpn g +(5+2) ins]

+2Dx yl(( 4 X; +sj Yona

1{—%(s +2)x7 +2s+ 3} Yons +(5+2) ymsﬂ

X2 + Dy?) X, +2DX, Y, Yor_
+(S+2){( 1 yl) 2n-5 V1Yo 5]

(%1 DY) Xt +(2DX,0:) Yo
N

= X2n+3

4 4
(W X12 + S\J Yona t [_ﬁ(s + 2)X12 +25+ 3] Yona
+(S + 2) y2n73

[ 4 , J[2X1y1xzn1+(x12 + Dylz)Yan]
= —x7+s

N N

2%, Y, Xon 5 +( X2+ DY2) Y,
+(—:(S+2)X12+28+3J[ XhXans (Nl yl)yz 3]

ros 2{ 2X,Y X0 5 + (X + DY) Yo s ]

N
1
:WI:inyl X +ij2n 1

+ (s+2)x’ +25+3JX2n3+(5+2)X2n5]

4
N

Sl
+( + Dy? )[(% X2+ sj Vors
-

_(

+

Z|J>

s+2)x +23+3jy2n 3+ (S+2) Y, 5}}

2X1y1) X2n+1 +(X1 + Dyl ) y2n+1

= y2n+3 "
This complete the proof.

Example 3.1 From example 2.1, by theorem 3.3
with s=-2 we have

X =3y, =
X, = %(4xf ~3N)
3
=5 (437 -36))
=9

Ys :%(4)(12 - N)

1
:5(4(3)2—6)
=5

X =%(16x;‘ ~ 20Nx? +5N?)

3
= §(16(3)4 -20(6)(3)° +5(6)°)
=33

e =%(16x;‘ ~12NX? +N?)

= é(le(s)“ ~12(6)(3)° +(6)°)
=19

4
7 _[lez_

x

2] X5 — X,
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4
:(5(3) —2}(33)—9

i

2|(19)-5

2} X; —

3)? —2)(123) 33
X —

el

(3) ~2|(71)-19
Hence
2n+l - 4X2n—1 2n 3
Yonia =4Yon1— Yans
for n>3.

Theorem 3.4 Let (x,,y,) be the fundamental
solution of the Pell equation x? —Dy?=—N
then  (X,n.1, Yon,,)  Satisfy the  following
recurrence relations

4
Xons1 = [ X12 + SJ Xan-1
N

+[7%(S — 2)X12 —2S+ 3) X2n73 + (S - 2)X2n—5

_[Ayey s
y2n+1 - N 1 y2n—1

+(—%(s _2)xE 25+ 3] Van s+ (5= 2) Y 5

for n>3 and s is an integer
where (2.1) and (2.2) hold,

X, W(4X +3N)
A %(4x +N)
Xg = Ni(lsx +20Nx? +5N°?)

Ve =%(16x;‘ +12NX2 +N?).

Proof. This theorem can be proved as in the same
way that theorem 3.3 was proved.

Example 3.2 From example 2.2, by theorem 3.4
with s=2 we have
X, =2y =1

, =%(4xf +3N)

<

= %(4(2)2 +3(2))
=22

A :%(4&2 + N)
=%(4(2)2 +2)
-9

X =%(16x;‘ +20NX? +5N?)
= 2—22(16(2)“ +20(2)(2) +5(2)°)
=218

e :%(16@4 +12Nx¢ +N?)
= %(16(2)4 +12(2)(2)° +(2)°)
-89

X, —[—xf+2jx5

[ (2)? +2j(218) 22

=2158

Y7 —[ +2jy5

( (2)? +2j(89) 9

=881

:[—xf+2jx5

= [5(2)2 + 2)(2158) - 218

=21362

<§
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