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Abstract
The generalized F-contraction, Geraghty contraction and admissible function are introduced
as the most recent generalizations of the Banach contraction. The presence and uniqueness of fixed
points for the newly constructed contraction’s self-mapping on complete metric spaces were
investigated. The findings of this article can be interpreted as an improvement on the key findings of

the previous article.
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1. Introduction

The Banach contraction principle has
numerous extensions and generalizations (1). By
considering an auxiliary function, Geraghty (2)
introduced an intriguing contraction and
investigated the existence and uniqueness of
such mappings in the setting of complete metric
spaces. In the context of complete metric spaces,
Samet et al. (3) proposed the idea of
new contractive and admissible mappings and
produced a variety of fixed point results for these
types of mappings. Chandok (4) extended the
concept of admissible mappings by introducing
(a, B)-admissible mappings. As a generalization
of the Banach contraction principle, Wardowski
(5) presented a new contraction known as F-
contraction and demonstrated a fixed point
result.

Later, Hitzler (6) defined dislocated
metric space as showed that the well-known
Banach contraction mapping is valid in a space
where the self-distance of points is not always
zero. Zeyada et al. (7) expanded on the concept

of dislocated metric space and proposed the
concept of dislocated quasi-metric space.

In this paper, we define admissible
Geraghty type generalized F-contraction and
establish some fixed point results for such
contractions.

2. Preliminaries

In the sequel, the standard letters R,
R* and N will represent the set of all real
numbers, the set of all nonnegative real numbers
and natural numbers, respectively.

Definition 2.1. (7) Let 9t be a nonempty set and
let 6: 9t x M - R* is a function such that the
satisfying the necessary requirements:

(i) 6(h, w) = O(w, h) = 0 implies that w = h;
(i) 6(h,w) < 0(h,0) + 6(o, w) forall

h,0,w € M.

Then 6 is called dislocated quasi-metric on It
and the pair (M, 0) is called a dislocated quasi-
metric (DQM) space.

© 2023 Faculty of Science and Technology, RMUTT

Prog Appl Sci Tech


https://www.sci.rmutt.ac.th/
https://ph02.tci-thaijo.org/index.php/past/index
https://doi.org/10.60101/past.2023.248492
https://dx.doi.org/10.14456/x0xx00000x

14

Prog Appl Sci Tech. 2023; 13(3):13-18

Definition 2.2. (8) Let Z: 9 — M be mapping
and a: M x M - R* be a function. Then Z is
said to be a-orbital admissible if a(h, Zw) = 1
implies a(Zh, Z%h) = 1.

Definition 2.3. (8) Let 9t be a nonempty set and
let Z: 90t — M be a mapping and a: MW x M —
R* be a function. Then Z is said to be triangular
a-orbital admissible if Z is a-orbital admissible
and a(h,w)=1, a(h Zw)=1 implies
a(w, Zw) = 1.

Lemma 2.4. (8) Let Z:9 — M be triangular
a-orbital admissible mapping. Assume that there
exists hy; € Mt such that a(hy, Zh,) = 1. Define
a sequence {h,} by h,+1 = Zh,,. Then, we have
a(hy, hy) =1 forallm,n € Nwithn < m.

Definition 2.5. (9) Let Z: MM - M be a
mapping on a metric space. For each h € M and
for any positive whole number n,

0z(h,n) = {h,Zh,...,Z"h}
and
0z(h,») = {h, Zh,...,Z™h, ...}.

The set 04(h, ) is called the orbit of Z at h
and the metric space M is called Z-orbitally
complete if every Cauchy sequence in set
04 (h, ) is convergent in M.

Definition 2.6. (5) Let (9, 8) be a metric space.
The mapping Z: 9 - M is called an F-
contraction, if there exist F € F and t > 0 such
that, for all h, w € I,

0(Zh, Zw) > 0 =1 + F(8(Zh, Zw))
< F(8(h, ), (2.1)

where F:(0,00) - R is strictly increasing
111i£rc1>0 F(ay,) = —oo if and only if }li_rgo a, =0
and there exists a number ¢ € (0,1) such that
lim afF(a) = —oo.
a-0t

The family of all functions
F:(0,00) — R is denoted by F if F satisfying the
necessary requirements:
(F1) F is strictly increasing;
(F2) for every sequence {a,} in (0, ), we have
lim F(a,) = —o if and only if 7lli_r)réo an =0;

n—oo

(F3) there exists a number ¢ € (0,1) such that
li151+ afF(a) = —oo.
a—

Definition 2.7. (2) Let Q be the family of
all functions ¢:[0,0) — [0,1) which satisfy
the condition

lim ¢(t,) = 1 implies lim ¢, = 0. (2.2)
n—oo n—-oo

Theorem 1.1. (2) Let (9,60) be a complete
metric space and let Z be a self-mapping on 9.
Suppose that there exists ¢p € Q such that, for all
h,w € M,

0(Zh, Zw) < ¢p(6(h, w)) (h, w), (2.3)

then Z has a unique fixed point ¢ € 9 and
{Z"¢} converges to ¢ for all ¢ € M.

3. Main Results

In this section, the main achievements
of this article are presented. The existence and
uniqueness of fixed points of the self-mappings
on Z-orbitally complete DQM spaces satisfying
the (a,B) — F — G type contraction mapping
with suitable assumptions.

Definition 3.1. Let (M, 8) be a DQM space, and
a, B : Mx M- R be a function. A mapping
Z: M - M is called an (a, B) — F-Geraghty
((a,B) — F-G) type contraction mapping if
there exists ¢ € Q and F € F such that, for all
h,weM, with >0, 6(Zh,Zw) >0 and
a(h,w) =1,

a(h, w)f(h,w) (1 + F(6(2h, Zw)))
< ¢(Dz(h, w))F (Dz(h, w)), @1

where

Dz (h, (1))
6(h,w),0(h,Zh),0(w, Zw),
0(Zh,w)+ 6(h,Zw)
= max 4 ’
(1+6(h,2h))8(w,2w)
1+6 (hw)

Theorem 3.2. Let (9M,0) be a Z-orbitally
complete DQM space such that Z: 3t —» M is a
mapping. «, B : Mx M > R* is a function
satisfying the necessary requirements:
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(i) 2 is an (a,B)—F-G type contraction is a contradiction. Consequently,
mapping; 0(Z"™h,Z2™*1h) < 8(Z™ th,Z™h). Thus,
(i) Z is triangular (e, 8)-orbital admissible
mapping, T+ F(6(2™h,2™h))
(III) There exists hl € M such thata(hl,Zhl) > < ¢(9(Znh Zn—lh))F(g(Zn—lh Znh))
1 and B(hy,Zhy) = 1. < F(e(zn—lh‘znh)) (3.5)
Then Z has a fixed point ¢ € M and {Z™h,}
converges to . or
Proof. Let h; € M such that a(h,, Zh,) = 1and ™
B(hy,Zhy) =1 Define a sequence {h,} by F(B(Z"h;l,_zln h7)1)
hpey = 27h, forn = 1. If by, = hy,,, forsome < F(6@Z"'h2Z"N) - . (36)
n, then obviously Z has a fixed point.
Consequently, throughout the proof, we suppose In general, one can get
that h, # h,,, for all n > 1. By Lemma 2.3,
used recursively, we have F(g(znh,znﬂh))
< F(6(2™*h,2"™h)) — nz. 3.7)
a(hnr hn+1) =1land ﬁ(hnl hn+1) =1 (32)
Letting n— oo in (2.10) that shows
By (3.1), we get lim F(6(2" 'h, Z™h)) = —oo, hence
n—-oo
T+ F(8(2™h, 2™ 1h)) : -
lim 6(2™ 1h,Z2"h) = 0. 3.8
< 1+ F(6(Z"h,2"h)) Jirm, 6¢ ) 38)

< a(Z"th,Z"R)B(Z""1h, Z2h)
X (T + F(6(ZZ" 1h, ZZ™h)))
< $(Dz (2™ 1h, Z"h))F (Dz (2" 1h, Zh)),
(3.3)

where
Dz(Z2™ 1h, Z"h)
0(2™'h,Z2™h),0(Z™ th,Z"h),
0(Z™h, 2" 1h),
0(Z™h,Z"™h) + 6(Z™ 1h, 2™ 1h)
2 ,

|
3
Q

l(1 +6(2"1h, Z"h))0(Z"h, 2" h)
1+6(Z" h z"h)

0(2"1h, 2"h),0(2"h, 2" h),
e(zn—lh‘zrwlh)

max

4
6(2""'h,Z"™h),6(Z"h, 2"+ h),
max {6(2""'h,Z"h) + 6(Z"h, 2"+ h)

4
max{6(Z™ *h,Z2"h),0(Z"h, 2" h)}.

IA

The assertion D5 (2" *h,Z"h) =
6(Z2™h, Z2™*1h) is not true. This is because,

T+ F(6(Z2"h,2™*1h))
< ¢(6(Z2™h, 2™ h))F(8(Z"h, 2™ 1h))

< F(6(Z™h, Z2™1h)) (3.4)

J

Suppose that the sequence {h,} is nota Cauchy,
then there exists € > 0 and we can define two
subsequences {Z™h} and {Z™h} of the
sequence {Z™h} such that, for any n; > m; > [,
6(2™h, Z™h) > €, but 6(Z™h, 2™ 1R) < €,
we observe that

€ < 0(Z™h, Z™R)

< 6(2™h, Z2M1h) + 6(Z™"1h, Z™h)

< 0(Z™h, 2™ 1h) + 6(Z™1h, ZM1p)
+6(2™1h, Z™h)

< 0(Z™h, 2™ th) + O(Z™1h, ZM1p)
+20(Z™th, ZMh)

< 0(Z™h, 2™ 1h) + €20(Z™"1h, ZMh).

(3.9)

Since 8(Z™h, 2™ 1h) # 0, we get

lim 6(2™h, 2"h) = lim 6(Z™h, Z™1h)
= lim 6(2™1h, 2™"'h)
= lim 9(2™~1h, Z™h)

= e (3.10)

From Z is an (a,B) — F-G type contraction
mapping and a(h,w) = 1 and f(h, w) = 1, we
obtain
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T+ F(8(2™ h, 2™ 1h))
< a(Z™1h, ZMth)B(Z™ th, 2™ th)
X (t+ F(6(2™ 'h,2" th)))
< ¢(Dz (2™ th, Zm1h))
X F(Dz (2™ 1h, Z2™M1h)), (3.11)

where

Dy (2™ 1h, ZM"1h))
(G(Zml‘lh,znl‘lh),G(Z"”‘lh,zmlh),\
0(Z™ 1h,Z™h),
_ max! 0(2™hz™M 1h)+0(2™ 1h 2" h) ¥
" ,
l (1+6(z™hz™n))8(2™M h2™h) J
1+0(2™ " 1h, 2™ 1h)

(3.12)

Letting I - oo in (2.15) and using (2.13), we
obtain

%im 0(Z2™ 1h, 2™ 1h) = €. (3.13)
Because,  lim ¢(Dz(2™h, 2" 1h)) < 1,
we conclude that

T+ F(e) < ¢p(e)F(e) < F(e), (3.14)
a contradiction since T > 0. Therefore

lim 0(Z™h, Z"™h) = 0. (3.15)

So, it follows that {Z™h} is a Cauchy sequence.
From Z-orbitally complete, there exists ¢ € I
such that Z™h - ¢ as n —» o. To show that
Z¢ = ¢, suppose that

0(¢,Z¢) = lim 6(Z2"™h,Z¢) > 0.
n—-oo
We have

T+ F(8(Z™h, Z¢))
< T+ F(6(Z™h, 2¢))
< a2 'h,¢)B(Z" 1h,¢)
X (T + F(8(Z"™h, 2¢)))
< Pp(Dz(Z"Th O)F(Dz(Z2™ h6)), (3.16)

where
Dz (2" 'h,6))
(6(2™1h,¢),6(Z™ 1h, Z2"h),6(s, Z¢),)
8(2™h,¢) +6(2™ *h, Z¢)
= max 4 ! .
l (1+6(2"th,2™h))6(s, 2Z¢) J
1+ 6(Z2™1h,¢)

Letting n — oo, we get

lim Dz(2""h,¢))

[ 0(s, 005, 2¢) )
JQ(C’C)'Q(C'C)’Q(C’ZC)‘W'L
- (1+6(5,))0(s, Z) |
14+6(c¢) )

= max {9(c, Zc),e(g;}ZC)}

= 6(5, Z¢).

Hence, by letting the limits as n —» o in (2.19),
we get

F(6(5,2¢)) < ¢(6(5,29))F(6(5,2¢)) — T
< F(G(g,Zc)) -1

a contradiction. Therefore, we obtain 6 (¢, Z¢) =
0. Similarly, 6(Z¢,¢) = 0. That is, ¢ = Z¢ and
the fixed point of Z is ¢.

Theorem 3.3. All the conditions of Theorem 2.2,
we find that ¢ is a unique fixed point of Z.

Proof. From the proof of Theorem 3.2, ¢ is a
fixed point of Z. Assume that ¢ and § are
distinct fixed points of Z. By condition (ii) in
Theorem 3.2, we get

T+ F(G(c, 6))

= 1+ F(6(Z¢, Z8))

< a(s,8)B (s, 8)(t + F(8(Z¢, Z6)))
< ¢(Dz(,8))F (Dz(s,9)),

where
0(s,6),0(s,2¢),0(8,26),
0(Z¢,6) +6(c,26)
Dy(¢,6)) = max 4 ’
l (1+6(5,26))6(5,28) J
1+6(9)
= 0(¢,9).
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Thus,
T+ F(0(5,6)) < ¢(0(5,8))F(0(5,6))
< F(8(s5,6)),

which is a contradiction, as t > 0. So, ¢ = 6.
Hence, Z has a unique fixed point.

Corollary 3.4. Let (9,6) be a Z-orbitally
complete DQM space and a, 8 : M x M - R
is a function. Suppose there exist p € Qand F €
F with T > 0 such that, for all h,w € M with
0(Zh,Zw) > 0 and a(h,w) = 1,

a(h, 0)f(h,w) (1 + F(6(2h, Zw)))
< Dz (h, w))F (Dz(h, w)),

where
Dy (h, w) = max{6(h, w),0(h, Zh),0(w, Zw)}

and satisfying the necessary requirements:

(i) Z is an (a,B) —F-G type contraction
mapping;

(ii) There exists h; € M suchthat a(hy, Zh;y) =
1and B(hy,Zhy) = 1.

Then Z has a fixed point ¢ € M and {Z"h,}
converges to .

Proof. We obtain the proof by following the
proof in Theorem 3.2.

Corollary 3.5. Let (9,60) be a Z-orbitally
complete DQM space and a, § : M x W > R
is a function. Suppose there exist ¢ € Qand t >
0 such that, for all h, w € M with 6(Zh, Zw) >
0and a(h,w) > 1,

a(h, 0)B(hw) (v + F(6(2h, Z0)) )
< ¢(0(h, w)F(O(h w)),

and satisfying the necessary requirements:

(i) Z is triangular (a,B)-orbital admissible
mapping.

(ii) There exists h; € M such that a(hy, Zhy) =
1 and B(hy,Zhy) = 1.

Then Z has a fixed point ¢ € M and {Z"h,}
converges to .

Proof. We obtain the proof by following the
proof in Theorem 3.2.

Corollary 3.6. Let (,0) be a Z-orbitally
complete DQM space. Suppose there exist ¢ €
Qand F € Fwith 7 > 0suchthat, forall h,w €
M with 6(Zh, Zw) > 0 and a(h, ) = 1,

T+ F(8(2h, 2w))
< Dz (h W))F (Dz(h, w)),

where
:DZ (h! (‘))
(6(h, w),0(h, Zh),0(w, Zw),)
0(Zh,w)+6(h,Zw)
= max e L
(1+6(h.2h))0(w,Zw) |
L 146 (h,w)

and satisfying the necessary requirements:

(i) Z is triangular (a,p)-orbital admissible
mapping.

(if) There exists h; € M such that a(hy, Zhy) =
1and B(hy,Zhy) = 1.

Then Z has a fixed point ¢ € M and {Z"h,}
converges to ¢.

Proof. Letting a(h, w) = 1 and B(h, w) = 1, we
obtain the proof by following the proof in
Theorem 3.2.

Corollary 3.7. Let (9,0) be a Z-orbitally
complete DQM space. Suppose there exist ¢ €
Qand F € F with T > 0suchthat, forall h, w €
M with 6(Zh, Zw) > 0 and a(h, w) = 1,

7+ F(6(Zh, 2w))
< ¢(Dz(h, w)F (Dz(h, @),

where
Dy (h, w) = max{0(h, w),0(h, Zh),0(w, Zw)}

1

and satisfying the necessary requirements:

(i) Z is triangular (e, B)-orbital admissible
mapping.

(if) There exists h; € M such that a(hy, Zhy)
>1and B(hy,Zhy) = 1.

Then Z has a fixed point ¢ € M and {Z"h,}
converges to .

Proof. Letting a(h, w) = 1 and B(h,w) = 1, we
obtain the proof by following the proof in
Theorem 3.2.
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Corollary 3.8. Let (,0) be a Z-orbitally
complete dislocated quasi-metric space. Suppose
there exist ¢ € Q and F € F with 7 > 0 such
that, for all h, w € M with 6(Zh, Zw) > 0 and
a(h,w) =1,

T+ F(d(2Zh, Zw)) < p(d(h, 0))F(d(h w)),

and satisfying the necessary requirements:

(i) Z is triangular (a,B)-orbital admissible
mapping.

(ii) There exists h; € M such that a(hy, Zhy) =
1and B(hy,Zhy) = 1.

Then Z has a fixed point ¢ € M and {Z"h,}
converges to .

Proof. Letting a(h, w) = 1and B(h,w) = 1, we
obtain the proof by following the proof in
Theorem 3.2.
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