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Abstract
In this paper, we establish a new Q -matrix for Padovan numbers and the multiplies between

the Q -matrix and the A -matrix. Moreover, we investigate the n" of Q,, the n™ of Q, multiply the

A -matrix, and the n" of Q, multiply the A -matrix. Finally, we use these matrices to obtain
elementary identities for Padovan, Perrin, and relations between numbers.
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1. Introduction 11
The Fibonacci {|: } and Lucas Qg , which is defined as Qf = 10/ After

n

sequences {Ln} are well-known sequences. - (F. F
For n > 2, the Fibonacci and Lucas sequences that, they showed that Q¢ = E FEF ./ for

. . n n-1
are defined respectively by F, =F, +F, all n>1. Moreover, they obtained some

and L, =L, ,+L,,, with an initial value identities of Fibonacci numbers.

F,=0, F=1, L,=2, and L =1. The In 2013, Kritsana Sokhuma (3) studied
the Padovan Q -matrix Q, , defined as

Padovan {Pn} and Perrin sequences {Rn} are

the favorable third-order sequences. For n >3,

the Padovan and Perrin sequences are defined

010
respectively by P, =P _,+P, . and Q=00 1} (1.1)
R,=R,,+R, 5, with an initial value 110
P,=R=P =1, R =3, R =0, and
R, = 2. The first few values of P, and R, are
1,1,1,2,2,3,4,5/7,9,12,16,...and 3, 0, 2, 3,
2,5,5,7, 10, 12, 17, 22, ...., respectively (see Q' =P, P, P, foralnx1.(12)

(6)). Ps P P
In 1963, S. L. Basin and Verner E.
Hoggatt, Jr. (1) studied the Fibonacci Q -matrix
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Also, he obtained some identities of Padovan
numbers (see (2, 4, 5)).

The direction of this research and
development inspired this study. We present the
Padovan Q -matrix, along with finding these

identities. Now, we define Padovan and Perrin
numbers for negative subscripts as follows:

P,=P-P_,ad R ;=R —-R,,,(13)
forall n<3.

2. Main results
In this section, we first give them the
new Padovan Q -matrix, which corresponds to

the following definition:
Definition 2.1 The Padovan Q -matrix Q, can

be written as

00 1
Q=11 0} (2.1)
011

Next, we define the 3x3 matrix of
A -matrix, which the component of the matrix
consists of R,, R, R,, R,, and R,, as
follows:
Definition 2.2 The A -matrix can be written as

22

N W N
w N O

Now, we find the n of Q, , which corresponds
to the following theorem.

Theorem 2.3 Let P, be the Padovan sequences.
For n>1, we have

PZn—S P2n—3 F)Zn—4
Q= Puns Pz Pusl. (2.3)
P2n—3 IDZn—l I;)Zn—z

Proof. We will be shown by mathematical
PZn—S PZn—S P2n—4

inductionthat Q, =| P,, , P,,., P, |for
P

2n-3 PZn—l PZn—Z

0 01
n>1.Since Q,={1 1 O], it follows that
011
n =1 is true. Assume that the result is true for
the  positive  integer n=Kk. Then

I32k—5 F)Zk—3 PZk—4
k_
Q, =| Pys Pu Py |- Now, we need
P2k—3 PZk—l PZk—Z

to show that (2.3) also holds for n=k +1 as
follows:

§+1 = Q;Qz

Prs Pus Pua)(0 01

= P2k—4 szfz sz—3 110
Prs Pua Pu )0 11
Purcs PucstPucs Pacs +Paucy

= Pucz PuotPuss Pus+ P
Poa PuatPu Pus+Pus,
Prs Pucr Paca

=[Py Pu Pus
Puar Puar Pu

Also, we find the ™ of Q, and Q,,

which multiplies the A -matrix, as shown in the
following theorem.

Theorem 2.4 Let R, be the Perrin sequences.
For n>1, we have

Rn Rn+2 Rn+1
AQ'=Q'A=| R, R.; R, . (249)
Rn+2 Rn+4 Rn+3
and
Rzn R2n+2 R2n+1
Aan = Q;A =l Ry Roniz Ronis (2.4)
R2n+2 R2n+4 2n+3
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Proof. We will be shown by mathematical

Rn Rn+2 Rn+1
induction that AQ'=| R, R.; R..,
Rn+2 Rn+4 Rn+3
0 3 2
forn>1.Since AQ, =|2 2 3|,itfollows
3 5 2
that n =1 is true. Assume that the result is true
for the positive integer n=k. Then
Rk Rk+2 Rk+l
AQf=| R, R., R, | Now, we need
Rk+2 Rk+4 Rk+3

to show that (2.3) also holds for n=k +1 as
follows:

AQ™ = AQ'Q

Re Rz R )(0 10
=|Ru Res R |0 01
Rez Ras RaJAT 10
Rei Re+Ra R
=R, Rei+Re, Rk+3J
Ris Raa+Ris R
Roi Res R
=R R Rk+3} .
Ras Res R
Ri R, R
The proof of Q'A=| R, R.,; R.,|is
R Rua Ris
similar to the above. Thus,
Rn Rn+2 Rn+1
Aan = anA =R Rus Ry
Rn+2 Rn+4 Rn+3

The proof of (2.5) is similar to (2.4). The proof
is complete.

Finally, we find some identities of P,
and R,. We also find some identities of the

relations between P, and R, as shown in the
following theorem.

Theorem 2.5 For n,r >1, Then

() det(Q)=1,

(i) BYs+P P, +RLP,

P s(2P,P_,+P_P)=1,

@iy P,,,=P_,P_+P_,P_,+P_P_;,

() Py =P, (P —P_P._,)
+Pn—3 (PH, Pr—l - Pr—3 Pr—Z)
+P, 4 (P?,-P sP,).

Proof. (i) Since det(Q,)=1, we have

det(Q) =(detQ ) =(1)" =1. (2.6)

(if) Since (1.2), we get
det(Q/)

_ p3 2 2
=RL+R R +RLR.

_Pnfa (2Pn—4 Pnfz + Pnfs Pn—l) : (2-7)

By using (2.6) and (2.7), we get
Pr13—3 + Pn—S I:)n2—2 + F)n2—4 F)n—l

_Pn—3 (2Pn—4 Pn—2 + Pn—5 Pn—l) =1.
(i) Since Q™" =Q'Q , we have

Pn+r—5 Pn+r—3 Pn+r—4
Pn+r—4 Pn+r—2 Pn+r—3
F)n+r—3 I:)nJrr—l Pn+r—2

=

P
-1 Pn—z Pr—S Pr—l I:)r—Z .
(2.8)

|
N
7
w
=
~
v
|
N
T-U
w

Ps Ps Pu)PRs Rs Py
P _
Pn

By using Matrix multiplication in (2.8), we get
P = Pn—4 Pr—5 + I:)n—z I:’r—4 + Pn—3 Pr—3 .

n+r—4

(iv) Since Q' =Q/ (er )_l , we have
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F)n—r—s Pn—r—S F)n—r—4
Pn—r—4 Pn—r—z Pn—r—s
Pn—r—3 IDn—r—l F’n—r—z
1 Pn—5 n-3 Pn—4
r Pn—4 n-2 Pn—3
det (Q1 ) P P P
n-3 n-1 n-2
Piz - Pr—3Pr—1 Pr—APr—l R73R72 Pr: - PH,PPZ
Prza - PM,PPZ PPSPPZ - Pr—4Pr—3 Pia - F’PBPPS
Pr74Pr71 - Prfsprfz Pia - Pr75Pr—1 Pr75R72 - PHJRA
(29

By using Matrix multiplication in (2.9), we get
P =P (Przfs -P. Prfz)

+Pn—3 (Pr—4 Pr—l - Pr—3 Prfz ) + Pn—4 ( Przfz - Prfs Pr—l )

Thus, the identities of (i), (ii), (iii), and (iv) are
easily seen.

Corollary 2.6 For n,r >1, Then
() det(Qg)=1,
() Pos+PonsPrs + P aPons
Py 3 (2P 4Py + Poys PZH) =1,

(iii) P2n+2r—4 = PZn—Z P2r—4
+P2r|—4 PZr—S + P2n—3 I:)Zr—av

(V) Pypzrs=Pu (Pzzr-a Py PZr—Z)
+P2n—3 (P2r—4 PZr—l - P2r—3 Pzrfz )

+P2n—4 (Pzzrfz - PZr—3 PZr—l) :

Proof. By using Theorem 2.3 and the property of
a determinant det(QZ” ) = det(Q2 )n, then we

obtained (i) and (ii). Similarly, by using
Theorem 2.3 and the properties of the power
matrix Q)" =Q;Q; and the power matrix

7 = Q7 (Q)) " then we obtained i) and (v).

Corollary 2.7 For n,r >1, Then
(i) det(AQ)=23,

(”) Rn+r+1
= (3Pn—4 + 2Pn—3) Ps+ (3Pn—2 + 2Pn—1) P

+(3Pn—3 + 2Pn—2) Pr—3 !
(i) 23R, _,,
= 3Pn—4 Pr2—2 _331—3 Pr—3 Pr—z
+2 Pnfs Przfz + 2Pn—l ( Przfs - Pr—4 Prfz )

+3 Pn73 Pp4 Pr—l - 3Pn—4 Pp:; Pr—l -2 Pn—3 Pr73 Pr,
+R, (3Pr2—3 -2P P, +F., (_3Pr72 +2P

Proof. By using Theorem 2.4 and the property of
a determinant det ( AQ ) =det(A) det(Q1 )n ,

then we obtained (i). Similarly, by using
Theorem 2.4 and the properties of the power

matrix AQ™" = AQQ and the power matrix

AQ = AQ!(QF )71, then we obtained (ii)
and (iii).

Corollary 2.8 For n,r >1, Then

(i) det(AQ;)=23,

(") R2n+2r+1

1

)

= (3P2n—2 + 2P2n—1) Post+ (3Pz”74 +2PB,, , ) P s

+(3PZn—3 + 2|:>2n—2) P2r—3 '
(i) 23R, 5.4
=3P, 4 Pzzrfz =3P 3P sPor s
+2P2n—3 I:)22|'—2 + 2l:)Zn—l(l:)zzr—B - I:)Zr—zl I:)2r—2)

+3P2n—3 PZr—4 PZr—l - 3P2n—4 PZr—S PZr—l - 2P2n—3 P2r—3 P2r—1
+P2n—2 (3pzzr—3 _zpzr—3 P2r—2 + Pzr74 (2P2r—1 _3P2r4 ))

Proof. By using Theorem 2.4 and the property of
a determinant det(AQ;1 ) = det(A)det(Q2 )n :

then we obtained (i). Similarly, by using
Theorem 2.4 and the properties of the power

matrix AQ)™" = AQ;Q, and the power matrix

AQY" = AQ) (er )_1, then we obtained (ii)
and (iii).

Theorem 2.9 For n,r >1, Then
(I) Pn—4 = Pn—r—5 Pr—4 + F)n—r—3 I:>r—3 + Pn—r—4 Pr—Z '

(i) Py
=P

2n-2r-5

P.

2r-4

+P,

2n-2r-3

P

2r-3

+P,

2n-2r-4

P
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(iii) Ry,

=P (3Pr—4 + 2Pr—3)

+P s (3R 5 +2R )+ R 4 (3R, +2R,),
(iv) R,y

= P2n—2r—5 (3P2r—4 + 2P2r—3)

+Pon2r s (3R s+ 2Py )+ P o (3P 2 +2P ).

Proof. Since Q"' =Q Q" , we have

Pn—5 Pn—3 Pn—4
|:)n—4 |:)n—Z Pn—3
Pn—3 Pn—l Pn—2
Pr—S Pr—3 Pr—4 Pn—r—S Pn—r—3 Pn—r—4
=P, P, P,IP,s P.,, P..
P, P, P,A\P,, P., P,
Thus,

Pn—4 = I:’n—r—s Pr—4 + Pn—r—3 Pr—3 + I:’n—r—4 Pr—2 :

The proof of (ii), (iii), and (iv) are similar to (i).
Therefore, the identities of (i), (ii), (iii), and (iv)
are easily seen.

Corollary 2.10 For n>1, Then

() Py =Py +2P;, 4,

(ii) Ry, =2R, 4 +5R _,,

(iii) Ry, ; =7PR,, 4, +10R,, o +12P,, ..

Proof. Taking r =3 in Theorem 2.9 (ii), (iii),
and (iv), then we have (i), (ii), and (iii).
Therefore, the identities of (i), (ii), and (iii) are
easily seen.
3. Conclusions

In this paper, we establish the Q -

matrix and the multiplies between the Q -matrix
and the A -matrix, which consist of Padovan and
Perrin numbers. After that, we prove that the nt
of Q,, the n" of Q, multiply the A -matrix,

and the n" of Q, multiply the A -matrix to

help find the elementary identities of the
Padovan, Perrin, and the relations between
numbers. Also, we get a particular case of some
identities.
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