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Abstract

This paper introduces and investigates the bi-periodic k-Jacobsthal and k-Jacobsthal-Lucas
sequences, extending the classical Jacobsthal framework by incorporating periodicity and a tunable
parameter k. We establish recurrence relations, derive generating functions, and present Binet-type
formulas for these generalized sequences. Furthermore, we obtain extensions of well-known identities,
including Catalan’s, Cassini’s, and d’Ocagne’s identities. The proposed generalization reveals deeper
algebraic structures and periodic patterns, offering potential applications in cryptography, coding
theory, and recurrence-based modeling. These findings provide a foundation for future research on

combinatorial interpretations and connections with other special sequences.

Keywords: Bi-Periodic k-Jacobsthal Numbers, Bi-Periodic k-Jacobsthal-Lucas Numbers

1. Introduction

Recurrence relations have long been a
cornerstone of mathematics and computer
science due to their ability to model sequential
patterns and dynamic systems. Classical
sequences such as Fibonacci and Jacobsthal
numbers have found applications in diverse
areas, including algorithm design,
combinatorics, and number theory. However,
many real-world phenomena exhibit cyclic or
alternating behaviors that cannot be fully
captured by traditional recurrence models. To
address this limitation, we introduce bi-
periodicity and a tunable parameter k into the
Jacobsthal framework, creating the bi-periodic
k-Jacobsthal and k-Jacobsthal-Lucas
sequences.

The motivation for incorporating
periodicity and parameterization is twofold.
First, periodicity enables the modeling of
alternating structures, which are common in
cryptographic key generation, coding theory,

and signal processing. Second, the parameter k
provides flexibility to control growth rates and
structural complexity, offering deeper insights
into stability and predictability within recurrence
systems. This generalization not only enriches
the theoretical landscape but also opens
pathways for practical applications. For
example, in cryptography, sequences with
controlled periodicity can enhance
pseudorandom number generation, while in
coding theory, they can improve error detection
and correction schemes. Similarly, recurrence-
based models in computational biology and
finance can leverage these sequences to
represent cyclic behaviors more accurately.

Background on k-Jacobsthal and bi-
periodic Jacobsthal families began in 2014,
when Falcon S (1) introduced the k-Jacobsthal
number. In 2016, Uygun S and Eldogan H (2)
studied the properties of the k-Jacobsthal and the
k-Jacobsthal-Lucas sequences, which are defined
as the following.
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For any positive real number k, the k-
Jacobsthal sequence {C k'n}:; 0 and the k-

Jacobsthal-Lucas sequence {ck,n}:: , are defined

recurrently by
Ckn = kCyp_y +2Cypn_p forn =2,
and
Ckn = kcgpo1 +2¢pn—p forn =2,
with initial conditions Cxo =0, Cxq =1 and
Cro = 2, Cx1 = k, respectively.

Moreover, they gave their Binet’s
formulas which are

n_.n
Ck,n =2 _;: and Ckn = (pn + yn’
. . k \/k
where n is an integer and ¢ = VEHS and y =

R_Tm are the roots of the characteristic
equation 72 —kr —2 = 0.

In 2016, Uygun S and Owusu E (3)
proposed a new generation of the Jacobsthal
numbers called the bi-periodic Jacobsthal
sequence and then, in 2019, they (4) also
introduced a new generation of the Jacobsthal-
Lucas numbers called the bi-periodic Jacobsthal-
Lucas sequence. These two sequences are
defined recursively as below.

For any two nonzero real numbers a, b,
the bi-periodic Jacobsthal sequence {J,, }sr—, and
the Dbi-periodic Jacobsthal-Lucas sequence
{intm=, are respectively defined by

_ {a]n_1 + 2Jnp, ifniseven, 5
Jn= bjp_1+ 2Jn_,, ifnisodd,
with initial conditions J, = 0,/; = 1 and
o {bjn_1 +2ns, ifniseven, )
e ajn—l + Zjn—z, ifnis Odd, -

with initial conditions j, = 2, j; = a.
They obtained Binet’s formulas

—&(n) syn_zn
= m ()

and

s n
IMJ(V +$&M),

(ab

where |n| is the floor function of n,
&(n) is the parity function,

ab+Va?b?+8ab ab—Va?b?+8ab
y = DR DIO0 gpg g = v Dr0e)

are the roots of the nonlinear equation 72 —
abr — 2ab = 0.

Furthermore, they provided properties
of the floor function, which will be used in the
theorems discussed in the following section, as
below.

e(n) =n—2H (1.1)
en+r)+ [u + ["Zij =n, (1.2)
en) - 2|2 = (1.3)
R e
em)+etr+1)—-2e(nr+n)=1—¢en—r)

(1.5)
emn+D+elr)—2e(nr+r)=1—en—r)

(1.6)
en—r)=emr+n)+elnr+r), (1.7)

n+r—e(n-r)
2

= FJ + lﬂl —eg(nr+7), (1.8)

2
n+r—g(n-r) _

2 lnHJ l J —e(nr+n), (1.9

S [%J (1.10)

Further research on this subject can be
found in (5-6).

In this paper, we define these
generalized sequences, derive their recurrence
relations, generating functions, and Binet-type
formulas, and establish extensions of classical
identities such as Catalan’s, Cassini’s, and
d’Ocagne’s identities. Through this exploration,
we aim to uncover new algebraic structures of bi-
periodic sequences.

2. Main Results

In this section, we define the bi-
periodic k-Jacobsthal and k-Jacobsthal-Lucas
sequences, which correspond to the following
definition.
Definition 2.1 For any nonzero real numbers
a,b and any positive real number k, the bi-

periodic k-Jacobsthal sequence {] k.n}::o and the
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k-Jacobsthal-Lucas
{jk,n}:; o are defined respectively by

bi-periodic sequence

_ (akfgn-1+ 2Jgn-2, ifniseven, > 2
Jien = {bk]k,n_1 + 2in_g ifnisodd, "7

with initial conditions Jx o = 0, /1 = 1, and

. bkjx n—1 + 2jyxn-2 ifniseven,
Jkn = {akjk,n_1 + 2jkn—z ifnisodd,
with initial conditions ji o = 2, jx1 = ak.

From Definition 2.1, we obtain the
nonlinear quadratic equation for the bi-periodic
k-Jacobsthal and k-Jacobsthal-Lucas sequences
which are given as

r2 — abkr — 2ab = 0,
with the roots @ and § defined by

__abk+Va?b%k?+8ab

B =

2 s
abk-vVa?b%k?+8ab
3 .

So a+ f =abk, aff =—2ab, and
a — B =+Va?b?k? + 8ab . Moreover, we also

derive these identities:

a+kp)=-28, B2 +ka) =-2a,
_« B
2+ka=%, 24k =2,

and
QC+ka)2+kB) =4.

The first four terms of the bi-periodic
k-Jacobsthal and k-Jacobsthal-Lucas sequences
are shown in the table below.

Table 1 The first few terms of the bi-periodic
k-Jacobsthal and bi-periodic k-Jacobsthal-Lucas
numbers for 0 < n <3

n 0 1 2 3
Jen O 1 ak abk? + 2
jkn 2 ak  abk?+4 a®bk® + 6ak

These sequences are generalizations of
the classical Jacobsthal and Jacobsthal-Lucas
numbers, incorporating a parameter k that

influences their expansion and introducing a

periodic pattern into their recurrence relations.
Next, we obtain the identities of the bi-

periodic k-Jacobsthal and k-Jacobsthal-Lucas

numbers, both even and odd, which will be

applied in the next theorem.

Lemma 2.2 For any nonzero real numbers a, b,

any positive real number k, and n > 2. The

following results hold.

() Jrzn = (@bk* + D) on—2 — 4i2n-a

(i) Jizns1 = (@k? + D on-1 — 42n-3,

(iii) ji2n = (@DKk® + Djian—2 — 4jk2n-4

(iV) Jrzn+1 = (@Dk* + )i on-1 — 4jk2n-3-

Proof. (i) From Definition 2.1, we have

Jizn = akJizn—1 + 2fkan-2
= ak(bk Jxan-2 + 2k 2n-3) + 2k 2n—2
= abk?Jxon—2 + 20k Jion-3 + 2k 2n—2-

Next, using the recurrence relation for Jy ,,, we
substitute
giving

akJion-3 = Jkan—2 — 2k 2n-4»

Jion = abk?Jyon_p + 2(]k,2n—2 - 2]k,2n—4)
+2/k2n—2
= abk?Jxon—2 + 4ian-2 — Yk2n-a
= (abk? + D] 2n-2 — Yk 2n-a-

Thus, identity (i) is proved.

Identities (ii), (iii), and (iv) follow by
applying the same method. O

Next, we derive the generating
functions for these sequences, which serve as a
foundation for obtaining their Binet’s formulas.
Theorem 2.3 The generating function for the bi-
periodic k-Jacobsthal and k-Jacobsthal-Lucas
sequences are given respectively by

_ x+akx?-2x3

J&) = i nara
., __ 2+akx—(abk?+4)x*+2akx?
}(x) - 1-(abk2+4)x2+4x*

Proof. Consider the generating function for the
bi-periodic k-Jacobsthal sequence

J () = X=oJienX™.

Multiplying both sides by (abk? + 4)x? and
4x*, we obtain
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o

(abk? + )x2 (x) = Z(abk2 + 4™,

n=0

4x4](x) = Z 4fp n X
n=0

Thus

[1— (abk? + 4)x? + 4x*]] (x)
= Z;?:o]k,nxn
— Yo(@bk? + 4)J; nx"+?
+ X0 4]k,nxn+4-

Reindexing and separating terms, we have

[1 = (abk? + 4)x? + 4x*]] (x)

= Jio + 1 X + Ji2X? + Ji3x®
—(abk? + 4)(]k_0x2 + Ji1x?)
+Z$§=0(]k,n+4 — (abk® + DJinsz — 4’]k,n)xn+4

Using initial conditions Jx g = 0, J1 = 1,
Jk2 = ak, and i3 = abk? + 2, this simplifies
to

[1 = (abk? + 4)x? + 4x*]] (%)
= x + akx? — 2x3.

By Lemma 2.2 (i) and (ii), the summation terms
vanish, yielding

x+akx?-2x3
J) = 1—(abk2+4)x2+4x* "

The generating function for the bi-
periodic k-Jacobsthal-Lucas sequence can be
derived similarly, giving

(x) _ 2+akx—(abk*+4)x*+2akx?
J - 1-(abk?+4)x%2+4x*

From now on, we note that [n] is the
floor function of n, and &(n) is the parity
function of n, which is

e(n) = {0, if n is even
1, ifnisodd -

Theorem 2.4 The Binet’s formulas for the bi-
periodic k-Jacobsthal and k-Jacobsthal-Lucas
sequences are given respectively by

17
_ al—s(n) an_ﬁn
Jen = o ()
and
, atm n n
Jkn =W(a +5M).
a

Proof. From Theorem 2.3, the generating
function for the bi-periodic k-Jacobsthal
sequence is

x+akx?-2x3
1—(abk?+4)x2+4x* °

J(x) =
The denominator can be factored as

1 — (abk? + 4)x? + 4x*
= (sz - 2+ka) (sz - w)

2 2

Expressing J (x) in partial fraction form, we have

—-a x a(2+ka) B x_a(2+k[>’)
— (@B 20a-p @-p)"  2(a-p)
J(x) = 2 _Hka + y2 ZTRE
2 2

1 [a(2+ka)—2ax _ a(2+k/i’)—26x]

- 4(a—pB) xz_m x2_2tkB
4 4

By the Macluarin series expression

A-Bx
x2-C

— J© -n—-1,.2n+1
=Y oBC x
co -n-1,.2
_Zn=0AC n X na

we have

J(x) =

1 o 24+ka\ T onia
4(a-p) [Z"=02a( 4 ) x

-n-1
— %2 0a(2 +ka) (BEE) a2

3,26 (28) " e

4

2+kg\ 1
+30a@ +kp) () T a
1
4(a—p)
o 2q-41+1 2B-47+1 n+1
[En:o (2+ka)r*tt - (2+kp)n+1
o a-4n*1t _ a,4n+1) on
=0 ((z+k/3)" (2+ka)" ]
1
_4(0(—/?) +1 +1
o [(2aQ+kB)MH-2B(2+ka)™ n+1,.2n+1
Z"=°( (2+ka)"*+1(2+kp)M+1 )4 x
a 0 Q+ka)"-QC+kB)™ n+1.2n
+ 4(a—B) Enzo ( (2+ka)™(2+kB)™ ) 4"
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By a(2+kB) = —2B8,8(2 + ka) = —2a, and
2+ ka)(2 + kB) = 4, we have

1
x =
JO) = p
o —4BQ2+kB) +4a(2+ka)™ +1.2n+1
Zn=o ( 4n+1 ) 4T
a o  [Q+ka)"-QC+kB)™ n+1.2n
+4(a75)2"=°( 41 )4 x

ka =< kB = £, we obtai
By 2 + a—aand 2+ ﬁ—a,weotam

azn+1_an+1) 2
a-p

azn_ﬁzn) xZn
a-p :

J@) = Zio g

0 a
+ Zn=0 (ab)™ (

Using the parity function, we get that

» al—s(n) an_ﬁn n
X) = —0 T X,
1) = 20 o ()

al—s(n) an_Bn
Thus, Jjn = (awl%J( - ).
The Binet’s formula for the bi-periodic £-
Jacobsthal-Lucas sequence can be derived
similarly. Begin with expressing j(x) in partial
fraction form, we have

a(4+ka)  a(4+ka) —a(4tka) | B(4+kp)

X X+
; (@=p) 2(a=p) (@=p) 2(a=p)
jx) = S 2tk + 27kB
2x2-—— 2x?-——
_ 1 _ a(4+ka)-2a(4+ka)x _ B(4+kB)—2a(4+kp)
G o

Using these identities:

(4 + ka)(2 + kB) = 2(4 + kp),
(4 +kB)(2 + ka) = 2(4 + ka),
B(4 + ka) = —2(a = B),
a4 +kp) =2(a—p),

a(4+ka) = @,

a(4 +kp) = LB,

and applying the parity function, we obtain

&(n)
Jin = ——m (@ + ). O
(ab)l 2 J

Next, we extend the sequences to
negative indices, as stated in the following
theorem.

Theorem 2.5 Let n > 1. The negative terms of
the bi-periodic k-Jacobsthal and k-Jacobsthal-
Lucas sequences are defined respectively by

]k,—n = on kn >
and
o Dr,
Jie,—n = on Jien -

Proof. Using Theorem 2.4, e(—n) = &(n) and
-n

the identity lTJ +n= BJ, we have

—&(-n) -n_p-n
=)
al—s(—n) an_Bn
@ H@pyn (W)
__ ?;—s(n) (an_ﬁn)
iz,
_ (~1)n+1 gl-em) rgn_pgn

]k,—n

2n (ab)EJ a-p
_ (_1)n+1
- on kn -

Using Theorem 2.4, e(—n) = &(n) and the
identity l_nZHJ +n= lnTHJ’ the proof for the
bi-periodic k-Jacobsthal-Lucas sequence is
analogous. O

Theorem 2.6 (Catalan’s identity) For all integers
n,r with n > r, the following identities hold:

(%)g(n_r) ]k,n—r]k,n+r - (S)E(n) ]l%n

-2 (&),

and

(E)E(n+r) jk,n—rjk,n+r - (2)8(") j;%’n

a a

= (=2)"T (S)H(r) (abk? + 8)J2 .

Proof. Using Theorem 2.4 and identities (1.1)
and (1.2), we have

)

e(n-r)

aEm
]k,n—r]k,n+r - (E) ]I%,n
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_ a&m-1) g1-g(n-1) g1-£(n+7r) (an—r_ﬁn—r)(an+r_ﬁn+r)
pe(m=1)(ap) lgj(ab)lnTwl (a-p)?
as(n)al—s(n)al—s(n) (an_ﬁn)z
bE(n)(ab)ng(ab)l%] a=p
aZ—E(TLH’)—l%J—lnT”J (@™ T= BT (@ - BT

(a=p)?

T W L]

az—s(n)—z[%] (an_ﬁn) 2

"l Vasg

aq2—n (uzn_an—rﬁn+r_un+rﬁn—r+ﬁ2n)

bm (a—pB)?
_ az—n (azn_2an5n+52n)
p" (a-p)?

_ aZ(_an—rﬁn+r_an+rﬁn—r+2anﬁn)
S, (@)ra-py

___a (ap)™ T 2r 2r _ T
= " larpr BT T — 2 fT
_ _aZ(_Zab)n—r at-p" 2

- (ab)™ ( a-B )

T 2
_ _(orra? @l (- (ar—ﬁf)z
= (ab)™ a2-2&(r) (ab)lg] a—p

_ (_Z)n—razs(r) 2
= T
(g_b)"_zlil ler
(_z)n—razs(r) P

(ab)e™ kr

= (),

The proof for the second identity follows
similarly by using Theorem 2.4 and identities
(1.3) and (1.4). O
After that, we derive the Cassini's
identities as a special case of Theorem 2.6 as
follows.
Theorem 2.7 (Cassini's identity or Simpson
identity) For a positive integer n, the following
identities hold:

& Jondioner = (&) T2
=—(-2"'3,

(B)S(n-”) jk,n—ljk,n+1 - (E)S(n) ]l%n

a. a

= (=2)""(abk? + 8).

Proof. Setting r = 1in Theorem 2.6 yields these
identities immediately. O
Theorem 2.8 (D'ocagne's identity) For all
integers n, v with n > r, the following identities
hold:

ae(nr+n)bs(nr+r)]km]k’r_*‘1
_as(nr+r)bs(nr+n)]k‘n+1]klr
= —(=2)"a*""Jin_r,

as(nr+n)be(nr+r)jk’n+1jk’r
_as(nr+r)be(nr+n)jk‘njk,r+l

= (=2)"a*™ ) (abk? + 8)/i -

Proof. Using Theorem 2.4 and identities (1.5) —
(1.10), we have

ae(nr+n)bs(nr+r)]k n_]k i1

_ae(nr+r)bs(nr+n)]k n+].]k .

e(nr+n) bs(nr+r) e

n_pgn r+1 ﬁrw
am™-— e
(W) (T)

) al—s(n+1)a1—£(r)

=a

_as(nr+r)bs(nr+n E "
(ab)l%l (ab)l;]

(=) ()

as(nr+n)+1—s(n)+1—s(r+1)—EJ—[%J

i
() ()

as(nr+r)+1—£(n+ 1)+1—£(r)—lnT+1J—ng

b —g(nr+n)+ InTHI + l;]

(=) (=)
1_n+r—s(n—r)

_a > ) (@M THL_gnRTHl_gT+1gn gntT+l)

= bm.r—;(n—r) (a—B)?
1 n+r—g(n-r)
al™ 2z (aMtTil_gntigr_grpntly pniTily
n+r—;(n—r) ' (a_B)z
a (a7 —qn BT HIRN o7 BTHT)
(ab)n+r—§(n—r) (0(—,8)2
_ a @By (@a=p)@™"-p"")
(ab)n+r—;(n—r) (a_B)z
a(-2ab)" (an—r_ﬁn—r)
- n+r—e(n-r) _
@y =z @

a(-2)" an-r_gn-r
(e
_ aCor (ab)[%J _aremn) (an—r_Bn—r)
T @l @ N e

= (_z)rae(n—r)]k‘n_r .

The proof of d'ocagne's identity for the bi-
periodic k-Jacobsthal-Lucas sequence follows
similarly by applying the same method to ji ,,. O

3. Conclusions

This paper extends the classical
Jacobsthal framework by introducing bi-
periodicity and a tunable parameter k, defining
the bi-periodic k-Jacobsthal and k-Jacobsthal—
Lucas sequences. We derived their recurrence
relations, generating functions, and Binet-type
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formulas, and established generalized forms of
Catalan’s, Cassini’s, and d’Ocagne’s identities.
These results reveal deeper algebraic structures
and patterns, with potential applications in
computer science and discrete mathematics.
Future work may explore combinatorial
interpretations, algorithmic implementations,
and links to other special sequences.
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