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ABSTRACT

The vibration problems of elastic plates with uniformly constrained boundary edges
have been several considered many times over the past years, but there are few scientific or
technical literatures on vibrating plates under discontinuous edge conditions. Therefore, this
paper attempts to review and summarize the extensive published technical literature relevant
to the problems involving circular plates with mixed edge conditions. Of particular
attentional interest is mainly addressed to plate vibration research. The static plate bending
problems, however, are also explored optionally to complete the literature survey. The
review is conducted with emphasis on the numerous methods being solved successfully

previously for this class of plate problems.
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1. INTRODUCTION

As generally known that plates have
widely been used as part of fundamental
structural components throughout various
engineering design and application prob-
lems [1,2], they are of interest to and have
many applications in structural, aerospace
or mechanical engineering such as in the
design of aircraft, missiles, and ship struc-
tures, as well as the construction of build-
ings. Much attention of such problems was
received to investigate the responses of
static plate bending (deflections and stress
resultants) and plate vibration (frequencies
and corresponding vibration mode shapes).

Within the framework of thin elastic
plate theory, many solutions concerning the
bending of plates having regular or
common boundary conditions can be found
in numerous textbooks. A signi-ficant
contribution and extensive study in the area
of plate bending analysis based upon the

analytical/numerical methods to-gether
with its application have well been
concisely collected and summarized in a
fundamental monograph by Timoshenko
and Woinowsky-Krieger [3] that gave a
profound analysis of various plate bending
problems.

It is, however, well known that the
structural engineering components must
resist not only static loads but also dyna-mic
loads [4]. It is, therefore, necessary to
understand the behaviors of the plates;
namely, their deflections due to various
static and dynamic loads, and their tenden-
cy to resonate.

Hence, knowing the static response
analysis of the plates alone is not sufficient
to ensure proper and safe performance.
Their design needs to include the effects of
periodic or random time varying forces
causing vibrations in order to determine the
natural frequencies, mode shapes of
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vibration, and the dynamic responses [5,6].
The analysis of free vibration (eigenvalue)
problems is of basic and applied interests in
several fields of science and technology. An
exhaustive summary of the published
literature on the free vibrations of various
shaped thin plates is available in Leissa [7]
and Leissa’s monograph [8].

Consequently, Leissa [9] considered
and attempted to present comprehensive
and accurate analytical results for the diffe-
rent twenty-one cases of free vibration of
rectangular plates with various aspect ra-
tios and Poisson’s ratios. It is interesting
and significant to note that exact charac-
teristic equations involving frequency de-
terminations were explicitly given only for
the six cases of plate having two opposite
simply supported edges. For the remaining
fifteen cases, the Ritz method with 36 ad-
missible terms containing the products of
beam functions to determine their accurate
natural frequencies was employed. The ac-
curate (six significant figure) and extensive
results for nondimensional frequency para-
meters of simply supported circular plates
were carefully carried out and numerically
examined by Leissa and Narita [10] with the
use of asymptotic expansions of analy-tic
Bessel functions. The first eighty fre-
guency parameters for circular plates with
three different boundary support conditions
were numerically determined by Malison
and Sompornjaroensuk [11] using ANSYS
finite element program with a dense net.

In many cases of studied free vibra-
tion of thick plates which are beyond the
scopes of the present work, Liew et al.[12]
reviewed the existing literature on the vi-
bration analysis of thick plates. Especially,
emphasis was devoted to significant stu-
dies based on the Mindlin theory and the
modified Mindlin plate theories for lami-
nated plates. An extensive available nu-
merical frequencies through the application
of the Ritz method with the use of alge-braic
polynomial as displacement functions in
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analyzing free vibrations of plates with
various shapes according to the Mindlin
theory was comprehensively presented by
Liew et al.[13].

In order to determine the exact solu-
tions of plate equations (both free vibration
and static bending problems), it is recog-
nized that the exact solutions are the most
desirable, but not always easily attainable.
This is because of the difficulties which
have been encountered in trying to obtain
the solutions satisfied all boundary condi-
tions as well as the governing fourth-order
partial differential equation exactly. Subse-
quently, research works on plate analyses
were then conducted using a wide range of
approximate mathematical techniques.

In this paper, the motivation and ob-
jective are to (a) review the methods that
have successfully been used in the past for
analyzing both the free vibration and static
bending problems of circular plates focus-
ing on the mixed edge boundary conditions
and (b) discuss some significant behaviors
on transition points of mixed edge condi-
tions which may result to the solution ac-
curacy obtained in each available solution
technique for this class of problems.

Additionally, some higher natural
frequencies of the plates and the localized
frequency curve veering phenomena are
then given and presented in the following
Part Il and Part 111 companion papers of this
title, respectively.

2. CLASSICAL PLATE EQUATIONS
2.1 Free vibration equation

Mathematically, with limited to
consideration of undamped free vibration
analysis, the classical differential equation
of motion for the vibratory transverse dis-
placement (w) of a thin, homogeneous, iso-
tropic elastic plate [3] can immediately be
expressed in the following a governing 2-D
partial differential equation represented in
terms of spatial polar coordinates (r,f) and
time varying (t), which is [8]
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DV*w+ pd®w/dt? =0 (1)

where p is the mass density per unit area of
plate surface and D is the flexural rigidity
represented in terms of Young’s modulus
(E), Poisson’s ratio (v), and plate thickness
(h) by the expression as follow

D =Eh*/12(1-v?) (2)

and V* =V?V? is the biharmonic differen-

tial operator in which V? is the Laplacian
operator expressed in polar coordinates

3 10 1 &

Vie 44—
o’ ror r?ob?

®3)

On the assumption of assuming
first a sinusoidal time response for free
vibration, the transverse displacement (w)
can be represented as

w(r,8,t) =W (r,0)exp(iat) (@)

in which
exp(iat) = cos(at) +isin(at) (5)
where W is a transverse motion only of the

position coordinates, e is the circular fre-
guency (expressed in radians per unit time)

and i:\/—_l )
Substituting (4) into (1) and eli-
minating the time dependence yields

DV*W — po®W =0 (6)

It is usually convenient to intro-
duce a parameter k defined by

k* = pa’® /D (7)

With the use of (7), equation (6)
can be rewritten as

(V' —k" W =0 (8)

Equation (8) can also further be
factored into

(V2 +K2) (V2 —K2)W =0 )

It is immediately seen that the
complete solution of (9) can be obtained by
the sum of the two solutions W1 and W-
from the following equations

(V2 +K3W, =0 (10)

[V? +(ik)*W, =0 (11)

Since the Fourier components in
6 are assumed, the general solution of (9)
for the transverse displacement W is then
expressed in the form of infinite series as

W (r,0) = iwm(r)cos(me)
W (Nsinme)  (12)

where both W_ and W, are the displace-
ment functions only of r.

Back substituting (12) into (10)
and (11) vyields the following ordinary
differential equations below

2
aWy, | 1 Wy, —(m —kzjwml ~0 (13)

dr® r dr r?

dw_, 1dw,, (m’

dr22 r dr2 _(r_erkz]WmZ:O (14)
d®W,, 1dw. (m? .

art ?71‘(?2‘“)%:0 9
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dW:, 1dw’, (m? *
art r d:z_(r_2+kzjwm2=o "

Equations (13) through (16) are
found to be of the forms of Bessel’s equa-
tion. Thus, the general solutions of (13) and
(14) can be taken as

Wiy = Ay (k) +B, Y, (kr)  (17)
WmZ = Cm Im (kr) + Dm Km (kr) (18)

where Jn and Yr, are the Bessel functions of
the first and second kinds, respectively, and
Im and K, are the modified Bessel functions
of the first and second kinds, res-pectively.
For the coefficients An,..., Dm, they are
solved from the prescribed boun-dary
conditions of the plate.

The remaining equations of (15)
and (16) have the similar form of solutions
to those of (17) and (18) as follow

Woy = A (kr)+ B, Y, (kr)  (19)

W, =Col,, (kr) + DK, (kr)  (20)

Utilizing (12), (17) and (19), the
general solution to (10) is

W, = S°[AJ, (kr) + B,Y, (kr)]cos(mé)
+S AL, (k) + BLY, (kn)lsin(ma) (21

and, in the same manner of (21), general
solution of (11) can take in the form

W, = 3 [C, 1, (kr) + D, K., (kr)]cos(me)

+3[C1 (k) + DK, (kn)lsin(mg)  (22)

sSuUIna
nqdlnw

MTETIVY UT

Superimposing the solutions of
(21) and (22), the complete solution to (9)
in polar coordinates is

W(r,0) = 3 [A, (k) +B,Y, (kr)

+C, 1., (kr;:ﬁ D, K., (kr)]cos(mé&)

LS IA, (k) + B, (k)

+cr: 1 (kr)+ D’K_, (kr)]sin(mé) (23)

It is remarkable that only for the
circular plate having the origin of a polar
coordinate system placed at the center of the
plate, equation (23) must be reduced to

W (r,0) = 3 [A,J, (k) +Cy 1, (kr)]

xcos(md) + S [ALJ, (k)
+C. 1 (kr)]sin(mo) (24)

This is to avoid infinite deflec-
tions and stresses at the origin r =0 due to
infinite values of functions Yy and Ky at
r =0. Equation (24) presents that at every
interior point of the circular plate the
solution must be finite. Additionally, the
subscript m corresponds to the number of
nodal diameters of plate vibrating. Since the
plate supported by a uniform boundary
condi-tion leads to have symmetry of
vibratory displacements with respect to one
or more diameters of the circle, the terms
involving sin(m#) are not needed, and
equation (24) can further be reduced to

W (r,0) = 3 [A,J, (k) +Cy 1, (kr)]
x_cos(me) (25)

It can be concluded that for a
circular plate with regular boundary condi-
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tions, only two condition equations are re-
quired to determine two unknown coeffi-
cients of the problem.

However, it is useful to express
the circular frequency () in terms of di-
mensionless form of frequency parameter
(4%) by introducing A =ka where a is a ra-
dius of circular plate. With the use of (7),
the frequency parameter is found to be

A? =wa’p/D (26)

2.2 Static bending equation

Supposing the origin of a polar
coordinate system taken to coincide with
the center of circular plate, the governing
differential equation for deflection (w) of a
laterally loaded circular isotropic plate that
expressed in polar coordinates can be
derived in the following form as [3]

DV*w=q 27)

in which g=q(r,0) is the static load dis-
tributed over the upper surface of the plate,
and plate deflection w=w(r,0) is a

function of the position coordinates.

It is interesting to note that when
comparing between (27) and (1), the se-
cond term as presented in the left-hand side
of (1) is the inertia term which acted in the
opposite direction to the plate during
vibration.

The general solution of (27) can
be taken in the form of a sum

w(r,0) =w,(r,0) +w,(r,0) (28)
that satisfied the following equations

V*w, (r,0) =0 (29)

DV*w, (r,0)=q (30)

where w,(r, ) is the complementary solu-
tion involved with support conditions and
w,(r,8) is the particular solution depend-
ing on a given loading function (q).

By an identical procedure to re-
present the function W(r,8) that given in

(12), the solution of (29) can be expressed
in the form of infinite series as

w,(r,0) = i R, (r)cos(mo)

m=0

+SR(Dsinme)  (31)

in which R, and R_ are functions of the

radial distance r only.
Taking m=0 in (31) yields

w,(r,0) =R,(r) + i R, (r)cos(mo)

+i R (r)sin(mg) (32)

This is shown that the first term,
Ro(r), on the right-hand side of (32) repre-
sents the solution for symmetrical bending
of circular plate which is independent of 6.

Substituting (32) into (29) and
separating out the terms that involved with
the angle 6 leads to the following ordinary
differential equations

[ d?/dr? +(1/r)(d/dr)—(m/r)* |
x| d’R, /dr* +(1/r)(dR, /dr) - (m/r)°R, |
=0;m=0 (33)

[d?/dr® +/r)(d/dr) —(m/r)’ ]
<[ d°R, /dr +/r)(dR; /dr) ~ /)’ R
=0; m=>1 (34)
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The general solution to (33) form
=0 is given by

R, =a, +b,r’+c,logr+d,r’logr  (35)

For m = 1, the solutions of (33)
and (34) are found to be

R =ar+br®+crt+drlogr (36)
R =ar+br’+cr*+dTrlogr (37)
and form > 1,

R,=a,r"+b,r™+c,r™?+d,r™? (38)

* *.m * .—m * m+2 * —m+2
R,=a,rm+b,r"™+cr=+d.r (39)

*

where the coefficients am, bm,...,c, ,and d;
for any arbitrary integers m can be
determined from the specified boundary
conditions of circular plate.

It is also noted that only two
coefficients in each integer m are required
to be determined from the specific problem
of circular plates having regular boundary
conditions, and to eliminate all possible
singularities existing in the plate as ex-
plained previously in subsection 2.1.

For more detailed information to
the solutions of (9) and (29), the interested
reader is suggested to consult the mono-
graphs of Leissa [8] and Timoshenko and
Woinowsky-Krieger [3], respectively.

3. BOUNDARY CONDITIONS

For a circular plate with radius of a
and having no interior supports, there are
three different support conditions along its
circular edge namely, clamped, simple, and
free supports in which the condition equa-
tions for each type of supports depend on
their characteristics.
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Considering first the circular plate
with clamped edge at r =a, two boundary
conditions are given by

W(a,0)=0 (40)
oW (a,0)
=0 (41)

for the problems of plate vibration. In the
case of static bending problems, equation
(40) and (41) are changed to be

w(a,d)=0 (42)
ow(a,d)
=0 (43)

in which W and w are previously presented
in (25) and (28), respectively.

If the circular plate is simply sup-
ported at r=a, then the boundary condi-
tions are, for the plate vibration,

W(a,8)=0 (44)

M, (a,8)=0 (45)
and for the plate bending,

w(a,d)=0 (46)

M, (a,8)=0 (47)
whereas M, is the radial bending moment

acted along circumferential sections of the
plate defined by

2 2
M,=-D| IW, [T, 1 OWI g
or ror r°oé

The function w as shown in (48) is
replaced by function W for plate vibration
problems.
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The boundary conditions of a com-
pletely free circular plate with radius of a
can be written as

M, (a.6) (49)
V.(a,0)=0 (50)

in which V, is the supplemented shearing

force (the Kelvin-Kirchhoff edge reaction)
as given by

V, = —D{—WW )] ﬁ(l azwﬂ (51)

or r or\roe’

and function w is also changed to be W for
problem of plate vibrations.

4. VIBRATION PROBLEM

In the mid-1950’s, a more general
problem of forced vibration due to a perio-
dic load, perpendicular to the circular plate
with mixed boundary conditions between
simply supported and clamped edges and
also loaded by a uniform compressive load
(N) acting in the middle surface of the plate
was studied by Nowacki and Olesiak [14].
The governing differential equation of the
problem can be drawn as

o°w(r,6,t)
atZ
+NV2W(r,0,t) = p(r,0)exp(iat)  (52)

DV*w(r,0,t) + p

where the right-hand side term of (52) is a
periodic load. The transverse displacement
(deflection) of the plate with mixed edge
conditions, due to the external loads, can be
obtained by superposition of the deflec-tion
of the same plate simply supported all
around (w1) and the deflection of that plate
simply supported and subjected to an un-
known function of clamping moment alone
that treated as external load (w),

w(r,0,t) =w,(r,0,t) +w,(r,6,t) (53)

The solution of problem was thus
reduced to determine the solution of Fred-
holm integral equation of the first kind in
terms of an unknown function of clamping
moment. Later, Bartlett [15] considered the
free vibration and buckling problems of
circular plate having mixed boundary con-
ditions in the same manner of the previous
work [14]. The governing equation of (52)
is reduced to

o*w(r,6,t)
o’
+NV?w(r,6,t) =0 (54)

DV*w(r,0,t) + p

Two variational principles were de-
rived for the lowest eigenvalues showing
that the governing expressions can be de-
termined by separation of variables. The
upper and lower bounds for the lowest ei-
genvalue (fundamental frequency parame-
ter) were shown to be close together.

Noble [16] reexamined the problem
that treated by Bartlett [15]. The differen-
tial equation of the plate is the same as
given in (54). Considering simple harmo-
nic vibrations, the function w(r,o,t) that
presented by (4) can be used. Applying the
mixed boundary conditions have led to the
dual series equations and was reducible to
an integral equation. The frequency or
buckling load was obtained from an appro-
ximate solution of the integral equation by
analytical methods which yield very good
agreement with Bartlett’s results [14].

The problem of large amplitude vi-
brations of circular plates have studied by
Ramachandran [17]. The edge of the plate
is a mixing between simple and clamped
supports. The energy method and method of
elastically restrained boundary condi-tions
that generalized for simply supported and
clamped supports were applied. The total
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potential energy (U) of the system can be
expressed as

U=U,+U,, +U +U_ (55)

where Ug, Un, U, and Ur, are strain energy
due to bending, stretching of the middle
plane, edgewise reaction (V,), and edge-
wise moment (M), respectively.

The expressions for V, and M, are
given by

V. =K w (56)

M, =-K,— (57)

where Ky and Ky, are coefficients to fixity.

The usual boundary conditions can
then be obtained by choosing K, and Kp
properly as

K, =0, K, =0 — simple support  (58)
K, =0, K, =0 — clamped (59)

Ky or Kn or both finite — elastic support
(60)

Hirano and Okazaki [18] dealt with
the vibration problem of circular plates with
three different mixed boundary condi-tions
of clamped-free, simply supported-free, and
clamped-simply supported by means of the
weighted residual method. The frequency
equation was derived by finding stationary
conditions and dynamic  boundary
conditions with the use of the Lagrange
method of multipliers. For free vibrations,
the displacement of vibrating plate was
assumed to be

w(r,8,t) =W(r,8)sin at (61)
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and function W(r,d) was expanded into a
Fourier series as

W(r,6) = %Wo(r) + W, () cos(mé)

+W(r)sin(mé)] (62)

Narita and Leissa [19] extended the
method as previously developed by Leissa
et al.[20] which analyzed the free vibration
problem of circular plates having nonuni-
form edge constraints by representing tran-
slational and rotational springs for elastic
support, to analyze free vibration of simply
supported circular plates with rotational
springs along part of the circumference of
the edge. The boundary conditions for this
edge are given as follow

W(a,6) =0 (63)

M, (a,0)=K,

oW (a,0)
a ©

where a is the radius of circular plate, W is
defined in the same manner of (24), and K,,
is the spring stiffness coefficient which va-
ry circumferentially around the boundary,
and can be expanded in a Fourier series,

K, ()= i L, cos(nd) + Zw: L. sin(n®)
(65)

where L, and L, are Fourier coefficients

determined in the usual manner.

Since K, is set to be zero, the plate
becomes a simply supported circular plate.
If K, goes to infinity, then that part of the
plate is to be clamped edge. Numerical re-
sults were demonstrated that if a non-

dimensional spring constant aK, /D =10°

is taken, the rotationally constrained parts
of the edge can be considered as clamped.
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Some results as special cases were com-
pared and shown to be close to Bartlett [15]
and Hirano and Okazaki [18].

Narita and Leissa [21] also further
applied the method [20] to the problem of
free vibrations of a circular plate elastically
constrained along parts of its edge and free
on the remainder. The elastic constraints are
consisted of both translational and/or
rotational springs, in which translational
spring stiffness coefficient (Ky) can be ex-
panded into Fourier components around the
circumference of the plate similar to that of
(65),

K, (0)= i K, cos(ng) + i K sin(n®)
n= n=| (66)

where K, and K are Fourier coefficients.

The boundary condition for parts of
the edge attached to translational spring is
given by

V.(a,0) =—K W(a,0) (67)

As a special case for a circular plate
having uniformly constrained by a transla-
tional spring, the obtained results were
shown that if a non-dimensional spring

constant a’K,, /D =10° is taken, this stiff-

ness value can be used to treat the spring
system as rigid, and the plate is considered
to be a simply supported plate. With utili-
zing the presented series-type method,
numerical results were also given for the
problem of the plate which is partially free
and partially simply supported, as well as
for the clamped-free boundary.

A more generally complicated pro-
blem wherein additional mass also appears
along a segment of the plate edge with
elastic constraints was analytically treated
by Leissa and Narita [22]. A series-type
solution was derived in the same manner of
previous works [19,21] with an exact

solution to the governing partial differen-
tial equation of (6) taken as (12).

For a free circular plate elastically
constrained along parts of the edge by the
attachment of translational and rotational
springs (such springs having stiffnesses Ky
and K,, respectively) and also having a
uniformly distributed, additional strip of
mass m and rotary inertia ls (per unit of
length) acted upon a segment of the boun-
dary, the following boundary conditions are
then required along typical portions of the
edge,

V.(a,0)=—(K, —ma*)W(a,0) (68)

Mr(a,e)z(KWquZ)W (69)

where Ky and K,, have defined in (66) and
(65), respectively. The coefficients mand I
can be expanded into Fourier series as

m(6) = imn cos(né) + im: sin(nd)

(70)

1. ()= i |, cos(nd) + i l¢, sin(ng)

(71)

in which m_, m’, ls I;n are Fourier co-

efficients.
For the numerical determination of
natural frequencies of circular plate hav-ing
partially free and partially clamped edges,
Eastep and Hemmig [23] used a high
precision conforming triangular and
quadrilateral plate bending elements that
provided by the NASTRAN finite element
program to represent the circular plate with
mixed edge conditions. The circular plate
was modelled as seven rings of elements by
the use of 144 quadrilateral (for the outer
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rings) and 24 triangular plate ele-ments (for
the inner ring joined at the plate center).

Based on the finite element method
together with the use of consistent and
conforming plate bending elements gave
upper bounds to the vibration frequencies.
The governing equation as presented in (8)
can be written in a form of matrix equation
to evaluate the natural frequencies () and
the corresponding mode shapes {W} of the
plate as

{[K]-o’ [MIHKW}={0}  (72)

where [K] is the assembly of the stiffnesses
of the individual plate bending elements
and [M] is a consistent mass matrix.

Referred to the obtained numerical
results, the analysis has led to observe that
the mixed boundary conditions cause some
of the higher modes of vibration to split into
two branches of vibration mode shape
existing at approximately the same fre-
guency with increasing arc length of the
free boundary.

Liew [24] proposed an approximate
model with combinations of the Rayleigh-
Ritz and the Lagrangian multiplier me-
thods to study the free vibration of circular
plates having point supports, partial inter-
nal curved supports, and mixed edge boun-
dary conditions. The asmissible pb-2 Ritz
function consisting of the product of a two-
dimensional polynomial and a basic func-
tion was used to analyze the problems. For
the vibration problem of circular plates
having mixed edge conditions, numerical
results were compared with the results ob-
tained by Narita and Leissa [19,21] which
are in close agreement together.

Yuan and Dickinson [25] applied the
Ritz method in which the plate was treated
as composed of sectorial plate elements
joined together by means of very stiff,
artificial springs to study of the free vibra-
tion of annular, circular and sectorial plates.
The plate may be supported only on
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portions of the boundary or may involve
cut-outs. The trial functions (admissible
functions) for the Ritz solution are com-
binations of simple and orthogonal polyno-
mials in cylindrical polar coordinates. The
appropriate stiffness and mass coefficients
for a generic element were formulated. The
Rayleigh quotient was obtained by sum-
ming the strain and kinetic energies over the
system, and the Ritz minimization pro-
cedure was then carried out to yield the
eigenvalue problem. Numerical results for a
specific case of circular plate having par-
tially clamped edge were carried out and
compared with the results as given by
Narita and Leissa [21] who used a Fourier
series solution, which yield a reasonably
good agreement.

The accurate values of frequency
parameter for a thin, elastic circular plate
with various mixed boundary conditions,
namely (a) simply supported-clamped, (b)
simply supported-free and (c) clamped-free
that obtained by using a well-known com-
puter finite element code (ALGOR) with a
dense net of 20232 elements were numeri-
cally carried out by Rossi and Laura [26].
Very good agreement was clearly observed
when examining the results were compared
with the values as given in Bartlett [15] and
Noble [16]. The first nine frequency
parameters were presented for three differ-
rent mixed boundary conditions of the plate
with the Poisson’s ratio taken as 0.3.

The Rayleigh-Ritz method was suc-
cessfully applied to study the problem of
transverse vibrations of elliptical plate with
half of the boundary clamped and the rest
simply supported by Hassan and Makary
[27]. Additionally, in this work, the thick-
ness of the plate is varying linearly in the
space coordinates. Comparison have made
with the known results given by Bartlett
[15] and Narita and Leissa [19] for circular
plates. Based on the Rayleigh-Ritz method,
the method consists of minimizing the
Rayleigh quotient as
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o = ([ DI(VAW)? +2(L-v (W, )’

“W,, W,,, J]dXdY) / el _hw?dxdy
(73)

where D is the flexural rigidity as given in
(2), the subscripts denote differentiation.

For the free harmonic motions of
plate vibration, the transverse displacement
w(X,Y,t) of the plate at the point (X,Y) at
time t can be assumed to be of the form
similar to that of (61) as

w(X,Y,t) =W(X,Y)sinat (74)

where W(X,Y) is the maximum displace-

ment at a certain point (X,Y) of the plate,
and the domain R" defined by

R'={(X,Y):§—;+E—jsl} (75)

where a is the semi-major axis and b is the
semi minor axis of the elliptical plate.
The function W(X,Y) was approxi-

mated with N-term of the form

N
W =(y* —rzy? - r?z2y +r’z®)> e x" y"

=L

(76)
x=X/a, y=Y/a, z=\1-x*  (77)

in which ¢; are constants, m; and n; are
polynomials of various degrees, and x, Yy, z
are non-dimensional variables.

Later, Hassan [28] also applied the
previous method to consider the problem of
elliptical plate having mixed boundary
conditions between simple support and free
edge by changing the function W to be

N
W =2%(y+rz)D c;x"y" (78)

j=L

Furthermore, free vibration problem
of elliptical plates of variable thickness with
mixed boundary conditions between
clamped and free edge was investigated and
presented by Hassan [29]. In this case of the
plate, the representation of function W can
be approximated and taken in the following
form

N
W =(y-rz)’z) c,x"y" (79)
=

The method of perturbation of boun-
dary conditions was applied to solve plate
vibration problems with mixed boundary
conditions by Febbo et al.[30] in which the
boundary condition of the plate is mixed
between simple and clamped supports.

Assuming simple harmonic motion at
frequency w, the equation of motion that
satisfies the displacement amplitude W as
given by (8), the frequency of the plate can
then be obtained from the following equa-
tion as

0
k* — (k%) =gjc(v2w°ﬂ—v2vv%

on on
oVAW oVAW°
WP -W dl %)2dA
! on on ) /L(W )
(80)
and
C=C,uC, (81)

where k* is defined by (7), (k%% is for the
unperturbed value, W° and W are the
unperturbed and perturbed solutions, res-
pectively, C; and C; are the boundary con-
tours for the clamped and simply supported
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edges, respectively, in which C is the total
boundary, and S is the boundary domain
(surface) of the plate.

A modified Galerkin approach with
the use of very simple polynomial coor-
dinate functions was also additionally de-
veloped to determine the fundamental
frequency which yields good engineering
accuracy. However, the proposed method
has been mentioned that it can be extended
to analyze higher modes of vibration.

The lower natural frequencies of cir-
cular plate having various partially mixed
boundary conditions were numerically eva-
luated by Bauer and Eidel [31]. Based on a
semi-analytical method, the transverse dis-
placement of (4) was first assumed and the
displacement amplitude as given in (24) has
used to satisfy the mixed boundary
conditions for a finite number of boundary
points. The boundary conditions at r=a
may be either,

ow

W=0; —==0 (82)
for clamped support,
W=0; M, =0 (83)
for simple support,
M,=0;V, =0 (84)
for free edge,
W _o;v =0 (85)
or

for guided support, and for elastic support

Mr-Kaaﬂ=o; V. +KW =0 (86)
r

where M, and V, are, respectively defined
by (48) and (51) with instead of w by W, and
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the terms K and k as presented in (86) are
rotational spring distributed stiffness
(moment per unit length) opposing the edge
rotation and translational spring dis-tributed
stiffness (force per unit length) opposing
the translational motion in the direction of
W, respectively.

Hassan [32] used the boundary cha-
racteristic orthogonal polynomials in two
variables of xy-coordinates together with
the Rayleigh-Ritz method for solving the
vibration problem of a clamped-free ellip-
tical plate which makes the obtained solu-
tions faster in convergence. Comparisons
have been made with known results as
given previously by Hassan [29].

5. STATIC BENDING PROBLEM

There are few articles in the techni-
cal literature on the subject of bending of
circular plates with mixed edge conditions.
The first investigation is that of Nowacki
and Olesiak [14] who considered the vibra-
tion, buckling, and bending of such plates.

Conway and Farnham [33] used a
direct point-matching approach by choos-
ing a solution of (29) which satisfies the
various boundary conditions at a pres-
cribed number of boundary points to
analyze the bending of a uniformly loaded
circular plate in which there are simply
supported-clamped, simply supported-free,
or clamped-free combinations of edge con-
ditions. An appropriate solution of (29) was
taken as

W, =a, +h,r?

+>_(a,r" +c,r"?)cos(mg)  (87)
m=1

which is similar form to that of (32) where
ao, bo, am, and cy, are constants to be deter-
mined from prescribed boundary condi-
tions. For the problem of simply supported
circular plate having an unknown of dis-
tributed edge moment (M) applied along the
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arc portion of the edge at r =a, the moment
can be expressed in the Fourier series form
as

M)),.= W{H 22 sin(r;(/ﬁ) cos(me)}
T m=1

m
(88)

where ¢ is the angle over the segment that
M is applied.

Applying the boundary conditions
for simply supported edge as presented in
(44) and (45) to (87) yields

M@’ —r2)¢[ 1
¢ 27D 1+v

+2§: r sin(mg) cos(me)}

Sa"(l+v+2m) mg
(89)
The particular solution for the uni-

formly loaded (qo), simply supported plate
satisfying (30) is generally founded to be

W, = g, (@ _rz)KSJrvjaz _ rz} (90)

64D 1+v

Superimposing (89) and (90) with
enforcing zero edge slope condition along
the portion that edge moment is applied, the
unknown edge moment can be deter-mined.
Therefore, problem of circular plate with
simply  supported-clamped  boundary
conditions is solved.

The solution to a uniformly loaded
circular plate having simply supported-free
boundary conditions can be obtained by
solving the problem of a plate, which has
free edge and is supported by uniform shear
force along the arc segment. The shearing
force distribution around the edge is then
expanded in the Fourier series form. By
balancing the shearing force to the load g

with applying the boundary conditions for
free edge, the unknown shearing force can
be determined.

For the case of circular plate with
clamped-free boundary conditions, by su-
perposing appropriate solutions for (a) a
uniformly loaded, free edge plate sup-
ported by uniform edge shear, and (b) a free
edge plate bent by distributed edge moment,
this plate problem can be solved by
techniques similar to those previously used.

Leissa and Clausen [34] also applied
the point matching method to numerically
solve the problem of uniformly loaded (qo)
circular plate having two portions of its
boundary clamped and the remainder sim-
ply supported. Due to two-fold symmetry of
the problem, an exact solution to (27) was
taken as

+ i (a,r"+c, r"?)cos(mo)
=0,2
(91)

Das Gupta [35] analytically treated a
uniformly loaded circular plate with partly
clamped and partly simply supported edge
by conformal transformation of the circular
area of the plate to a semi-infinite half
space. The mixed boundary conditions of
the problem can be written as the dual series
equations and further reduced to a pair of
integral equations which was solved by the
Mellin transform method.

Stahl and Keer [36] have considered
the bending of a uniformly loaded circular
plate with mixed conditions on the boun-
dary. Two cases of mixed boundary con-
ditions are (a) clamped-simply supported
and (b) simply supported-free. The general
solution which exhibits the two-fold sym-
metry of the problem can be taken as (91).
The mixed boundary conditions were for-
mulated as the dual series equations and
reduced to a Fredholm integral equation of
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the second kind using the finite Hankel
integral transform.

Two problems of torsion of a stamp
on a circular plate were investigated by
Alexsandrov and Chebakov [37]. Mixed
boundary conditions of the problem were
reducible to dual series in terms of Bessel
functions and solved by reducing the series
to an infinite algebraic system of the first
kind with a singular matrix of coefficients.

Hamada et al.[38] presented a new
approach which is an iterative method, to
solve the bending problems of circular
plates with uniform or a concentrated load
under mixed boundary conditions between
simple and clamped supports. The general
complementary solution that satisfied (29)
was expressed as the same form of series
term of (91) due to symmetry of problem.

Hamada et al.[39] adopted the itera-
tive method [38] to analyze the bending of
a simply supported circular plate subjected
to elastic constraint. By this method, seve-
ral kinds of the distribution of the elastic
constraint varying continuously or step-
wise were easily treated and capable of
dealing with nonlinear constraints.

Kiattikomol and Sriswasdi [40] dealt
with the analytical solution of a uniformly
loaded (qo) annular plate in which the inner
edge is free and the outer edge has mixed
conditions between simple and clamped
supports. The method of finite Hankel inte-
gral transform was used similar to that of
Stahl and Keer [36]. The solution was set up
by using the deflection equation satis-fying
the differential equation of (27) and two-
fold symmetry of the plate as

4
r
weo

64D

+a, +byr? +c,logr+d,r’logr

+ Z (@a,r"™+b,r™+c,rm?
m=0,2,4

+d_r™?)cos(mo) (92)
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in which the undetermined constants (ao, bo
,..., Cm and dm) have previously been de-
fined in section 2.

Mifune et al.[41] have proposed an
effective coefficient comparison method to
numerically solve the bending problem of
axi-symmetrically loaded circular plates
having mixed boundary conditions in three
cases of (a) clamped-free, (b) simply sup-
ported-free, and (c) simply supported-elas-
tically constrained for rotation boundary
condition. With the use of a Fourier series
expansion to fit the mixed boundary con-
ditions has led to the result of many cou-
pled equations for finding the Fourier coef-
ficients. Numerical results were shown to
be in excellent agreement with those ob-
tained by the iterative method [39].

Zheng et al.[42] proposed an analy-
tical method using the concept of mixed
boundary functions to analyze the problem
of circular plates subjected to arbitrary la-
teral loads. Based upon this method, the
trial functions were constructed by using
the series of particular solutions of the bi-
harmonic equations. Results were carried
out to show the stability and high conver-
gence rate of the proposed method.

Strozzi and Vaccari [43] analyzed the
bending of circular plate partially sup-
ported along an edge arc and deflected by a
central transverse force. The problem was
first formulated in terms of a Fredholm
integral equation of the first kind and then
modified into a new Fredholm integral
equation of the first kind. An approximate
solution has introduced and numerically
computed with the use of collocation me-
thod to determine the integral equation for
obtaining the interested problem solutions.

Monegato and Strozzi [44] have
analytically considered the problems of
circular plate simply supported along two
antipodal edge arcs and subjected to a cen-
trally concentrated force. Two kinds of
contact reactions were analyzed which are
the cases of distributed reaction force alone
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and a distributed force joined to a distri-
buted couple. Both of these problems were
formulated in terms of an integral equation
of the Prandtl type with Hilbert and Volter-
ra operators that associated with two con-
straint conditions. The edge deflections
along the free edge of the plate with radius
of a can be expressed as

Pa’ 1
Wwy:zoa—vxa+m{5mﬁcme

xIn(L+ cos @) + (1—cosé) In(L—cos )]

+(1+v)

[ 7|0 —sin6]- 6" ]

2 @+v) N (1-v)® |
24 16(1+v)

nZ}; —-T<O0<r
(93)

for the first kind of problem, and for the
second kind,

Ma
W)= B nE

x[a—f(l—cosé’)}—Zsineln{tan (gﬂ ;
2 2

0<f<nr (94)

where P is a concentrated force applied at
the plate center, and M is the self-equili-
brated boundary couple applied at each
opposite free edge.

Monegato and Strozzi [45] further
analyzed the problem as previously inves-
tigated in [43]. The analysis was, however,
emphasized on the contact reaction in a
circular plate in which the contact reaction
has first assumed to be formed by a dis-
tributed reaction force that accompanied by
a distributed a distributed moment with
radial axis. The problem was then formu-
lated in terms of an integral equation of the
Prandtl type together with supplemented by

a vertical and a rotational equilibrium
condition. Furthermore, a design chart has
been derived for the normalized deflection
of the plate center versus the angular ex-tent
of the supports.

Zheng et al.[46] have developed the
boundary collocation method based on the
least-square technique and a corresponding
adaptive computation process to analyze the
bending problem of circular plates with
mixed edge conditions. A series of the bi-
harmonic polynomials function was used as
the trial functions and the local error
indicators were determined by considering
the residuals of the energy density on the
boundary. Numerical results showed good
agreement with other available results as
presented in the literature.

Strozzi and Monegato [47] extended
the previous study [44] to analytically in-
vestigate the bending problem of circular
plate partially clamped along two antipodal
arcs, the remaining part of the border being
free, and loaded by a concentrated trans-
verse central force. This problem has for-
mulated in terms of the complex-valued
Hilbert singular integral equation of the
second kind in the complex domain, and the
solution to integral equation was de-rived
and obtained in analytical, integral form.

Ostryk and Ulitko [48] have consi-
dered the bending of a partially simply
supported circular plate under the action of
concentrated normal force at its center
similar to that studied by Monegato and
Strozzi [44]. The formulation of problem
was reduced to the integral equation of a
Prandtl-type in which the solution of inte-
gral equation can be solved numerically by
three different methods, namely (i) the
method of mechanical quadrature with the
use of the interpolation Lagrange polyno-
mial, (ii) the method of orthogonal polyno-
mials by reduction to an infinite system of
algebraic equations for the coefficients of
expansion in a series with respect to the
Chebyshev polynomials of the first kind,
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and (iii) the method of reduction to the
Fredholm integral equation of the second
kind using the inversion of a singular inte-
gral that can be solved numerically in the
sense of quadrature method.

6. DISCUSSION

As it is known that, for a plate with
mixed edge conditions, singularities in the
bending fields are to be expected at the
transition points of discontinuous boundary
which is proportional to the inverse square
root of the distance measured from the
transition point. The nature of these singu-
larities has first been studied using the Fadle
eigenfunction expansion techniques by
Williams [49]. Since the moment singu-
larities are of an inverse square root type, it
turns out that the distribution of supple-
mented or Kirchhoff shearing force be-
comes nonintegrable. However, the total
reaction force exerted by the supports can
still be determined from the equilibrium
condition of the plate.

Williams [49] derived and obtained
the six characteristic equations associated
the possible combinations of three differ-
rent boundary conditions namely, simply
supported, clamped, and free edges along
the radial boundaries of isotropic sectorial
plates having the vertex angle of o, the
governing equation of the plate bending
problem is still to be of (27). Since the
boundary condition of the plate is first
mainly interested, only the complementary
solution to (29) is considered which can be
written as

W, (r,0) =w; (r,0) +w, (r,0) (95)

in which w; (r,8) and w;(r,0) are the so-
lutions that satisfied the circumferential and
radial edge boundary conditions, res-
pectively.
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The solution of w;(r,&) can be ex-
pressed in the similar form as (32), which is

3]

W (r,0) = iRm(r)cos(m—mgj
m=0 a

+2R;(r)sin(m—ﬂ9j (96)
m=0 o
whereas R (r) and R’ (r) have previously
been defined in subsection 2.2.

For the remaining complementary
solution w; (r,8), Williams [49] has used
the method of separation of variables to
represent w; (r,0) as

W (r,0) =G(r)F(6) (97)

and assuming G(r) is a function of power
seriesinr,

G(r)=Sc,rm" (98)

where ¢, is the unknown constant and 4, is
the eigenvalue parameter to be determined
as part of the solution later in which the
values of A, need not be an integer and can
mathematically be complex number in ge-
neral.

Application of the Laplacian opera-
tor as given in (3) to (97), yields

VAW, (r,0) = icnrﬂ"‘l

The homogeneous biharmonic equa-
tion of w (r,0) can be taken as
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VAW (r,0) =V*V*W (r,d)=0  (100)
and
ic rh3 d” +(A +1)°
= do> "
d2
'[dez + (4, —l)Z}F(H) =0 (101)

Because of the linear independence
of the terms r™~° for different values of An,
one can immediately be obtained the ordi-
nary differential equation as

d? , || d? )
|:d6’2 +(4, +1) }{Wﬂﬂn—l) }F(G)
=0 (102)

The general solution of (102) can be
written in the form as

F(6) =C, cos(4, —1)8 +C, sin(4, —-1)0

+C,cos(4 +1)8+C,sin(1, +1)0  (103)
where C,, C,, C,, and C, are the arbitra-

ry constants.
With the use of (98) and (103), the

expression of w.(r,0) that given by (97)
becomes

W (r,0)= S W, (r,0) (104)
W (r,0) =r>"[A sin(4, +1)&
+B, cos(4, +1)@+C, sin(4, -1)0
+D, cos(4, —-1)6] (105)

in which the unknown constants An, By, Cn,
and D, can be determined from the four
boundary conditions, two conditions along
each radial edge at =0 and 8=« re-
sulting a set of four homogeneous alge-
braic equations in terms of these constants.

In order to obtain a non-trivial solu-
tion, the determinant of the coefficients of
unknown constants must be vanished lead-
ing to the final result of eigenequation
(characteristic equation) to the determina-
tion of A,. The terms W (r,6) have been

recognized and called the corner functions
[50-52] characterizing the local behavior,
which can be singular at the vertex of
angular corner of the plate. It is interesting
to note that there are an infinite number of
eigenfunctions A, for each eigenfunctions,
there will be an infinite number of corner
functions that correspond to the boundary
conditions along two radial edges.

Since A is the complex number, only
the real part Re(/,) of any values 4, is then
considered and has to be positive, Re(4n) >
0 to meet the requirement of regu-larity
conditions at the vertex, namely the
deflection and slope must be finite at the
origin (r = 0) in the physical sense and also
the strain energy density Uo is not integra-
ble over any area near the vertex of the
sector domain if Re(4,) < 0. With these
conditions, the minimum values of Re(A,)
are desired to be determined. For the ver-tex
angle (@) varied from 0 to z, the values of
minimum Re(Z,) were first provided by
Williams [49] and for the angles exceeding
« radian (o > 7) which are re-entrant cor-
ners, the values of minimum Re(4,) were
presented by Leissa, et al.[50].

In order to demonstrate the moment
singularities existing at the vertex of secto-
rial plate with vertex angle of o, one intro-
duces

w=Ww,(r,a) (106)
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and the circumferential bending moment
(M) acted along radial sections of the plate
is defined by

low 1 d*°w  o°w
M,=-D| = =W, W (107
¢ [r or r2o0> = or? } (107)

Substituting (106) into (107) for w
yields

M, (r,@)=-DY r* (4, +1@L+vA,)

n=1

xF(e; A,)+F"(e;4,)]  (108)
where superscript primes denote the deri-
vative with respect to 6.

Considering a sectorial plate that has
a combination of three sets of boundary
condition along two radial edges namely,
simply supported-free, simply supported-
clamped, and clamped-free, the minimum
Re(4n) for o = = corresponded to a semi-
circular plate is found to be 0.5 [49,50].
Thus, substituting 1, = 0.5 for a = x into
(108) and taking r — 0, it can be shown that
the bending moment is square-root-singular
at the transition point of discon-tinuous
support at the origin (r = 0) of the plate
coordinates.

Due to the stress singularities arising
in the problems of plate with mixed edge
conditions, the necessity of considering the
singularity in solutions was confirmed by
Chen and Pickett [53] and Leissa et al.[54].
Both of these numerical works concluded
that to get sufficient accuracy in the solu-
tions, it requires the use of appropriate
singularity functions to represent the sin-
gular behavior at that point of singularity.

Leissa [55] also suggested that, for
the problems of plate having singularities
due to the abrupt change in geometry or
mixed boundary conditions, the singu-
larities are not negligible and have to be
incorporated in the analysis. If these sin-
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gularities are not considered properly, then
highly inaccurate or even meaningless
results can arise. Therefore, the infinite
quantities may have strong effects upon the
global behavior of the configuration such as
static or dynamic deflections, free vibra-
tion frequencies and buckling loads.

In order to derive and obtain the so-
lution to (100), the reader is suggested to
consult the classic paper of Williams [49]
and some discussions have been given by
Kongtong and Sompornjaroensuk [56].

An exact analytical method based on
the finite Hankel integral transform tech-
niques for solving the bending and free
vibration problems of plate having mixed
boundary conditions which can cope with
the moment singularities in the solution was
explained in  Sompornjaroensuk and
Kiattikomol [57,58] previously.

Recently, Huang et al.[59,60] pro-
posed new sets of enriched basis functions
that can yield admissible functions for the
Ritz method using the moving least-squares
(MLS) approach for analyzing the vibration
and buckling of cracked plates, which give
the correct singularity order for the stress
resultants at the crack tips. Another method
was made by Huang et al.[61] who employs
a domain decomposi-tion technique in
combination with a set of admissible
functions in the Rayleigh-Ritz method to
determine the generalized coor-dinates and
the corresponding modal fre-quencies and
shapes of vibratory cracked plates. Xue et
al.[62,63] considered and analyzed the free
vibration and buckling problems of cracked
plates based on the Ritz method. The correct
singularity order in stress near the tip of the
crack as well as the discontinuities in both
displacement and bending rotation across
the crack can mathematically be described
by a series of corner functions that
introduced and incor-porated into the
admissible functions of the displacement
which  consist of the modi-fied
characteristic functions. The accuracy of
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the obtainable solutions was verified
through a convergence test.

However, it is observable from the
mentioned works [59-63] that they are in-
volved with the crack problem of rectan-
gular plates. The problem of circular plates
having either mixed edge boundary condi-
tions or cracks can then be treated suc-
cessfully based on their proposed methods.

7. SUMMARY

Because the vibration problem of
circular plates with mixed edge conditions
has become a challenging problem for
scientists and engineers, this paper is then
aimed to review and summarize the va-
rious methods, both analytical and numeri-
cal methods, which have used successfully
and found in the published academic or
technical literature. Furthermore, a review
of bending problems for this class of the
plate is also given for completing the lite-
rature survey.

The basic information of fundamen-
tal equations including their general solu-
tions for classical plate theory is presented
in details. Significantly, some behaviors on
stress singularities existing at the point of
transitions between two different boundary
conditions are mathematically discussed
and demonstrated in the present paper.

Since the vibration problem of circu-
lar plates with mixed edge conditions is of
academic, technical, and technological im-
portance, the need of knowledge of some
higher natural frequencies is numerically
determined and given in a Part 1l compa-
nion paper of this title. Moreover, the in-
teresting phenomena of frequency curve
veering and vibratory mode localization of
the plates are also presented in a Part |1l
companion paper.

8. REFERENCES

[1] Ventsel E, Krauthammer T. Thin Plates
and Shells: Theory, Analysis, and Ap-
plications. New York: Marcel Dekker,
Inc.; 2001.

[2] Szilard R. Theories and Applications
of Plates Analysis: Classical, Numeri-
cal and Engineering Method. New
Jersey: John Wiley & Sons, Inc; 2004.

[3] Timoshenko SP, Woinowsky-Krieger
S. Theory of Plates and Shells. 2" ed.
Singapore: McGraw-Hill; 1959.

[4] Nowacki W. Dynamics of Elastic Sys-
tems. London: Chapman & Hall Ltd.;
1963.

[5] Meirovitch L. Analytical Methods in
Vibrations. New York: Macmillan Pub-
lishing Co., Inc.; 1967.

[6] Rao JS. Dynamics of Plates. New Delhi:
Narosa Publishing House; 1999.

[7] Leissa AW. Free vibrations of elastic
plates. Proceedings of the AIAA 7t
Aerospace Sciences Meeting, 1963
January 20-22, New York City, New
York. 1963.

[8] Leissa AW. Vibration of Plates. Re-
printed ed. Washington, DC: Acousti-
cal Society of America; 1993.

[9] Leissa AW. The free vibration of rec-
tangular plates. J Sound Vib. 1973; 31:
257-93.

[10] Leissa AW, Narita Y. Natural fre-
guencies of simply supported circular
plates. Journal of Sound and Vibra-
tion. 1980; 70: 221-9.

[11] Malison R, Sompornjaroensuk Y. Nu-
merical finite element determination
on free, transverse vibrations of circu-
lar plates. Engineering Transactions.
2015; 18: 61-9.

[12] Liew KM, Xiang Y, Kitipornchai S.
Research on thick plate vibration: A
literature survey. J Sound Vib. 1995;
180: 163-76.

M 154 Uil 14 aluil 2 nsngiau - Sunau 2563



[13] Liew KM, Wang CM, Xiang Y,
Kitipornchai S. Vibration of Mindlin
Plates: Programming the p-Version Ritz
Method. Amsterdam: Elsevier Science
Ltd.; 1998.

[14] Nowacki W, Olesiak Z. Vibration,
buckling and bending of a circular
plate clamped along part of its peri-
phery and simply supported on the
remaining part. Bulletin de L’Acade-
mie Polonaise des Sciences. 1956; 4:
247-58.

[15] Bartlett CC. The vibration and buckl-
ing of a circular plate clamped on part
of its boundary and simply supported
on the remainder. Quarterly Journal of
Mechanics and Applied Mathematics.
1963; 16:431-40.

[16] Noble B. The vibration and buckling of
a circular plate clamped on part of its
boundary and simply supported on the
remainder. Proceedings of the 9
Midwestern Mechanics Conference,
1965 April 16-18, Madison, Wiscon-
sin. 1965.

[17] Ramachandran J. Large amplitude vi-
brations of circular plates with mixed
boundary conditions. Computers and
Structures. 1974; 4: 871-7.

[18] Hirano Y, Okazaki K. Vibrations of a
circular plate having partly clamped or
partly simply supported boundary.
Bulletin of the JSME. 1976; 19: 610-
8.

[19] Narita Y, Leissa AW. Transverse vi-
bration of simply supported circular
plates having partial elastic cons-
traints. Journal of Sound and Vibra-
tion. 1980; 70: 103-16.

[20] Leissa AW, Laura PAA, Gutierrez RH.
Transverse vibrations of circular plates
having nonuniform edge cons-traints. J
Acoust Soc Am. 1979; 66: 180-4.

[21] Narita Y, Leissa AW. Flexural vibra-
tions of free circular plates elastically
constrained along parts of the edge. Int
J Solid Struct. 1981; 17: 83-92.

sSuUIna
nqdlnw

MTETIVY UT

[22] Leissa AW, Narita Y. Vibrations of
free circular plates having elastic con-
straints and added mass distributed
along edge segments. Journal of Ap-
plied Mechanics. 1981; 48: 196-8.

[23] Eastep FE, Hemmig FG. Natural fre-
quencies of circular plates with par-
tially free, partially clamped edges. J
Sound Vib. 1982; 84: 359-70.

[24] Liew KM. Frequency solutions for
circular plates with internal supports
and discontinuous boundaries. Int J
Mech Sci. 1992; 34: 511-20.

[25] Yuan J, Dickinson SM. On the vibra-
tion of annular, circular and sectorial
plates with cut-outs or on partial
supports. Computers and Structures.
1996; 58: 1261-4.

[26] Rossi RE, Laura PAA. Transverse
vibrations of a thin, elastic circular
plate with mixed boundary conditions.
J Sound Vib. 2002; 255: 983-6.

[27] Hassan SM, Makary M. Transverse
vibrations of elliptical plate of linearly
varying thickness with half of the
boundary clamped and the rest simply
supported. Int J Mech Sci. 2003; 45:
873-90.

[28] Hassan SM. Numerical solution for
frequencies and mode shapes of ellip-
tical plate half of whose boundary is
simply supported and the rest free. Int
J Mech Sci. 2004; 46: 1747-61.

[29] Hassan SM. Free transverse vibration
of elliptical plates of variable thick-
ness with half of the boundary clamped
and the rest free. Int J Mech Sci. 2004;
46: 1861-82.

[30] Febbo M, Vera SA, Laura PAA. Free,
transverse vibrations of thin plates
with discontinuous boundary condi-
tions. J Sound Vib. 2005; 281: 341-56.

[31] Bauer H, Eidel W. Determination of
the lower natural frequencies of circu-
lar plates with mixed boundary condi-
tions. J Sound Vib. 2006; 292: 742-64.

Vol.14 No.2 July - December 2020 155 44



sSuUIna
ns‘dlnw

MTETIVY er

[32] Hassan SM. Numerical computation of
BCOPs in two variables for solv-ing
the vibration problem of a CF-elliptical
plate. Journal of King Saud University
(Science). 2010; 22: 195-204.

[33] Conway HD, Farnham KA. Deflections
of uniformly loaded circular plates
with combinations of clamped, simply
supported and free boundary condi-
tions. Int J Mech Sci. 1967; 9: 661-71.

[34] Leissa AW, Clausen WE. Deflection
of a circular plate having mixed boun-
dary conditions. AIAA Journal. 1967;
5:2287-8.

[35] Das Gupta SP. Deflection of a thin
circular plate under mixed boundary
condition with clamped and simply
supported edge. J Appl Math Mech Z
Angew Math Mech . 1972; 52: 369-71.

[36] Stahl B, Keer LM. Bending of a uni-
formly loaded circular plate with mixed
boundary conditions. AIAA Journal.
1972; 10: 739-43.

[37] Alexsandrov VM, Chebakov MI. The
method of dual series in terms of Bes-
sel functions in mixed problems of the
theory of elasticity for a circular plate.
J Appl Math Mech. 1977; 41: 492-9.

[38] Hamada M, Inoue Y, Mizushima I,
Mifune T, Morisawa Y. A new ap-
proach to bending problems of circu-
lar plates with mixed boundary condi-
tions. Bulletin of JSME. 1986; 29:
4059-63.

[39] Hamada M, Mizushima I, Mifune T.
Bending of a simply supported circu-
lar plate subjected to elastic constraint
for inclination at its edge. Int J Mech
Sci. 1987; 29: 213-8.

[40] Kiattikomol K, Sriswasdi V. Bending
of a uniformly loaded annular plate
with mixed boundary conditions. AIAA
Journal. 1988; 26: 487-92.

[41] Mifune t, Masuo R, Hamada M. A new
approach for bending of axisym-
metrically loaded circular plates hav-
ing mixed boundary conditions. Pro-

ceedings of the First Pacific/Asia Off-
shore Mechanics Symposium, 1990
June 24-28, Seoul, Korea. 1990.

[42] Zheng XP, Ye TQ, Chen BP. An ana-
Iytical method for a mixed boundary
value problem of circular plates under
arbitrary lateral loads. Appl Math
Mech. 1991, 12: 841-8.

[43] Strozzi A, Vaccari P. Circular solid
plate supported along an edge arc and
deflected by a central transverse force.
Proceedings of the Institution of Me-
chanical Engineering, Part C: Journal
of Mechanical Engineering Science.
2001; 215: 389-404.

[44] Monegato G, Strozzi A. On the form of
the contact reaction in a solid circu-lar
plate simply supported along two
antipodal edge arcs and deflected by a
central transverse concentrated force. J
Elasticity. 2002; 68: 13-35.

[45] Monegato G, Strozzi A. On the con-
tact reaction in a solid circular plate
simply supported along an edge arc
and deflected by a central transverse
concentrated force. J Appl Math Mech
Z Angew Math Mech. 2005; 85: 460-
70.

[46] Zheng X, Huang Q, Wang B. An
adaptive boundary collocation method
for plate bending problems. Tsinghua
Science and Technology. 2007; 12:
567-71.

[47] Strozzi A, Monegato G. Solid circular
plate clamped along two antipolal edge
arcs and deflected by a central trans-
verse concentrated force. J Elasticity.
2009; 97: 155-71.

[48] Ostryk VI, Ulitko AF. Bending of a
partially supported circular plate. J
Math Sci. 2017; 220: 149-61.

[49] Williams ML. Surface stress singula-
rities resulting from various bounda-ry
conditions in angular corners of plates
under bending. Proceedings of the 1%
U.S. National Congress of Applied
Mechanics, American Society of

M 156 Uil 14 aliuil 2 nsngiau - uniau 2563



Mechanical Engineers (ASME), June
1952, lllinois Institute of Technology,
Chicago. 1952.

[50] Leissa AW, McGee OG, Huang CS.
Vibrations of sectorial plates having
corner stress singularities. J Appl
Mech. 1993; 60: 134-40.

[51] Huang CS, Leissa AW, McGee OG.
Exact analytical solutions for the vi-
brations of sectorial plates with sim-
ply-supported radial edges. J Appl
Mech. 1993; 60: 478-83.

[52] McGee 1l OG, Kim JW, Kim YS.
Influence of boundary stress singular-
rities on the vibration of clamped and
simply-supported sectorial plates with
arbitrary radial edge conditions. J
Sound Vib. 2010; 329: 5563-83.

[53] Chen SS-H, Pickett G. Bending of
plates of any shape and with any
variation in boundary conditions. J
Appl Mech. 1967; 34: 217-8

[54] Leissa AW, Clausen WE, Hulbert LE,
Hopper AT. A comparison of approxi-
mate methods for the solution of plate
bending problems. AIAA Journal.
1969; 7: 920-8.

[55] Leissa AW. Singularity considerations
in membrane, plate and shell beha-
viors. Int J Solid Struct. 2001; 38:
3341-53.

[56] Kongtong P, Sompornjaroensuk Y. On
the Williams’ solution in plates hav-
ing stress singularities. Proceedings of
the 15" National Convention on Civil
Engineering (NCCE15), 2010 May 12-
14 , Ubonratchatani, Thailand, 2010.

[57] Sompornjaroensuk Y, Kiattikomol K.
Solving problems of plate with mixed
boundary conditions using Hankel in-
tegral transforms: Part 1 - Solution
method and static bending problems.
Proceedings of the 12" National Con-
vention on Civil Engineering (NCCE12),
2007 May 2-4, Pisanulok, Thailand,
2007.

sSuUIna
nqdlnw

MTETIVY UT

[58] Sompornjaroensuk Y, Kiattikomol K.
Solving problems of plate with mixed
boundary conditions using Hankel in-
tegral transforms: Part 2 - Free vibra-
tion and buckling problems. Proceed-
ings of the 12" National Convention on
Civil Engineering (NCCE12), 2007
May 2-4, Pisanulok, Thailand, 2007.

[59] Huang CS, Lee MC, Chang MJ.
Vibration and buckling analysis of
internally cracked square plates by the
MLS-Ritz approach. International Int J
Struct Stabil Dynam. 2018; 18:
1850105.

[60] Huang CS, Lee HT, Li PY, Hu KC,
Lan CW, Chang MJ. Three-dimen-
sional buckling analyses of cracked
functionally graded material plates via
the MLS-Ritz method. Thin-Walled
Structures. 2019; 134: 189-202.

[61] Huang T, Lu H, McFarland DM, Li
WL, Tan CA, Bergman LA, Gong J.
Natural frequency veering and mode
localization caused by straight through
-cracks in rectangular plates with elas-
tic boundary conditions. Acta Mech.
2018; 229: 4017-31.

[62] Xue J, Wang Y. Free vibration analy-
sis of a flat stiffened plate with side
crack through the Ritz method. Arch
Appl Mech. 2019; 89: 2089-102.

[63] Xue J, Wang Y, Chen L. Buckling and
free vibration of a side-cracked
Mindlin plate under axial in-plane
load. Arch Appl Mech. 2020; 90:
1811-27.

Vol.14 No.2 July - December 2020 157 44



