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Vibration of Circular Plates with Mixed Edge Conditions.
Part I1: Numerical Determination for Higher Frequencies
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ABSTRACT

The main goal of this research is to numerically deal with an accurate value for some
higher natural frequencies represented in terms of frequency parameter of circular plates
using finite element software with a dense meshed of element model. Two different cases of
vibratory circular plate regarding mixed edge conditions are considered as (i) simply
supported-free and (ii) clamped-free. The obtainable numerical results are given and
presented as a dependent function of the angle over the circumferential plate sup-porting.
The values for the first thirty frequency parameters are then carried out and numerically
given in the tabular forms, which could be served for comparison with other methods. Some
observations and limitations are also addressed.
Keywords: Circular plates, Finite element, Frequency parameter, Mixed edge conditions

1. INTRODUCTION

Plate members are formed to be a
very important component of a structure,
which have been usually applied as parts of
fundamental components in the practical
designs [1,2]. They are generally recog-
nized and proved to be proper members in
complicated structures.

As it is, however, well known that
most structural engineering components
must resist not only static loads [3] but also
dynamic loads [4,5]. Thus, it is necessary to
understand the behavior of these plate
structures which are their deflections due to
dynamic loads and their tendency to re-
sonate.

Since the free vibration characteris-
tics of the plate that are involved with
frequen-cies and their corresponding mode
shapes are of important and most
interesting, free vibration results are then
certainly useful in which knowledge of the
natural frequen-cies can help the designer to
avoid the peak resonances.

Although the subject of plates has a
long history which goes back for more than
two centuries [2,3], it remains true that most
theoretical solutions to this class of
problems are considered to be at best
approximate in nature. This is due to the
existing some troubles required to satisfy
either the plate’s partial differential equa-
tion or the prescribed boundary conditions
exactly [6,7]. Thus, numerous numerical
techniques have improved continually and
used to overcome the situation. Emphasiz-
ing the problems of plate bending, a valua-
ble research was numerically treated to
compare approximate methods [8,9].

Considering the analytical solution of
plate vibration analysis with uniform thick-
ness, it may suitably be used the polar
coordinate system to formulate and obtain
separable solutions to the partial differen-
tial equation of the vibratory plate.
Significant-ly, the mode shape of vibration
can then be sought in the form of a series of
products of Bessel and modified Bessel
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functions that have been shown in a Part |
compa-nion paper of the present title [10]
leading to an infinite number of solutions

appearing in frequency characteristic
equation. Com-putation is then difficult to
carry out.

In order to theoretically analyze the
circular plate vibration problems, analyti-
cal closed-form expressions can generally
be found for the plates having common
edge conditions [4,6,7,11], but very little is
available in literature for the problem of
plates with discontinuous or mixed condi-
tions [12-15] in which numerical method is,
however, required to this class of problem
for determining the approximate solutions.

With the advent of high speed digital
computer developments, a set of large
number of simultaneous algebraic equa-
tions can be performed and numerically
solved in a relatively short time [16-22].
Remarkably, it should not be disremem-
bered about numerical methods that the ob-
tained solutions are still approximate since
their results do not satisfy all boundary con-
ditions or the governing equation. An ac-
curate approximate method has been re-
viewed and discussed by Yoowattana et al.
[23] for problems of bending and vibration
of plates having various shapes and invol-
ving stress singularities.

2. STATEMENT OF PROBLEM

In the field of engineering applica-
tions, numerical method is one of the use-
ful approaches for determining the inte-
rested solutions in theoretical analysis and
engineering design, especially for the com-
plex problems. It can be noted that there are
various methods developed and to be used
in analyzing vibration of circular plates.

Olson and Lindberg [24] mathema-
tically derived two finite plate bending ele-
ments in polar coordinates. The first ele-
ment was in the form of a circular sector and
had nine degrees of freedom, while the
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second was in the form of an annular sector
and had twelve degrees of freedom. Static
deflections of an annular and a com-plete
circular plates and free vibrations of
circular plates were analyzed and numeri-
cally compared to exact solutions. The good
engineering accuracy had been ob-tained
with the method.

It is obviously found that there exist
many developable approximate numerical
methods to be used to treat the plate prob-
lems in the last six decades. Significantly,
these most numerical methods came into
view as special cases in which their results
have validated as a check with the results
obtained from finite element method.

At the present time, finite element
procedures [25-27] are an important and
frequently indispensable part of engineer-
ing analysis and design. Finite element
computer programs are also now widely
used in practically all branches of engi-
neering and science. The essence of a finite
element solution of an engineering pro-
blem is that a set of governing algebraic
equations is established and solved, and it
was only through the use of the digital
computer that this process could be ren-
dered effective and given general appli-
cability. Significantly, an important aspect
of a finite element procedure is its relia-
bility in which the present paper empha-
sizes this highlight throughout the study of
free vibrations of circular plate with mixed
edge conditions.

The objective of this paper is to deal
with the accurate values for some higher
natural frequencies represented in terms of
frequency parameters of circular plates
having mixed edge conditions using a well-
known computer finite element code.

Two different cases of the plate are
considered. The first is of partially simply
supported circular plate and the second is
partially clamped circular plate as depicted
in Figures 1 and 2, respectively.
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Free

-

Figure 1. Configuration of partially simply supported circular plate.

Free

Clamped

Figure 2. Configuration of partially clamped circular plate.

As shown in Figures 1 and 2 above,
the plate has a uniform thickness of h with
a radius of a in which the angle 2a is mea-
sured with respect to the plate center pro-
viding circumferential length of support.

In the present work, numerical ana-
lysis can be made with the use of finite
element code through the ANSYS compu-
ter finite element program software pac-
kage [28,29] that have analyzed free vibra-

tion problems of circular plate with three
different regular boundary conditions by
Malison and Sompornjaroensuk [30].

3. FINITE ELEMENT MODEL

To numerically determine the vibra-
tion behaviors of the plate, the ANSYS
finite element program is implemented to
model the problems by making use of
quadrilateral shape of SHELL181 element
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type. This mentioned element consists of a
4 nodes with 6 degrees of freedom speci-
fied at each node (3 translations in the di-
rection of x, y, and z, and 3 rotations about
the x, y, and z-axis). It is suitable for ana-
lyzing the problems of thin to moderately-
thick plates. In addition, SHELL181 ele-
ment has been well-suited for the analysis
of both linear and nonlinear problems.
Moreover, it has also provided for the full
and reduced integration within the domain
of element in which the logarithmic strain
and true stress measures are accounted for
element formulation. Further detailed in-
formation about this element type, the
ANSYS Theory Reference [28] is prefe-
rably consulted. Figure 3 presents the mesh
of finite element dense net. The number of
12720 elements with 73482 degrees of free-
dom is used to model the circular plate for
two different cases of the plate under con-
sideration.
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With the use of plate discretization
that shown in Figure 3, it is significant to
suppose the proper boundary conditions at
the transition points (the points having two
different types of boundary support) due to
the plate having mixed boundary support
conditions. The basis can be described that
higher constraint support condition than
another is to be selected to identify the sup-
port condition at those transition points.

To clearly understand, consider the
circular plate as demonstrated in Figure 1,
the tips of partial simple support are the
points of discontinuity where the simple
support condition is immediately changed
to be unsupported edge. Thus, the simply
supported condition is used to suppose the
boundary constraint at those points for the
representative support model of circular
plate. Similarly, the clamped condition is
then used for the case of the plate that
illustrated in Figure 2.

Figure 3. Mesh of finite element net used in circular plate.
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4. NUMERICAL RESULTS

After performing the computer pro-
gram, the required frequencies of the plates
are then immediately carried out. How-
ever, it can be noted that numerical results
determined from the finite element code are
generally expressed in terms of natural
frequencies, f, within the Hertz unit (Hz),
which can be related to the circular fre-
guency (w) that defined by

w=2rf (1)

It is convenient to express the natu-
ral frequency in the dimensionless form of
frequency parameter as [6,10],

A% =wa’|p/D (2)
D =Eh*/12(1-v?) (3)

where a is the radius of circular plate, p is
the mass density per unit area of plate sur-
face, D is the plate’s flexural rigidity, h is
the plate thickness, E and v are the Young’s
modulus and Poisson’s ratio, respectively.
Substitution of (1) into (2) yields

A% =2xfa® [p/D (4)

As it is generally known that for the
simply supported, clamped, and complete-
ly free circular plates, the frequency equa-
tions for each case of the plates can be
expressed in the following transcendental
characteristic equations, respectively, [6]

‘]jwl(ﬂ) + In+1(j“) — 22’ (5)
(4D LA 1-v
J D, +1,(1)J,,(A)=0  (6)

A2, (1) + L= WIAILA) ~ 2, (A)]
221, (3~ A= WAL (A) — 121 (2]

C2R3(A) + - N?[A3(A) -3, (A)]
C 2 () - @=v)nP[A(A) -1, (A)]

()

where J, and I, are the Bessel function and
modified Bessel function of the first kind
and order n, respectively, the superscript
primes denote the differentiation with res-
pect to the argument, in this case A = kr, r
defines to be the radial coordinate in polar
coordinates system, and K is defined by

k* = pa)z/D (8)

It can be seen that equations (5) and
(7) have the term of Poisson’s ratio in their
expressions for the cases of simply sup-
ported plate and completely free plate,
respectively. Therefore, all numerical re-
sults presented in this paper are provided for
the Poisson’s ratio value of 0.3.

Numerical values for the first thirty
frequency parameters (4%) of circular plates
having partially simply supported edge are
prepared and listed in Table 1 with the
increasing of angle o = /6. For the case of
partially clamped circular plates, the nu-
merical results are given in Table 2.

5. DISCUSSION

It can be observed in Tables 1 and 2
for three limiting cases that when a = 0,
both circular plates as presented in Figures
1 and 2 become a problem of completely
free plate. Since « is taken to be =z, the
problems are to be simply supported and
clamped circular plates, respectively.

The accurate values for frequency
parameter corresponding to those of three
cases of the plate can numerically be eva-
luated using (5) to (7), which is, however, a
tedious work due to computation of the
analytic functions of familiar Bessel func-
tions of order n. However, some numerical
values of frequency parameters were given
and collected in Leissa’s monograph [6].
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It is interesting to note that the first
six values of frequency parameter as pre-
sented in Tables 1 and 2 are all zeros for the
case of a = 0 (a case of completely free
plate). These are in accordance with the ri-
gid body movements due to the SHELL 181
element type used of which has 6 degrees of
freedom at the node of the quadrilateral
element as described previously in section
3.

An another observation can also be
seen from the analysis as shown in Tables 1
and 2 that there are many repeated values of
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frequency parameters for the cases of the
plate having regular boundary conditions
namely, a completely free circular plate («
=0), a fully simply supported circular plate
(o = m as shown in Table 1), and a fully
clamped plate (a = z, Table 2), but not for
the plates having partial supports. These
behaviors are due to the degeneracy of
frequencies for plate having symmetric
vibrations. These pheno-mena are discussed
later in a more details that given in a
following companion paper of this title.

Table 1. Frequency parameters (A2) for partially simply supported circular plates.

aln

Mode 3 176 173 172 213 5/6 1

1 | 0000| 0362| 0867 | 1.787| 3.663| 4883| 4936
2 | 0000| 2188 | 3689 | 6.306| 6.748| 12.692 | 13.906
3 | 0000]| 4619 | 6082| 6577 | 12473 | 13.897 | 13.907
4 | 0000 7.983| 8973 | 13.988 | 16.478 | 19.804 | 25634
5 | 0000| 8694 | 12.808 | 15495 | 16.614 | 25478 | 25.635
6 | 0000 | 13.444 | 16.992 | 17.341 | 26.655 | 27.808 | 29.763
7 | 5359 | 17.697 | 18.748 | 24.074 | 28576 | 32.054 | 39.997
8 | 5359 | 17.746 | 20.467 | 27.700 | 29.463 | 38.885 | 39.097
9 | 0005 21.059 | 28418 | 30.876 | 34.064 | 42.257 | 48.599
10 | 12.441 | 25547 | 31.370 | 33.200 | 43.358 | 48.258 | 48.605
11 | 12.441 | 30.017 | 31567 | 36.942 | 43538 | 51.178 | 56.908
12 | 20489 | 31.724 | 34.034 | 42.690 | 47.179 | 52.059 | 56.908
13 | 20490 | 35.742 | 39.980 | 47.158 | 53.663 | 59.400 | 70.329
14 | 21.840 | 37.147 | 47.074 | 50.257 | 54.478 | 63.900 | 70.334
15 | 21.841 | 40505 | 47.212 | 54.119 | 61.060 | 71.277 | 74.476
16 | 33511 | 46.111 | 49.253 | 54.140 | 61.204 | 71.893 | 76.311
17 | 33511 | 50.285 | 54.068 | 60.435 | 71.216 | 74.702 | 76.317
18 | 35293 | 52.371 | 58.118 | 66.013 | 75589 | 80.115 | 94.864
10 | 35294 | 55120 | 61.706 | 68.171 | 77.311 | 82.145 | 94.864
20 | 38.505 | 50.184 | 65.684 | 76.050 | 80.208 | 94.905 | 98.170
21 | 47.414 | 59.369 | 67.187 | 76.870 | 81.310 | 95602 | 98.170
22 | 47.415 | 66.971 | 75.004 | 80.638 | 83.494 | 97.555 | 103.369
23 | 53.063 | 70.903 | 79.141 | 81.264 | 99.226 | 102.738 | 103.394
24 | 53.063 | 71.118 | 79.336 | 87.323 | 99.749 | 105.147 | 122.126
25 | 50.974 | 77.680 | 82.678 | 88.276 | 102.154 | 107.254 | 122.152
26 | 50.979 | 81.294 | 86.462 | 101.062 | 104.466 | 114.160 | 122.444
27 | 63.526 | 82.140 | 88.497 | 101.287 | 105.322 | 121.957 | 122.449
28 | 63.526 | 87.123 | 93.987 | 106.009 | 110.992 | 124.002 | 135.214
29 | 73.636 | 91.988 | 103.297 | 109.479 | 114.144 | 129.175 | 135.239
30 | 73.636 | 92.444 | 104.466 | 110.940 | 126,519 | 131.892 | 139.505
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Table 2. Frequency parameters (42) for partially clamped circular plates.

alm

Mode 3 6 | 13 112 23 5/6 1

1 | 0000| 0939 | 1426| 2461| 5178| 9.631| 10217
2 | 0000| 2.388| 4021 | 7211 9962 | 17.163| 21279
3 | 0000| 5253 | 7.845| 9325 15232 | 21189 | 21.280
4 | 0000 9.063| 0.850 | 14.890 | 20.772 | 23.635 | 34.917
5 | 0000] 9.078| 13.803 | 10.877 | 21545 | 34281 | 34.918
6 | 0000 13.860 | 20.335 | 20.958 | 31.140 | 35.641 | 39.853
7 | 5350 | 18.554 | 20.671 | 25.449 | 34.796 | 39.893 | 51.099
8 | 5350 | 20454 | 21.506 | 32.838 | 35094 | 48.036 | 51100
9 | 9.005| 21148 | 20.463 | 35240 | 39.832 | 51654 | 61025
10 | 12.441 | 25030 | 34.634 | 37.562 | 50.681 | 58.087 | 61.035
11 | 12.441 | 31561 | 35221 | 40257 | 51479 | 60.635 | 69.775
12 | 20489 | 35.000 | 37.896 | 47.923 | 53222 | 61.645 | 69.780
13 | 20490 | 36.298 | 40.664 | 52.260 | 60.435 | 70.201 | 84.914
14 | 21.840 | 38.089 | 49312 | 54.080 | 61568 | 72.918 | 84.924
15 | 21841 | 41.363 | 51771 | 60502 | 69.862 | 84.375 | 89.579
16 | 33511 | 48.228 | 52.838 | 60.958 | 70.688 | 85149 | 90.906
17 | 33511 | 52.868 | 60.092 | 65.156 | 79.526 | 88.569 | 90.911
18 | 35293 | 53.684 | 60.353 | 71.008 | 84.580 | 90.947 | 111,494
19 | 35294 | 57.600 | 63.075 | 73.092 | 85021 | 93.116 | 111494
20 | 38.505 | 59.099 | 70.262 | 84.165 | 89.686 | 107.500 | 114.467
21 | 47.414 | 61.353 | 72.144 | 84.734 | 91614 | 111,371 | 114.467
22 | 47.415 | 68.827 | 77.434 | 85272 | 92.736 | 111.904 | 120921
23 | 53.063 | 72.933 | 84.129 | 88.769 | 109.074 | 116.497 | 120.952
24 | 53.063 | 73.277 | 84.944 | 94.059 | 111.494 | 118.866 | 140.422
25 | 59.974 | 80.213 | 87.328 | 94.731 | 112.058 | 120.875 | 140.427
26 | 59.979 | 84.273 | 90.158 | 106.388 | 116.051 | 124.771 | 140.730
27 | 63526 | 84.760 | 93.987 | 111.397 | 118.030 | 139.653 | 140.766
28 | 63.526 | 88.605 | 96.797 | 112.119 | 120.311 | 140.899 | 155073
20 | 73.636 | 92.962 | 105.660 | 118.609 | 122.059 | 142.847 | 155.109
30 | 73.636 | 95.269 | 111.176 | 118.948 | 138.126 | 144.846 | 159.774

It is remarkable that the carried out
results as shown in Tables 1 and 2 have no
considering the correct singularity order at
the transitions of discontinuous support in
the present finite element models. In order
to account for the nature of singularity in
finite element analysis of this class of
problems, the following works can then be
extended and adopted to analyze the pre-
sent problems.

Pramod et al.[31] analyzed the dyna-
mic behavior of annular plates with cir-
cumferential cracks using finite element
method in which singular elements are

4 4

employed to model around the crack tips
and regular elements in the rest of the
domain. Wang [32] constructed an analy-
tical singular element with arbitrary high-
order precision to analyze the problems for
bi-material V-shaped notches in Kirchhoff
plate bending. This singular element can be
used to describe the rapid change from
finite values to infinities of the stress field
around the tip of a V-shaped notch formed
of two dissimilar materials. Ayatollahi et
al.[33] applied the finite element over-
deterministic method to determine the
coefficients of the crack tip asymptotic

164 U7l 14 aluil 2 nsngau - SunAu 2563



fields in an anisotropic plane giving the
exact solution of the crack tip parameters.
Moreover, numerical examples of cracks in
finite and infinite plates were also inves-
tigated which shows good agreement with
exact or alternative numerical solutions. An
efficient numerical method was made by
Sun and Wei [34] who develops the singular
boundary method for the analysis of thin
elastic plates subjected to dynamic loads.
Based on the analytical approaches, Huang
and Chan [35] adopted the basis functions
comprising  polynomials and  crack
functions to generate the admissible
functions by the moving least-squares
approach in the Ritz method for analyzing
the vibration of cracked plates. The crack
functions were accounted for the singular
behaviors of stress resultants at crack tips,
which are discontinuous in displacement
and slope across the crack.

6. CONCLUDING REMARKS

To the best knowledge of the author,
the higher frequency parameters especially
for the case of circular plates with mixed
edge conditions that corresponded to the
plates considered here have never been
presented and reported in the scattering
scientific or technical literatures.

Although the given results seem to be
an approximate solution, the accurate
numerical values are then carried out using
a finite element dense net of reliable well-
known computer finite element code. The
details of a representative finite element
model that emphasized on the boundary
conditions at the transition point between
two different supporting conditions, have
proposed. Importantly, the obtained values
are presented in tabular form for easy
reference by other alternative analytical and
numerical methods, which could be served
as a benchmark for comparison.
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