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บทคัดย่อ 
  กำหนดให้ 𝑅 เป็นริงสลับท่ีที่มีเอกลักษณ์ 1 และ 𝑚 ≥ 𝑛 เราสนใจหา 𝑑 ∈ 𝑅 ทีส่อดคล้องเงื่อนไขสองข้อต่อไปนี้ 

1. (𝑏𝑥𝑛 − 𝑏) | (𝑎𝑥𝑚 + 𝑑) ถ้า 𝑏 | 𝑎 และ 
2. (𝑏𝑥𝑛 − 1) | (𝑎𝑥𝑚 + 𝑑) ถ้า 𝑏𝑘 | 𝑎 

โดยที่ 𝑘 คือผลหารจากการหาร 𝑚 ด้วย 𝑛 และ 𝑎, 𝑏 ∈ 𝑅 สมาชิก 𝑑 ∈ 𝑅 ที่สอดคล้องกับเง่ือนไข 1 คือ 𝑑 =
(𝑏𝑥𝑛 − 𝑏)𝑒 − 𝑎𝑥𝑚−𝑘𝑛 และสมาชิก 𝑑 ∈ 𝑅 ที่สอดคล้องกับเง่ือนไข 2 คือ 𝑑 = (𝑏𝑥𝑛 − 1)𝑒 − 𝑐𝑥𝑚−𝑘𝑛 สำหรบัทุก 
𝑒 ∈ 𝑅 
คำสำคัญ : ริงสลับท่ีที่มีเอกลักษณ์ การหารลงตัว การหารยาว 
 
Abstract    
  Let 𝑅  be a commutative ring with identity 1 and 𝑚 ≥ 𝑛 . We are interested in establish 𝑑 ∈ 𝑅 
satisfying each of the following two conditions: 
 1. (𝑏𝑥𝑛 − 𝑏) | (𝑎𝑥𝑚 + 𝑑) if 𝑏 | 𝑎 and 
 2. (𝑏𝑥𝑛 − 1) | (𝑎𝑥𝑚 + 𝑑) if 𝑏𝑘 | 𝑎, 
where 𝑘 is the quotient from dividing 𝑚 by 𝑛 and 𝑎, 𝑏 ∈ 𝑅. The element 𝑑 ∈ 𝑅 satisfying the condition 1 is 
𝑑 = (𝑏𝑥𝑛 − 𝑏)𝑒 − 𝑎𝑥𝑚−𝑘𝑛, while the element 𝑑 ∈ 𝑅 satisfying the condition 2 is 𝑑 = (𝑏𝑥𝑛 − 1)𝑒 −
𝑐𝑥𝑚−𝑘𝑛 for any 𝑒 ∈ 𝑅. 
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Introduction   
Recently in 2022, a team of students enrolling in Mathematical mini- Project contest of Nakhon 

Ratchasima Rajabhat University Science Week, Thailand, introduces us a way to find the smallest positive integer 
𝑘 satisfying that 2𝑥 − 1 divides 2𝑦 + 𝑘 with only condition that 𝑥 and 𝑦 are positive integers. They solve the 
problem by long division of polynomials (Stitz & Zeager, 2013) as follows: 

 
 2𝑦−𝑥 +2𝑦−2𝑥 +2𝑦−3𝑥 +⋯ +2𝑦−𝑛𝑥   
2𝑥 − 1 2𝑦      +𝑘 
 2𝑦 −2𝑦−𝑥      
  2𝑦−𝑥      
  2𝑦−𝑥 −2𝑦−2𝑥     
   2𝑦−2𝑥     
   2𝑦−2𝑥 −2𝑦−3𝑥    
    ⋮ ⋮   
     2𝑦−(𝑛−1)𝑥   
     2𝑦−(𝑛−1)𝑥 −2𝑦−𝑛𝑥  
      2𝑦−𝑛𝑥 +𝑘 

 
for some unknown 𝑛.  In other word, they prove that  

2𝑦 + 𝑘 = (2𝑥 − 1)(2𝑦−𝑥 + 2𝑦−2𝑥 + 2𝑦−3𝑥 +⋯+ 2𝑦−𝑛𝑥) + (2𝑦−𝑛𝑥 + 𝑘) 
and reach the conclusion that the smallest positive integer 𝑘 satisfying that 2𝑥 − 1 divides 2𝑦 + 𝑘 is of the 
form 

𝑘 = 2𝑥 − 1 − 2𝑦−𝑛𝑥. 
Although they confusingly write and present the proof or reason, their idea is quite interesting. This 

motivates us to study their idea in a commutative ring with an identity. An element 𝑎 of a commutative ring 𝑅 
is divisible by another element 𝑏 ∈ 𝑅 if (Durbin, 2009; Lovett, 2015; Malik et al., 1997) there exists 𝑐 ∈ 𝑅 such 
that 𝑎 = 𝑏𝑐 = 𝑐𝑏. One also says that 𝑏 divides 𝑎 and 𝑎 is said to be a multiple of 𝑏, while 𝑏 is a divisor of 
𝑎. The divisibility of 𝑎 by 𝑏 is denoted by the symbol 𝑏 | 𝑎. In this paper, we determine the element 𝑑 of a 
commutative ring 𝑅 with identity 1 satisfying each condition: For and 𝑎, 𝑏 ∈ 𝑅, 
 1. (𝑏𝑥𝑛 − 𝑏) | (𝑎𝑥𝑚 + 𝑑) if 𝑏 | 𝑎 and 
 2. (𝑏𝑥𝑛 − 1) | (𝑎𝑥𝑚 + 𝑑) if 𝑏𝑘 | 𝑎, 
where 𝑚 ≥ 𝑛 and 𝑘 is the quotient from dividing 𝑚 by 𝑛. See (Durbin, 2009; Malik et al., 1997) for more 
information about ring 
 
Main Results  

Let 𝑎, 𝑏, 𝑐, 𝑑 be elements in a commutative ring 𝑅 with identity 1 such that 𝑎 = 𝑏𝑐 and 𝑚, 𝑛 be 
nonnegative integers so that 𝑚 ≥ 𝑛. By Division Algorithm (Burton, 2011; Niven et al., 1991), there exists unique 
nonnegative integer 𝑘 and 𝑙 with 0 ≤ 𝑙 < 𝑛 such that 

 
𝑚 = 𝑘𝑛 + 𝑙. 
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Consider the following long division for polynomials: 

 
 𝑐𝑥𝑚−𝑛 +𝑐𝑥𝑚−2𝑛 +𝑐𝑥𝑚−3𝑛 +⋯ +𝑐𝑥𝑚−𝑘𝑛   

𝑏𝑥𝑛 − 𝑏 𝑎𝑥𝑚      +𝑑 
 𝑎𝑥𝑚 −𝑎𝑥𝑚−𝑛      
  𝑎𝑥𝑚−𝑛      
  𝑎𝑥𝑚−𝑛 −𝑎𝑥𝑚−2𝑛     
   𝑎𝑥𝑚−2𝑛     
   𝑎𝑥𝑚−2𝑛 −𝑎𝑥𝑚−3𝑛    
    ⋮ ⋮   
     𝑎𝑥𝑚−(𝑘−1)𝑛   
     𝑎𝑥𝑚−(𝑘−1)𝑛 −𝑎𝑥𝑚−𝑘𝑛  
      𝑎𝑥𝑚−𝑘𝑛 +𝑑 

 
Then 

𝑎𝑥𝑚 + 𝑑 = (𝑏𝑥𝑛 − 𝑏)(𝑐𝑥𝑚−𝑛 + 𝑐𝑥𝑚−2𝑛 +⋯+ 𝑐𝑥𝑚−𝑘𝑛) + (𝑎𝑥𝑚−𝑘𝑛 + 𝑑). 
This implies that (𝑏𝑥𝑛 − 𝑏) | (𝑎𝑥𝑚 + 𝑑)  if and only if (𝑏𝑥𝑛 − 𝑏) | (𝑎𝑥𝑚−𝑘𝑛 + 𝑑) . The following 
theorem is a consequence of this fact: 
 
Theorem 1. Let 𝑎, 𝑏, 𝑑 be elements in a commutative ring 𝑅 with identity 1 such that 𝑏 | 𝑎 and 𝑚, 𝑛 be 
nonnegative integers so that 𝑚 ≥ 𝑛. If 𝑘 is the quotient from dividing 𝑚 by 𝑛, then  
(𝑏𝑥𝑛 − 𝑏) | (𝑎𝑥𝑚 + 𝑑) if and only if 𝑑 = (𝑏𝑥𝑛 − 𝑏)𝑒 − 𝑎𝑥𝑚−𝑘𝑛 
for any 𝑒 ∈ 𝑅. 
 

The following two corollaries is derived from Theorem 1 when 𝑛 | 𝑚 and 𝑏 = 1, respectively. 
 
Corollary 2. Let 𝑎, 𝑏, 𝑑 be elements in a commutative ring 𝑅 with identity 1 such that 𝑏 | 𝑎 and 𝑚, 𝑛 be 
nonnegative integers so that 𝑛 | 𝑚. Then  

(𝑏𝑥𝑛 − 𝑏) | (𝑎𝑥𝑚 + 𝑑) if and only if 𝑑 = (𝑏𝑥𝑛 − 𝑏)𝑒 − 𝑎 
for any 𝑒 ∈ 𝑅. 
 
Corollary 3. Let 𝑎, 𝑑 be elements in a commutative ring 𝑅 with identity 1 and 𝑚, 𝑛 be nonnegative integers 
so that 𝑚 ≥ 𝑛. If 𝑘 is the quotient from dividing 𝑚 by 𝑛, then 

(𝑥𝑛 − 1) | (𝑎𝑥𝑚 + 𝑑) if and only if 𝑑 = (𝑥𝑛 − 1)𝑒 − 𝑎𝑥𝑚−𝑘𝑛 
for any 𝑒 ∈ 𝑅. 

Observe from Corollary 3 that if we put 𝑅 = ℤ (the set of all integers), 𝑎 = 1, 𝑥 = 2, and 𝑒 = 1, 
then we have  

𝑑 = 2𝑛 − 1 − 2𝑚−𝑘𝑛 implies (2𝑛 − 1) | (2𝑚 + 𝑑). 
This is as same as the result of those students. 
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Now assume further that 𝑎 = 𝑏𝑘𝑐. Consider the following long division for polynomials: 
 

 𝑏𝑘−1𝑐𝑥𝑚−𝑛 +𝑏𝑘−2𝑐𝑥𝑚−2𝑛 +𝑏𝑘−3𝑐𝑥𝑚−3𝑛 +⋯ +𝑐𝑥𝑚−𝑘𝑛   
𝑏𝑥𝑛

− 1 
𝑎𝑥𝑚      +𝑑 

 𝑎𝑥𝑚 −𝑏𝑘−1𝑐𝑥𝑚−𝑛      
  𝑏𝑘−1𝑐𝑥𝑚−𝑛      
  𝑏𝑘−1𝑐𝑥𝑚−𝑛 −𝑏𝑘−2𝑐𝑥𝑚−2𝑛     
   𝑏𝑘−2𝑐𝑥𝑚−2𝑛     
   𝑏𝑘−2𝑐𝑥𝑚−2𝑛 −𝑏𝑘−3𝑐𝑥𝑚−3𝑛    
    ⋮ ⋮   
     𝑏𝑐𝑥𝑚−(𝑘−1)𝑛   
     𝑏𝑐𝑥𝑚−(𝑘−1)𝑛 −𝑐𝑥𝑚−𝑘𝑛  
      𝑐𝑥𝑚−𝑘𝑛 +𝑑 

 
Then 

𝑎𝑥𝑚 + 𝑑 = (𝑏𝑥𝑛 − 1)(𝑏𝑘−1𝑐𝑥𝑚−𝑛 + 𝑏𝑘−2𝑐𝑥𝑚−2𝑛 +⋯+ 𝑐𝑥𝑚−𝑘𝑛) + (𝑐𝑥𝑚−𝑘𝑛 + 𝑑). 
This implies that  (𝑏𝑥𝑛 − 1) | (𝑎𝑥𝑚 + 𝑑)  if and only if (𝑏𝑥𝑛 − 1) | (𝑐𝑥𝑚−𝑘𝑛 + 𝑑) . The following 
theorem is a consequence of this fact: 
 
Theorem 4. Let 𝑎 , 𝑏 , 𝑑  be elements in a commutative ring 𝑅  with identity 1 and 𝑚 , 𝑛 be nonnegative 
integers so that 𝑚 ≥ 𝑛. If 𝑘 is the quotient from dividing 𝑚 by 𝑛 and 𝑏𝑘 | 𝑎, then 𝑎 = 𝑏𝑘𝑐 for some 𝑐 ∈
𝑅 and so 

(𝑏𝑥𝑛 − 1) | (𝑎𝑥𝑚 + 𝑑) if and only if 𝑑 = (𝑏𝑥𝑛 − 1)𝑒 − 𝑐𝑥𝑚−𝑘𝑛 
for any 𝑒 ∈ 𝑅. 
 
 Note that 𝑏 = 1 in Theorem 4 implies Corollary 3. The following corollary is derived from Theorem 4 
when 𝑛 | 𝑚. 
Corollary 5. Let 𝑎 , 𝑏 , 𝑑  be elements in a commutative ring 𝑅  with identity 1 and 𝑚 , 𝑛 be nonnegative 
integers so that 𝑛 | 𝑚. If 𝑏𝑚 𝑛⁄  | 𝑎, then 𝑎 = 𝑏𝑚 𝑛⁄ 𝑐 for some 𝑐 ∈ 𝑅 and so 

(𝑏𝑥𝑛 − 1) | (𝑎𝑥𝑚 + 𝑑) if and only if 𝑑 = (𝑏𝑥𝑛 − 1)𝑒 − 𝑐 
for any 𝑒 ∈ 𝑅. 
 
Examples 
 
 This section shows examples related to our main results. 
 
Example 6. Consider the commutative ring ℤ of all integers with identity 1. 
(i) Put 𝑎 = 4, 𝑏 = 2, 𝑛 = 3, 𝑚 = 5, and 𝑒 = 1 in Theorem 1. Then 𝑘 = 1 and so 

𝑑 = (2𝑥3 − 2) − 4𝑥2 implies (2𝑥3 − 2) | (4𝑥5 + 𝑑). 
 If 𝑥 = 2, then 𝑑 = −2 and 



 

 

5 
วารสารวิจยั วทิยาศาสตรแ์ละเทคโนโลยี มหาวิทยาลยัราชภัฏนครราชสีมา ปีที ่9 ฉบับที่ 1 (มกราคม - มิถนุายน 2567)  
Science and Technology Research Journal Nakhon Ratchasima Rajabhat University Vol.9 No.1 (January – June 2024) 

4𝑥5 + 𝑑 = 126 = (14)9 = (2𝑥3 − 2)9. 
(ii) Put 𝑎 = 9, 𝑏 = 3, 𝑛 = 2, 𝑚 = 6, and 𝑒 = 2 in Corollary 2. Then 

𝑑 = (3𝑥2 − 3)2 − 9 implies (3𝑥2 − 3) | (9𝑥6 + 𝑑). 
 If 𝑥 = −3, then 𝑑 = 39 and 

9𝑥6 + 𝑑 = 6600 = (24)275 = (3𝑥3 − 3)275. 
(iii) Put 𝑎 = 10, 𝑛 = 4, 𝑚 = 14, and 𝑒 = 3 in Corollary 3. Then 𝑘 = 3 and so 

𝑑 = (𝑥4 − 1)3 − 10𝑥2 implies (𝑥4 − 1) | (10𝑥14 + 𝑑). 
 If 𝑥 = 4, then 𝑑 = 605 and 

10𝑥14 + 𝑑 = 2684355165 = (255)10526883 = (𝑥4 − 1)10526883. 
(iv) Put 𝑎 = 12, 𝑏 = 2, 𝑛 = 3, 𝑚 = 7, and 𝑒 = 1 in Theorem 4. Then 𝑘 = 2, 𝑏𝑘 = 4, and so 

𝑑 = (2𝑥3 − 1) − 3𝑥 implies (2𝑥3 − 1) | (12𝑥7 + 𝑑). 
 If 𝑥 = −2, then 𝑑 = −11 and 

12𝑥7 + 𝑑 = −1547 = (−17)91 = (2𝑥3 − 1)91. 
(v) Put 𝑎 = 81, 𝑏 = 3, 𝑛 = 2, 𝑚 = 6, and 𝑒 = 2 in Corollary 5. Then 𝑏𝑚 𝑛⁄ = 27 and so 

𝑑 = (3𝑥2 − 1)2 − 3 implies (3𝑥2 − 1) | (81𝑥6 + 𝑑). 
 If 𝑥 = 1, then 𝑑 = 1 and 

81𝑥6 + 𝑑 = 82 = (2)41 = (3𝑥2 − 1)41. 
 
 In addition to the example of the commutative ring ℤ, we also apply our results on the unfamiliar ring 
(𝒫(𝑋),△,∩). Let 𝒫(𝑋) be the power set of a set 𝑋. Define the addition △ on 𝒫(𝑋) by  

𝐴 △ 𝐵 = (𝐴 − 𝐵) ∪ (𝐵 − 𝐴) 
for any 𝐴, 𝐵 ∈ 𝒫(𝑋) and define the multiplication ∩ as a usual intersection of sets. It is not hard to see that 
(𝒫(𝑋),△,∩) is a commutative ring with identity 𝑋. We also observe that  

1. the zero element of 𝒫(𝑋) is ∅, 
2. the additional inverse of 𝐴 ∈ 𝒫(𝑋) is also 𝐴 itself,   
3. for 𝐴, 𝐵 ∈ 𝒫(𝑋), 𝐵 | 𝐴 if and only if 𝐴 = 𝐵 ∩ 𝐶 for some 𝐶 ∈ 𝒫(𝑋) if and only if 𝐴 ⊆ 𝐵, and 

 4. for 𝐴 ∈ 𝒫(𝑋), 

𝐴𝑛 = 𝐴 ∩ 𝐴 ∩ ⋯∩ 𝐴⏞        
𝑛 terms

= 𝐴 for any positive integer 𝑛. 
These facts yield the following two corollary deduced from the Theorem 1 and Theorem 4, respectively: 
 
Corollary 7. Let 𝐴, 𝐵, 𝐷, 𝑥 be elements in (𝒫(𝑋),△,∩) such that 𝐴 ⊆ 𝐵. Then  

𝐴 ∩ 𝑥 △ 𝐷 ⊆ 𝐵 ∩ 𝑥 △ 𝐵 if and only if 𝐷 = (𝐵 ∩ 𝑥 △ 𝐵) ∩ 𝐸 △ 𝐴 ∩ 𝑥 
for any 𝐸 ∈ 𝒫(𝑋). 
 
Corollary 8. Let 𝐴, 𝐵, 𝐷, 𝑥 be elements in (𝒫(𝑋),△,∩) such that 𝐴 ⊆ 𝐵. Then 𝐴 = 𝐵 ∩ 𝐶 for some 𝐶 ∈
𝒫(𝑋) and so 

𝐴 ∩ 𝑥 △ 𝐷 ⊆ 𝐵 ∩ 𝑥 △ 𝑋 if and only if 𝐷 = (𝐵 ∩ 𝑥 △ 𝑋) ∩ 𝐸 △ 𝐶 ∩ 𝑥 
for any 𝑒 ∈ 𝑅. 
 
Example 9. Denote the set 𝐼𝑛 for a positive integer 𝑛 by 𝐼𝑛 = {1,2,3, … , 𝑛}. 
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(i) Put 𝑋 = 𝐼9, 𝐴 = {1,2,3}, 𝐵 = {1,2,3,5}, and 𝐸 = {1} in Corollary 7. Then 
𝐷 = ({1,2,3,5} ∩ 𝑥 △ {1,2,3,5}) ∩ {1} △ {1,2,3} ∩ 𝑥 implies 

{1,2,3} ∩ 𝑥 △ 𝐷 ⊆ {1,2,3,5} ∩ 𝑥 △ {1,2,3,5}. 
 If 𝑥 = {5}, then 𝐷 = {1} and 

{1,2,3} ∩ 𝑥 △ 𝐷 = {1} ⊆ {1,2,3} = {1,2,3,5} ∩ 𝑥 △ {1,2,3,5}. 
(ii)  Put 𝑋 = 𝐼40, 𝐴 = {10,11,12, … ,20}, 𝐵 = {10,11,12,… ,30}, 𝑒 = {10,11,12,… ,15} in 
 Corollary 8. Then 𝐴 = 𝐵 ∩ {10,11,12,… ,20,35,40} and so 
  𝐷 = ({10,11,… ,30} ∩ 𝑥 △ 𝐼40) ∩ {10,11, … ,15} △ {10,11,… ,20,35,40} ∩ 𝑥 
implies  

{10,11,… ,20} ∩ 𝑥 △ 𝐷 ⊆ {10,11, … ,30} ∩ 𝑥 △ 𝐼40. 
 If 𝑥 = {20,30,40}, then 𝐷 = {10,11,… ,15,20,40} and 
{10,11,… ,20} ∩ 𝑥 △ 𝐷 = {10,11,… ,15,40} ⊆ 𝐼40 − {20,30} = {10,11,… ,30} ∩ 𝑥 △ 𝐼40. 

 
Example 10. Let ℝ denote the set of all real numbers and ℕ denote the set of all positive integers. 
(i) Put 𝑋 = ℝ, 𝐴 = [20,30), 𝐵 = [10,∞), and 𝐸 = (0,10) in Corollary 7. Then 

𝐷 = ([10,∞) ∩ 𝑥 △ [10,∞)) ∩ (0,10) △ [20,30) ∩ 𝑥 implies 
[20,30) ∩ 𝑥 △ 𝐷 ⊆ [10,∞) ∩ 𝑥 △ [10,∞). 

 If 𝑥 = (25,35], then 𝐷 = (25,30) and 
[20,30) ∩ (25,35] △ (25,30) = ∅ ⊆ [10,25] ∪ (35,∞) = [10,∞) ∩ (25,35] △ [10,∞). 

(ii) Put 𝑋 = ℝ, 𝐴 = ℕ, 𝐵 = ℤ, and 𝐸 = ℕ ∪ {0} in Corollary 8. Then 𝐴 = 𝐵 ∩ ℝ+, where ℝ+ is the 
set of all positive real numbers, and so 
  𝐷 = (ℤ ∩ 𝑥 △ ℝ) ∩ (ℕ ∪ {0}) △ ℝ+ ∩ 𝑥 implies  

ℕ ∩ 𝑥 △ 𝐷 ⊆ ℤ ∩ 𝑥 △ ℝ. 
 If 𝑥 = (−1,1], then 𝐷 = ℕ − {1} and 

ℕ ∩ (−1,1] △ ℕ − {1} = ℕ − {1} ⊆ ℝ − {0,1} = ℤ ∩ (−1,1] △ ℝ. 
 
Conclusions 

Let 𝑎, 𝑏, 𝑑 be elements in a commutative ring 𝑅 with identity 1 and 𝑚, 𝑛 be nonnegative integers so 
that 𝑚 ≥ 𝑛. Assume that 𝑘 is the quotient from dividing 𝑚 by 𝑛. Then we obtain the following two main 
results:  
 (i) If 𝑏 | 𝑎, then  

(𝑏𝑥𝑛 − 𝑏) | (𝑎𝑥𝑚 + 𝑑) if and only if 𝑑 = (𝑏𝑥𝑛 − 𝑏)𝑒 − 𝑎𝑥𝑚−𝑘𝑛 
for any 𝑒 ∈ 𝑅.  
 (ii) If 𝑏𝑘 | 𝑎, then 𝑎 = 𝑏𝑘𝑐 for some 𝑐 ∈ 𝑅 and so 

(𝑏𝑥𝑛 − 1) | (𝑎𝑥𝑚 + 𝑑) if and only if 𝑑 = (𝑏𝑥𝑛 − 1)𝑒 − 𝑐𝑥𝑚−𝑘𝑛 
for any 𝑒 ∈ 𝑅. 
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