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Abstract

We know that the Fibonacci sequence is usually reloaded to pattern in nature. For example, it
has been known that the arrangement of leaves or flowers around the stem is formed Fibonacci sequence
which is called phyllotactic formations. In this paper, we studied about the Fibonacci-like sequence
which have three dimensional. We found the new ideas for construction them. Then we described the
basic concepts using for construction the new multiplicative pulsating 3-Fibonacci sequences. Moreover,

some identities of them were proved.
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Introduction

In the recent years, the coupled recurrence relations are popularized. They are the new sequences
which are the ordinary recursive sequences with using two sequences of integers for construction. Then
we got some result from the considering of two sequences identical. On the other hand, Fibonacci
sequence is usually reloaded to pattern in nature. For example, it has been known that the arrangement
of leaves or flowers around the stem is formed Fibonacci sequence which is called phyllotactic formations
[1]. Thus, to understand the mathematical properties of the Fibonacci and the related sequences are
important also from the pattern formation point of view. Moreover, the first researcher who introduced
the idea of 2-Fibonacci (sometimes we called coupled Fibonacci) sequence is Atanassov [2]. He showed
some curious properties in [3-6]. He explained the new construction of Fibonacci sequence which were
defined and presented in many different ways for the generating coupled sequences. One of them is
pulsating Fibonacci sequence. Then the new types of Fibonacci sequence, which is called the multiplicative
pulsating Fibonacci sequence, was explained by Suvarnamani and Koyram [7] in 2015. They found that

the explicit formulas for the form of its members.
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Aoy = P za(3 ) b( )02(3 )for every integer number k >0, where the ordered pair of {e, }
and {ﬂn} is a multiplicative pulsating 2-Fibonacci sequences withea, = a, B, =b,a, = p, =c,a,, =
sy Bonzs By = Poni  Cop2sCopit = Popy =y, - B, fOr every natural number 7. In 2016, some
identities of type of the multiplicative pulsating 3-Fibonacci sequence were shown by Suvarnamani and
Tatong [8]. After that Suvarnamani [9] defined the Fibonacci sequence which is the type of the multiplicative
pulsating n-Fibonacci sequence and showed some results of them in 2017. Moreover, the complex
pulsating Fibonacci sequence and some results of them were shown by Halici and Karatas [10]. So, the
study of new ideas for the generalization of Fibonacci sequences in different ways to generate coupled
sequences is very interesting. Therefore, we study about them in this paper. We describe the basic
concepts for using to construction the multiplicative pulsating 3-Fibonacci sequences. The explicit

formulas for the form of its members be showed. Then some fundamental properties of them are proved.

Material and Methods
We have to introduce some theoretical background for studying the properties of multiplicative
pulsating 3-Fibonacci sequences. There are three topics: the multiplicative pulsating 3-Fibonacci sequences,

the geometric sequence and the geometric series. The details are as follows.

1. The multiplicative pulsating 3-Fibonacci sequences

Next, we will introduce some types of Fibonacci-like sequence. If a,b,c and d are four fixed
real numbers. We can construct the multiplicative pulsating 3-Fibonacci sequences in the following
different ways:

Scheme 1: For the natural number n,

)

o = { a, -ﬂn_l *Va_1s Where 1 is odd number
=

a, 'ﬂn-z *Va_a> Where 11 is even number

)

ﬂ {0{”1 'ﬁ,H *V,_1> Where 7 is odd number
n =

a, ., ‘ﬂnfl *YV._2> Where 11 is even number

)

a, -,B,H *V,_1> Where 7 is odd number
Vu =

a,., 'ﬂwz *Va_1> Where 11 is even number

with conditions . &, =a, 8, =b, y, =c
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Scheme 2: For the natural number n>1,
o - a, 'ﬂWz *Va_a> Where 11 is even number ’
! a, -ﬂn_l V.o where 11 is odd number

a, , -ﬂH *V,_2s Where I is even number

)

B,

a, ':anl *V,_1> where Il is odd number

a, ., 'an—z *YV,._1» where 1 is even number

}/n = . )
a, 'ﬂ,H *V,_1» Where I is odd number

with conditions . @, =a, f,=b,y,=c, o, =, =y, =d
The ordered pair of three sequences of each scheme is called a multiplicative pulsating 3-Fibonacci
sequence. Next, we introduced a new way for constructing the multiplicative pulsating 3-Fibonacci
sequences. The details are as follows.
Scheme 3: For the natural number n,
a, ',anl *V,_1> Where 7 is odd number

a = )
n .
a, , -ﬁn_l *Vao1s  Where 1 is even number

a, -ﬂn_l *V,_1> Where 71 is odd number

= |

a,, 'ﬁn—z *Va_1s  Where 1 is even number

et " Put *Vuoi> where 11 is odd number

}/71: ’

a, -ﬂn_l *Va_as Where 11 is even number

with conditions . o, =a, B, =b,y, =c

2. The geometric sequence

A sequence {ak} is called a geometric sequence if it has a common ratio 7 of each two

ak+1
a;

consecutive terms. That means =rfor k is a positive integer and all elements of {ak} are not

Zero.

3. The geometric series

A geometric series Zak is a series which {ak} is a geometric sequence with the common

ratio 7 and the condition @, = a . Moreover, we have

B S i §
k=1

1-7
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Zak is convergent and Zak =— If |r| >1
B k=1 1-r

iak is divergent If |I’| <1,
k=1

Results and Discussion
Now we have some knowledge sufficiency for proving about properties of the multiplicative
pulsating 3-Fibonacci sequences. Next, we will prove some properties of the multiplicative pulsating

3-Fibonacci sequences in form of scheme 3.

Theorem 1. If the ordered pair of {an}, {,Bn} and {7/n} is a multiplicative pulsating 3-Fibonacci

,,,1

n-1 n-1
sequences of scheme 3 for every natural number n. Then we get &,, | =f,, | = Vot = a b
n-1 n-1 n-1 n-l n-1 n-1 n-l n-l n-l
11237 237 237 237 w2y T 2y 27 2T 2y T
a2n =q b = o0 , ﬂZn =q b =i and }/2" =q b oo =
Proof. Letthe ordered pair of {a } {ﬁn} and {7/ } be a multiplicative pulsating 3-Fibonacci
sequences of scheme 3 for every natural number 7. Then we can prove it by using the mathematlcal

induction. First, let the statement P(n): o, = f, =¥, = a b 1+2Z7l szr 227'
L a,, =a c’

227‘ 1+2Z7’ 227’ 2”27' 227' 1+2Z

ﬂ = = =] nd}/2 _g® pE o = for every natural number n.
n

Consider the statement P(n) when n=1. Then we have

_ _ _ _ _ 71*1 71*1 71*1
Ay = ﬂz(l)—l_}/z(l)—l =a, By vy=abc=a"b" ¢,

aZ(l) =0q 'ﬁ1 = (a)(abc)(abc) = a3b202 — a1+2'7Hb2»7ch.7H ’

ﬂz(l) =By = (Gbc)(b)(abc) b’ =g P AT

Yoy = & By = (abC)(abc)(c) —a2b2 P =2 prT T
Thus P(1) is true.

Next, we consider P(n) for some natural number k. Then we assume that the statement
P(k) is true. That is,



12 2. 2ng. INAIU. ROIRBE0INEUWSITESE UN 7 adun 2 NnsnAU - SuoAu 2564

_ 7/(*1 7k*l 7k*l
Oy =Py =rua=a b c

1+227" zkfjf 2%7’

— i=0 i=0 i=0
a,, =a b= c™ |

2271 1+2§7’ 227’
ﬂzk =a i=0 b i=0 c i=0 ,

2%7” 2%7‘ 1+2§7"
Yy =a = h e =
Then we will show that P(k +1) is true. So, we have

) 1+627’ 1+6Z7’ 1+6Z7’ o
=0 =a b =a b #c¢ @ =da b ¢
2kt = Pyt = Va(ksnyr = Porany-2Po(kst)-27 o(k41)-2

’ (k+1)-1 t

72 7 T z 7 hzl)‘;l" 37
i=0 c i

: - N A A
Uy = U PyiVypa=a > b7 c? =a

(k+l)1 (k+1)-1 (k+1)-1

71 7842 71 Z"l+227’227’
- —g3p3 el =g 0
182(1”1) =0y futya=a b’ c? =a b ¢
(k+])*] k+| -1 k+l -1
71 7 7 7 227' 1+2Z7‘
— —g3p3e3 =g
V) = UpyrBoyayu=a > b’ c’ =a b= c

So, the statement P(k +1) is true.

By mathematical induction, the statement P(n) is true when n is a natural number.

Theorem 2. If the ordered pa|r of { }, {,Bn} and {7”} is a multiplicative pulsating 3-Fibonacci
71
sequences of scheme 3, then Haz‘ H,Bz H72 (abc "~ for every natural number n

i=l1

Proof. Letthe ordered pair of {an} , {,Bn} and {y/n} be a multiplicative pulsating 3-Fibonacci

sequences of scheme 3. Then we can prove it by using the mathematical induction.

71

First, let the statement P(n): HaZi_l = HIBZi H7zz (abc) e for every natural

number 7. Consider the statement P(niflvvhen n=1. Then we have

71

1 1 1
HaZi—l = Hﬂzm = H]’z,-,l =abc = (abc) 6
i=l i=1 i=1
Next, we consider the statement P(n) for some natural number k. Then we assume that
P(k) is true. That is,
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k k k 71
Ha2i—1 = HﬂZi—l = H72i—1 = (abc) 6
i1 i1 i1

Then we will show that P(k +1) is true.
k+l k+l k+1 71 7M1

Hai:HﬂZi H}/z, (abc) (abc)T:(abc) 6

So, the statement P(k +1) is true.
By mathematical induction, the statement P(n) is true when # is a natural number

Theorem 3. If the ordered pair of {an}, {,Bn} and {7/"} is a multiplicative pulsating 3-Fibonacci

sequences of scheme 3, then
a(77=1) (7)) (774

1) n
= . .. 3 3 3
Q) =0y Oy Oy, < a b c

n n(7"7171) *n(7”’1—1) n(7"’1—1)
Hﬂ2i2ﬂ2'ﬂ4"“.ﬂ2n<a 3 b 3 c 3
i=1

3) -
H72i:72'74'---'7/2n<a b

for every natural number n.

Proof. Letthe ordered pair of {a } , {ﬂn} and {7n} be a multiplicative pulsating 3-Fibonacci

sequences of scheme 3. We have
1 1 1 n-1 n-1
2)' 7 237 2T 12)° 7 237 2
i=0 b = o 0 o la ® b = e

1+220:7f 220:7" 220:7'

a = b oo =0 a

n
1) HaZk:az-a4~...-a2n

_ an+2(n+7(n—l)+72(n—2)+4..+7”’])bZ(n+7(n—1)+72(n—2)+,..+7"’])c2<n+7(n—l)+7z(n—2)+.4,+7”'

227‘ 1+2Z7‘ 227’ 221“7" 1+2Zl“7" 227’ 25)71 1+2Z7’ 227'
i b i i __”,axo b i=0 C'O

2) Hﬂzi:ﬂz'ﬁ4'-..‘ﬂ2n: b = e =0 a = 0 o =0
i=l

az(n+7(n71)+72(n72)+...+7”" )bn+2(n+7(l1*1)+72(n*2)+.N+7”71 )Cz(n+7(n71)+72(n72)+...+7”")

n(7”’1—1) /1(7”"—1) n(7"’]—1)

<a * b 3 ¢ 3
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m 2&7” 220:7’ 1+220:7f 221:7" 227" 1+2i7‘ 2%7" 2nz_l7f 1+2§7’
3) H;/Zi =]/2,7/4,“.,},2n =l g™ b oo 0 a b oo =0 la™ b oo 0
i=1

_ az(n+7(n71)+72(nfz)+.4,+7”")bz(n+7(n71)+72(n72)+.,.+7”")Cn+z(n+7(n71)+72(n72)+...+7”")

Next, we compare the different of each paper which is the similarity topic. First, Suvarnamani
and Koyram [7] proved some properties of the multiplicative pulsating 2-Fibonacci sequences in 2015.
Then Suvarnamani and Tatong [8] explained the multiplicative pulsating 3-Fibonacci sequences in 2016.
So, we consider the multiplicative pulsating 3-Fibonacci sequences and its properties. We found that the
results difference with previous works. That is, we showed some properties of the multiplicative pulsating
3-Fibonacci sequences with the new scheme in this paper. For future research, we can start from the

finding of other properties of the multiplicative pulsating 3-Fibonacci sequences.

Conclusion

The formulas of multiplicative pulsating 3-Fibonacci sequences were proved in this paper. For

. . oy . 7!1*1 71171 7r1—]
scheme 3, if n is a positive integerand o, =a, B, =b, y, =c,wesget a,, ;= B, =V =0 b c
n-1 n-1 n-1 n-1 n-1

1+2Z7" 227" 2Z7f 2”27" 1+2§7" 2%7" 2%7’ 227" 1+2Z7f

a,, =a N R , ﬂzn =a= b = ¢ and Yy =4 = h i e i

n n n i n N n(7nfl 71) n(7”’1—1) n(7”’l 71)
MOI’GOV€r,wegetH Gri = H Py = H Vo = (abC)T rH a, <a 3h 3 ¢ 3,
= =1 i1

i=1
n(7”’1 —1) n(7"’1—1) n(7”’1 —1)

n(7n*1 71) n(7”’1 —1) n(7”’1*1) -

n+

n n
Hﬂ2i<a b % ¢} and Hy2i<a b 3 ¢ 3
i=1 i=1
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