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Abstract 
This paper employs the Simple Equation (SE) method in conjunction with Jumarie’s modified 

Riemann–Liouville fractional derivative to derive exact solutions for the space–time fractional modified 
Benjamin–Bona–Mahony (mBBM) and Zakharov–Kuznetsov Benjamin–Bona–Mahony (ZKBBM) equations. The 
obtained exponential-type solutions describe kink-shaped traveling waves, which are illustrated through 2D, 
3D, and contour plots using suitable parameters. The results confirm the efficiency and reliability of the 
proposed method as a robust analytical technique for deriving traveling wave solutions in nonlinear 
fractional models encountered in science and engineering. This study extends the SE method within the 
framework of Jumarie’s modified Riemann–Liouville fractional derivative, broadening its applicability to 
space–time fractional systems. The approach establishes a new analytical framework for fractional traveling 
wave solutions, and the derived results uncover additional dynamical behaviors of the mBBM and ZKBBM 
equations, demonstrating both the originality and effectiveness of the proposed method. 

Keywords: Space-time fractional mBBM equation, Space-time fractional ZKBBM equation, Simple equation 
method, Jumarie’s modified Riemann-Liouville fractional derivative, Kink wave 

Introduction 
In applied and engineering mathematics, nonlinear fractional partial differential equations (PDEs) 

have gained significant attention as effective tools for modeling complex real-world phenomena. These 
equations are widely used in fields such as fluid mechanics, chemical kinetics, solid-state physics, and 
plasma wave dynamics, as well as in air pollutant dispersion and chemical physics. In recent years, various 
powerful analytical methods have been developed to solve nonlinear fractional PDEs, such as the 
Kudryashov method [1], the G'/G-expansion method [2-3], the simple equation method [4-5], the modified 
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simple equation method [6], the Riccati sub-equation method [7-8], the modified extended tanh-function 
method [9], the improved modified Sardar sub-equation method [10], the improved Riccati equation method 
[11-12], Riccati-Bernoulli sub-ODE [13], the first integral method [14], the unified method [15], etc. 
 In this work, we employ Jumarie’s modified Riemann–Liouville fractional derivative (JMRL derivative) 
in combination with the simple equation method to obtain analytic solutions for the space-time fractional 
modified Benjamin-Bona-Mahony (mBBM) equation and the space-time fractional Zakharov-Kuznetsov 
Benjamin-Bona-Mahony (ZKBBM) equation. Some fundamental properties of Jumarie’s fractional derivative 
used in this study are presented below.   
 The definition of the JMRL derivative [16] of order  is expressed as: 
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where   denotes the dummy variable of integration. 
The definition satisfies the properties of the modified Riemann-Liouville derivative [17] as follows: 

x

x x x

x g x g

( 1)x
D x , 0, x 0,

( 1 )

D (f (x)g(x)) g(x)D f (x) f (x)D g(x),

D f (g(x)) f [g(x)]D g(x) D f[g(x)](g (x)) .

−
 

  

   

  +
=   
  + −

= +

 = =

 

 

 The simple equation (SE) method, introduced by Nikolai Kudryashov [18], is based on two main 
ideas: using general solutions of simple nonlinear differential equations and accounting for all possible 
singularities in the equations. The SE method has been successfully used to find exact solutions for various 
nonlinear equations. These include the (2+1)-dimensional breaking soliton equation and the modified 
generalized Vakhnenko equation (2016) [19], the nonlinear space-time fractional Estevez-Mansfield-Clarkson 
(EMC) and Ablowitz-Kaup-Newell-Segur (AKNS) equations [20], and the (1+1)-dimensional dispersive modified 
Benjamin-Bona-Mahony (DMBBM) equation as well as the (2+1)-dimensional cubic Klein-Gordon (cKG) 
equation (2022) [4]. 
 The SE method is particularly advantageous for solving fractional space-time PDEs because it 
provides exact and straightforward solutions, even for complex nonlinear equations where other analytical 

  (1.1) 

  (1.2) 

  (1.3) 
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or numerical techniques may struggle. Unlike some methods that cannot handle fractional operators 
effectively or produce cumbersome results, the SE method directly yields clear kink- or exponential-type 
solutions, demonstrating its suitability for addressing challenges in the mBBM and ZKBBM equations. 
 In particular, combining the SE method with Jumarie’s modified Riemann–Liouville fractional 
derivative allows for a more efficient handling of fractional-order derivatives, which are otherwise challenging 
to treat analytically. This integration reduces limitations associated with traditional SE method applications 
by enabling the derivation of exact analytical solutions in a more systematic and compact form. 

Algorithm of SE method 
In this section, we present a systematic approach for obtaining traveling wave solutions of nonlinear 

fractional partial differential equations (PDEs) using the simple equation (SE) method in conjunction with the 
Bernoulli equation [4, 20]. The general form of a fractional PDE considered in this study is given by: 

( )2 2

x t x t t xG u,D u,D u,D u,D u,D D u,... 0, t 0, 0 1,      =       

Here, u(x, t)  is an unknown function and G  is a polynomial of u(x, t).  The main steps of the SE 

method [4, 20] are as follows: 

Step 1. Wave transformation 
We suppose that 

kx t
u(x, t) u( ), ,

( 1) ( 1)

 
=   = −

 +  +
 

Here,   represents a general traveling wave function, and   is the wave velocity constant. When 
0 = , the solution corresponds to a stationary wave. If 0,  the wave propagates in the positive 

direction, whereas for 0,  it travels in the negative direction. 
To transform the fractional partial differential equation into an ordinary differential equation, we 

apply the chain rule for fractional derivatives to calculate the derivatives of u(x, t)  with respect to x  and 
t.  First, we compute the fractional derivatives of   with respect to x  and t : 
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using the chain rule, the fractional derivatives of u(x, t)  are then given by: 
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By applying the traveling wave transformation described above, we obtain the following ordinary 
differential equation 

2Q(u,ku , u ,k u ,...) 0,  − =  

whereQ represents a polynomial involving u( ) and its derivatives, the prime symbol ( ) indicates 

differentiation with respect to .  

 Applying this wave transformation, the partial differential equation (2.3) is reduced to an ordinary 

differential equation (ODE) in u( ) . By performing algebraic simplifications (and integrating once if 

necessary), the resulting ODE can be expressed in the form of a well-known nonlinear Bernoulli equation:  

nu pu qu , + =  

Where p, q  and n  are constants, and the Bernoulli equation can be solved using standard methods [21]. 

Step 2. Reduced ODE Form 

Assume that Eq. (2.3) admits the following formal solution: 

 
M

j

j

j 0

u( ) a F ( ),
=

 =   

where ja ( j 0,1,2,...,M)=  is a constant parameter to be determined later. The functions involved satisfy 

simple ordinary differential equations (ODEs). In this study, we use the well-known nonlinear Bernoulli 
equation, whose solutions can be expressed in terms of elementary functions. Specifically, for the Bernoulli 
equation: 

2F ( ) pF( ) qF ( ).  =  +   
Step 3. Balance Principle 

 The balance number M  in Eq. (2.4) is determined by equating the highest-order derivative term 
with the nonlinear terms present in the equation. 
Step 4. Solution attainment 

 The general solutions of the simple Eq. (2.4) are given as follows [4]: 

Case I: if p 0  and q 0 , we get 
0

0

p( )

p( )

pe
F( ) ,

1 qe

+

+
 =

−
 

where 0 denotes a constant arising from the integration process. 

Case II:  if p 0  and q 0 , we get 
0

0

p( )

p( )

pe
F( ) ,

1 qe

+

+
 = −

+
 

where 0 denotes a constant arising from the integration process. 

 (2.3) 

(2.4) 

  (2.5) 

 (2.6) 

 (2.7) 
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(3.14) 

   (3.1.3) 

Application of the method 

 We investigate the traveling wave solutions of the nonlinear space-time fractional modified 
Benjamin-Bona-Mahony (mBBM) equation and the space-time fractional Zakharov-Kuznetsov Benjamin-
Bona-Mahony (ZKBBM) equation. 

The space-time fractional mBBM equation 

The nonlinear space-time fractional mBBM equation [22] is 

2 3

t x x xD u D u u D u D u 0, t 0, 0 1,   + − + =      

where   is a nonzero constant. Using the traveling wave variable kx t
.

( 1) ( 1)

 
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 +  +
 

By applying the transformation to Eq. (3.1.1), the equation is reduced to an ordinary differential 
equation (ODE): 

2 3(k )u ku u k u 0.  − − + =  

Integrating Eq. (3.1.2) with zero constants, we get 

3
3ku

(k )u k u 0.
3


− − + =  

Using the SE method, the solution is assumed in the form of Eq. (2.4). Next, we balance the highest-
order derivative terms with the leading nonlinear terms in Eq. (3.1.3). Consequently, the solution of Eq. (3.1.3) 
is obtained as follows: 

0 1u( ) a a F, = +  

where F  satisfies Eq. (2.5), Therefore, the following is an expression for u  and 3u : 

 2 2 2 3

1 1 1u a p F 3a pqF 2a q F , = + +  

3 3 2 2 3 3

0 0 1 0 1 1u a 3a a F 3a a F a F .= + + +  

By substituting Eqs. (3.1.4) and (3.1.5) into Eq. (3.1.3), all terms with the same power of F( )  were 
collected, and their coefficients were then set to zero, where j 0,  yields yields 
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Solving this system of algebraic equations (Eq. 3.1.6) gives: 

  (3.1.1) 

  (3.1.2) 

  (3.1.6) 

   (3.1.4) 

(3.1.5) 

  (3.1.3) 
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2 2

0 1

3(k ) 6k q
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3 22k k p
,

2

−
 =  
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3 22k k p
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2

−
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By substituting Eqs. (3.1.7) and (3.1.8) into Eq. (3.1.4) and using the general solutions of the Bernoulli 
equations (2.6) and (2.7), we obtain the exact traveling wave solutions of the nonlinear space-time fractional 
modified mBBM equation, expressed as follows: 

Case I: if p 0  and q 0 , we get 

0
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6 p pe
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Case II: if p 0 and q 0 , we get 
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where kx t

( 1) ( 1)

 
 = −

 +  +
 and 0  denotes a constant arising from the integration process. 

The space-time fractional ZKBBM equation 
The nonlinear space-time fractional Zakharov-Kuznetsov Benjamin-Bona-Mahony (ZKBBM) equation 

is given by [23]: 

( )2

t x x t xD u D u 2auD u bD D u 0, t 0, 0 1,    + − − =      

where a and b are arbitrary constants. By employing the traveling wave variable  

kx t
,

( 1) ( 1)

 
 = −

 +  +
 the equation is reduced to an ordinary differential equation (ODE).  

Substituting the transformation into Eq. (3.2.1) yields the following result: 

2(k )u 2akuu b k u 0.  − − +  =  

Integrating Eq. (3.2.2) with zero constants gives: 

2 2(k )u aku b k u 0.− − +  =   

  (3.1.7) 

 (3.1.8)  

 (3.1.10) 

(3.1.9)   

  (3.2.1) 

(3.2.2) 

 (3.2.3) 

 (3.1.11) 

 (3.1.12) 
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  (3.2.10)  

By balancing the highest-order derivatives and nonlinear terms, we obtain M 2.=  Thus, Eq. (2.4) 
becomes: 

2

0 1 2u( ) a a F a F , = + +  

Here, F  satisfies Eq. (2.5). Therefore, the expressions for u  and 2u  are: 

2 2 2 3

1 1 1u a p F 3a pqF 2a q F , = + +  

2

2 2 2 2 2 3 2 4

0 0 1 0 2 1 1 2u a 2a a F 2a a F a F 2a a F a F .= + + + + +  

Substituting Eq. (3.2.4) and (3.2.5) into Eq. (3.2.3), all terms with the same power of F( )  were 
collected, and their coefficients were then set to zero, where j 0,  yields 

0 2

0 0

1 2 2
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2 2 2 2 2
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3 2 2 2
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4 2 2 2

2 2
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F ( ) : 6a bq k aa k 0.

 − − =

 − − +  =

 − − − +  +  =
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Solving this system of algebraic equations (Eq. 3.2.6) gives: 

2

0 1 2

6bpq k 6bq k
a 0, a , a

a a

 
= = =  and 

2 2

k
,

1 bp k
 =

−
 

or 
2

0 1 2

k 6bpq k 6bq k
a , a , a

ak a a
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2 2

k
,

1 bp k
 =
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 By substituting Eqs. (3.2.7) and (3.2.8) into Eq. (3.2.4) and using the general solutions of the Bernoulli 
equations (2.6) and (2.7), we obtain the exact traveling wave solutions of the nonlinear space-time fractional 
ZKBBM equation, expressed as follows: 

Case I: if p 0  and q 0 , we get  

( )

( )

( )

( )

0 0

p p0 0

2
p p2

5 2 2

6bqk pe pe
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( )
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2
p p2 2 2

6 2 2 2 2 p p

bp k 6bqk pe pe
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+ +
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Case II: if p 0  and q 0 , we get 

( )

( )

( )

( )

0 0

0 0

2
p p2

7 2 2 p p

6bqk pe pe
u (x, t) p q ,

a(1 bc k ) 1 qe 1 qe

+ +

+ +

    
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  (3.2.4) 

  (3.2.5) 

  (3.2.6) 

 (3.2.7) 

  (3.2.8)  

  (3.2.9)  

(3.2.11) 
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(3.2.12) 
( )

( )

( )

( )

0 0

0 0

2
p p2 2 2

8 2 2 2 2 p p

bp k 6bqk pe pe
u (x, t) p q ,

a(1 bp k ) a(1 bp k ) 1 qe 1 qe

+ +

+ +

    
 = + −       + + + +    

 

where kx t

( 1) ( 1)

 
 = −

 +  +
 and 0 denotes a constant arising from the integration process. 

Graphical representation of the solution 
By applying the SE method, the resulting wave solutions are represented as ratios of exponential 

functions. Physical interpretations and graphical representations are also provided by assigning specific 
values to the constants p and q . 

Graphical representation of the space-time fractional mBBM equation 
We applied the SE method to obtain traveling wave solutions of the nonlinear space-time fractional 

mBBM equation in the form of exponential functions. Using the parameters listed in Table 1, the solutions 
were visualized graphically. Table 1 shows the effects of these parameters on Eqs. (3.1.9)–(3.1.12), illustrating 
the wave behaviors as kink waves, which are depicted in Figures 1–4. 

Table 1.   Parameter values of Eqs. (3.1.9)–(3.1.12) 

Eqs. Parameters Figures Wave effects 

(3.1.9) 3 2

p 1,q 1, 0.5, 2, k 1,

2k k p
,0 x, t 100

2

= = −  =  = =

−
 =  

 1 Kink 

(3.1.10) 3 2

p 1,q 1, 0.5, 2, k 1,

2k k p
,0 x, t 100

2

= = −  =  = =

−
 =  

 2 Kink 

(3.1.11) 3 2

p 1, q 1, 0.5, 2, k 1,

2k k p
, 0 x, t 100

2

= − =  =  = =

−
 =  

 3 Kink 

(3.1.12) 3 2

p 1, q 1, 0.5, 2, k 1,

2k k p
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−
 =  
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Figure 1. The kink wave solution 3D, contour, and 2D plots of (3.1.9) for the fractional mBBM equation. 
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Figure 2. The kink wave solution 3D, contour, and 2D plots of (3.1.10) for the fractional mBBM equation. 

 

 

 

 

Figure 3. The kink wave solution 3D, contour, and 2D plots of (3.1.11) for the fractional mBBM equation. 

   

 

 

 

Figure 4. The kink wave solution 3D, contour, and 2D plots of (3.1.12) for the fractional mBBM equation. 
 
Table 2. Parameter values of Eqs. (3.2.9)-(3.2.12) 

Eqs. Parameters Figures Wave effects 

(3.2.9) 
2 2

p 1, q 1, 0.5, a 6, b 0.5,

k
k 1, ,0 x, t 100

1 bp k

= = −  = = = −

=  =  
−

 5 Kink 

(3.2.10) 
2 2

p 1, q 1, 0.5, a 6, b 0.5,

k
k 1, ,0 x, t 100

1 bp k

= = −  = = = −

=  =  =  
+

 6 Kink 

(3.2.11) 
2 2

p 1, q 1, 0.5, a 6, b 0.5,

k
k 1, ,0 x, t 100

1 bp k

= − =  = = =

=  =  
+

 7 Kink 

(3.2.12) 
2 2

p 1, q 1, 0.5, a 6, b 0.5,

k
k 1, ,0 x, t 100

1 bp k

= − =  = = =

=  =  
−

 8 Kink 
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Graphical representation of the space-time fractional ZKBBM equation 
 The traveling wave solutions of the nonlinear space-time fractional ZKBBM equation, given by       
Eqs. (3.2.9)–(3.2.12), were analyzed using the SE method. Table 2 summarizes the effects of the chosen 
parameters on these solutions, illustrating the corresponding kink wave behaviors in Figures 5–8. 
 

  

   

 

 

Figure 5. The kink wave solution 3D, contour, and 2D plots of (3.2.9) for the fractional ZKBBM equation. 

 

 

 

 

Figure 6. The kink wave solution 3D, contour, and 2D plots of (3.2.10) for the fractional ZKBBM equation. 

 

 

 

 

Figure 7. The kink wave solution 3D, contour, and 2D plots of (3.2.11) for the fractional ZKBBM equation. 

   

 

 

 

Figure 8. The kink wave solution 3D, contour, and 2D plots of (3.2.12) for the fractional ZKBBM equation. 
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 Figures 1–8 show the solutions of the space-time fractional mBBM and ZKBBM equations, which 
exhibit kink-type wave behavior. A kink wave is a smooth, monotonic traveling wave that connects two 
different constant states, rather than forming a localized peak. The graphs clearly illustrate these stable 
transitions, confirming the presence of kink waves in the studied models. This behavior provides insight into 
the dynamics of the fractional equations and can be applied to model nonlinear wave propagation in various 
physical systems, including fluid dynamics, plasma physics, and optical fiber systems, highlighting the 
practical relevance of these solutions in science and technology. 

Solutions Comparison 
 This section compares the solutions of the space–time fractional mBBM equation obtained by the 
SE method with those derived using the first integral method [24], as shown in Table 3. It also compares 
the SE method results for the space–time fractional ZKBBM equation with those obtained by the complete 
discriminant system [25], as presented in Table 4. 
 Table 3 shows that the solutions of the space–time fractional mBBM equation obtained by the SE 
method possess simpler and more compact analytical forms compared with those derived using the first 
integral method. The SE method expresses the solutions in exponential form, which makes them easier to 
manipulate and analyze. In contrast, the solutions obtained by the first integral method involve 
trigonometric and fractional power terms, leading to more complicated structures. Overall, these results 
demonstrate that the SE method offers a simpler analytical structure and greater computational efficiency 
compared with the first integral method. 
 Table 4 shows that the solutions of the space–time fractional ZKBBM equation obtained by the SE 
method are clearly simpler and more compact. These solutions appear in a direct exponential form, which 
makes them easier to interpret and analyze. In contrast, the complete discriminant system produces 
significantly more complex solutions involving layered trigonometric and hyperbolic functions, making the 
physical interpretation of the wave structures considerably more difficult.  

Table 3. Solutions comparison of the space–time fractional mBBM equation 

The SE method The first integral method 
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Table 4. Solutions comparison of the space–time fractional ZKBBM equation 

The SE method The complete discriminant system 
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Overall, the integration of the SE method with Jumarie’s modified Riemann–Liouville fractional 

derivative plays a key role in achieving these simplified and compact solutions. This combination allows 
fractional-order derivatives to be handled more effectively than in previous approaches [24-25], enabling 
the derivation of exact analytical solutions in a systematic and concise form. In contrast, solutions obtained 
in other studies typically take more complex forms involving layered trigonometric and hyperbolic functions, 
as illustrated in Tables 3 and 4. This highlights the advantage of the current approach in producing clearer 
and more manageable analytical results. 

Conclusions 
In this study, we successfully applied the simple equation (SE) method combined with JMRL 

derivative to obtain exact traveling wave solutions for two significant nonlinear space-time fractional PDEs: 
the modified Benjamin-Bona-Mahony (mBBM) equation and the Zakharov-Kuznetsov Benjamin-Bona-
Mahony (ZKBBM) equation. The solutions, expressed in exponential form, exhibit kink-type wave structures 
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and were effectively visualized using 2D, 3D, and contour plots, demonstrating the robustness and 
practicality of the SE method in analyzing fractional models. These results provide valuable insights for 
applied mathematics by offering direct and exact solutions to complex nonlinear equations. They also 
demonstrate clear applicability in real-world systems. 

The SE method employs simple procedures that yield exact closed-form results, highlighting its 
analytical strength and versatility. This approach not only reinforces its usefulness in applied mathematics 
but also opens avenues for extending its application to other nonlinear fractional equations, including 
coupled systems and variable-coefficient models. Future research may focus on modifying the SE method 
or integrating it with other symbolic approaches to further enhance its applicability in practical modeling 
across physics, engineering, and applied mathematics.  
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