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Abstract

The aim of this study is to compare the performance of survival function estimators in mixed
censoring between interval-censoring and right censoring type | with 20%, and 40%, via the two
nonparametric methods of Kaplan-Meier and Turnbull. The Kaplan-Meier estimator is applied
to the mid-point imputation. The survival function estimated by the Turnbull is a decreasing step
function defined on the complement of the union of disjoint intervals, called Turnbull interval.
We assume the estimate of survival function by the linear interpolation, upper bound and lower
bound on each Turnbull interval. Under the conditions of our simulation study, the Kaplan-Meier
estimator gives the smallest mean square error and the Turnbull estimator with linear
interpolation gives a smaller mean square error than the other Turnbull estimators. Moreover, the
results also show that the bias of the Turnbull estimator (mostly Turnbull estimator with linear
interpolation) yield the smallest value when time between visits are 0.5 years and 1 year but the
Kaplan-Meier estimator gives the smallest bias for 2 years between visits.

Keywords: Nonparametric estimator, mid-point imputation, Kaplan-Meier estimator, Turnbull estimator,
linear interpolation.

1. Introduction

Interval-censored data arises naturally in medical or epidemiologic studies in which there is
a periodic follow up. For example, De Gruttola and Lagakos (1989) analyzed the time of HIV
infection among hemophiliacs from 1978 to 1987. The data blood samples were periodically
collected and stored retrospective testing of stored specimens. The infection result was only
known to be between the last negative and first positive test, leading to the interval-censored
data.

In survival analysis, survival estimation gives information on probability of time to event.
The popular survival estimator for right-censoring is the Kaplan-Meier (KM) estimate which is
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product-limit estimator. In case of interval censoring, the approach simply imputes a time to
event and then applies the KM method to estimate survival function (S(t)). Typically, the

midpoint imputation is used for interval-censoring (Giesecke et al. 1988, Lee et al. 1989,
Schechter et al. 1989, Lui et al. 1988, Mariotto et al. 1992, and Williams et al. 2004). Law and
Brookmeyer (1992) studied statistical properties of a mid-point imputation for interval censored
data via simulation. The time to event was assumed to be Weibull distribution with median
survival of 10 years and time between screening visits were constants as 1, 2, 4, and 8 years.
They found that it was a reasonable procedure to compute the KM method when the censoring
interval was no longer than two years and the bias of KM estimator increased when the interval
observation was wide and varied. Lindsey and Ryan (1998) compared two parametric methods
and four nonparametric methods, including Turnbull (TB), KM applied to left-point imputation
(KM), and KM applied to right-point imputation (KM, ) methods to estimate S(t)

ignoring the effect of covariates in two real interval-censored data sets. The first data set
contained information of breast cancer patients of total 94 observations, whereas 38 observations
of the right-censored data. The time to event was time to cosmetic deterioration and its estimates

were shown that the KM, and the KM, bound the TB estimator in plotting the survival

functions. The second data set was the drug resistance to zidovudine in AIDS patients of total 31
interval-censored observations, in which 13 observations were right-censored data. Since there
were few assessments on each patient, it was resulting in wide interval for the AIDS data set.
Moreover, the length of any interval-censored data quite varied for both data sets. It was found
that the AIDS data set with heavier right-censoring rate and wider interval of observation makes
the TB estimator unbounded by the KM, and KM In addition, they also claimed that

right *
incorrect imputation of interval-censoring by treating the data as right censoring may lead to
invalid inference. Geskus (2001) compared 3 techniques of imputation methods: midpoint,
conditional mean, and multiple imputations, and 2 likelihood maximization methods for the
nonparametric estimation of the distribution of doubly-censored AIDS incubation time from the
real HIV infection data and the simulation data. In the simulation study, the conditional mean
imputation yielded the lowest mean squared error of the estimator of Kaplan-Meier curves when
the incubation time was assumed to be Weibull distribution and time between visits were half-
year. However, the result from the conditional mean imputation was very similar to the midpoint
imputation when the real data was used.

Another one of the well-known methods is Turnbull estimator. Turnbull (1976) derived a
self-consistency algorithm to obtain a maximum likelihood estimate of the S(t) with interval-

censored observations. Groeneboom and Wellner (1992) proposed iterative convex minorant
algorithm to compute the nonparametric maximum likelihood estimator (NPMLE)for both
general interval-censored data and current status data and studied some asymptotic properties.
However, its implementation is complex algorithm compared with the self-consistency (Zhang
and Jamshidian 2004). The self-consistency estimator (SCE) or the TB estimator is not necessary
to be a global maximum likelihood estimator (Gu and Zhang 1993). They also proved that a SCE
and a NPMLE are asymptotically equivalent. Gentleman and Geyer (1994) claimed that the TB
estimator is easy to implement but slow convergence and they developed the Kuhh-Tucker
conditions to verify whether the estimator is the global maximum likelihood estimator or not.
Moreover, the S(t) estimated by TB is undefined on the union of Turnbull intervals
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{(a, . ].---: (G, Py ]} (Fay and Shaw 2010). The class of TB estimators on these intervals can

be defined in various ways under some conditions as shown in the gray rectangles in Figure 1.
The values of q; and p;; j=1,2,...,m, are obtained from the set of left and right end points of

the interval-censored data {(L,R,]....,(L,,R,]} where m<n and 0<q<p <gq,

<p,...£4, < p,, (Turnbull 1976). On the part with undefined estimators, there are some studies
assuming the curve of S(t) to be a linear interpolation (Geskus 2001, and Hebeisen 2014) and

some studies assuming the curve to be flat as an upper bound or a lower bound of the class of
TB estimators (Hebeisen 2014). Zhang (2005) considerly separated each TB interval to be 2
equal subintervals and defined the unique survial estimator as the upper bound for the first
interval and the lower bound for the second one. Hence, the TB method is not only the undefined
survival estimate for some points of time to event but also is an iterative approach that does not
have a close form and so, some researchers practically use the straightforward approach as KM
methods (Grover et al. 2013; Harezlak and Tu 2006; Stgvring and Kristiansen 2011, and
Williams et al. 2004).

There are some studies compared the imputed KM estimator and the TB estimator by using
real world data with unknown real survival times (Lindsey and Ryan 1998, Samuelsen and
Kongerud 1994, and Sun 1995). While other few studies compared these estimators via
simulation (Gorelick 2009, and Nishikawa and Tango 2004). For example, Nishikawa and Tango
(2004) studied behavior of the deterministic imputation of KM estimator (i.e. left-, mid- and
right-point imputation) for the interval-censored data. They gerenerated the interval censored
data which the time interval between visits was nearly 3 months mixed with right-censored data
type random censoring. The result showed that the mid-point imputed KM estimator (KM, ;)

has smaller the mean square error (MSE) than the TB estimator. Gorelick (2009) was interested

in solving the problem of crossing over between the TB and either the KM, or KM ..

Gorelick concluded that the probability of crossing over these estimates depends on the mean
survival time, sample size, and proportion of missing vits of a patient over the course of study.
In addition, the use of the imputed KM may overestimate the survival function at the late time
points.

Therefore, the above situations challenges us to study the performance of the KM, and
the TB estimators, especially, the performance of TB estimators when assume a linear
interpolation and flats as a lower bound and an upper bound of class estimators on each TB
interval, namely TB, , TB, ,, and TB_, respectively. Moreover, The HIV patient monitoring

lin? low ! up!
may be every a month or every 3-6 months. In the follows up care for cancer, the patients have
prescheduled visit every 3 months to 2 years which are based on their risk of recurrence, leading
to a wide interval of observation. These finding are of interest to figure out how the time interval
between visits (len) affect to both estimators. This study is performing on 0.5, 1 and 2 years of
time interval between visits. A total of 18 scenarios is evaluated, based on one sample size (n)
of 200, 20% and 40% of right censoring under Weibull distributions with three sizes of shape
parameters; o = 0.8, 1 and 1.5, and the three sizes of time interval between visits; len=0.5, 1

and 2 years. Furthermore, the estimator that give the smaller MSE will be the more efficient
estimators.
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2. Martials and Methods
2.1. Imputation method and Kaplan-Meier estimator

Due to simplicity, the imputation method has been often used to deal the missing data or the
interval censored data. Suppose (L;,R;] is an interval-censored observation for the i" subject
where i =1,2,...,n. Inthis study, we have used the midpoint imputation for each interval (L;,R;].
where i=1,2,...,n which can be obtained from the following equation:

- +R
m = M (1)
2
The KM estimator is a step function which depends on each time point associated with an
uncensored observation. Suppose that there are m interval-censored observations among the n

individuals where m < n. After imputation step, m; where j=1,2,...,m will be an estimator of
uncensored time, called an infected time. Let M) j=12,...,m be the ordered infected times of
n individuals, n; be the number of subjects at risk to be infected at time M) d; be the number
of infected persons at time m;)- Then the KM estimator of S(t) is defined as follows (Kaplan

and Meier 1958) :

1 |ft<m(1),

2

(a+1)°

J |fm(q) <t<m

2.2. Turnbull estimator and modification
Let T, be the time to event random variable which lies in the interval (L,,R] for the i"

subject, where i=12,.., n. Assume that T,T,..., T, are iid with the probability density
function f and the cumulative distribution function F . Let L(F)=][[F (R +)-F(L-)] be
i=1

the likelihood function. The procedure of TB estimator has 2 steps as follows:
1. Define Turnbull intervals:

Define the innermost TB intervals to be m disjoint intervals (c,, p, ]...., (0, P,,] for m<n
satisfying, for each j=1,2,...,m, q; and p; lie in the set {L;:1<i<n} and {R :1<i<n},
respectively,and 0<q, <p, <0,<p,...<q, < P,-

2. Apply the self-consistency algorithm:

Let §:(sl,sz,...,sm) be an m-vectors of pseudo parameters when s; =P(q; <t<p;)
= F(pj +)— F(qj —) for j=1,2,...,m. To estimate the class of parameters S, one can maximize

the following likelihood function with respectto s,,s,,...,s, :

n m

L= lj[': (R+)-F(L]= ﬁi“ij FL(ps+)=F (0 -) =T e &)

i=1 j=1 i=1 j=1
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L (a5 p; ] (L.R]

and the parameters are subject to the constraint s; >0 and
0, otherwise,

where o = {

Zsj =1 (For more details, see Turnbull 1976). The self-consistent algorithm is a special case of
j=1

the EM algorithm that maximizes the likelihood function which is based on the solution of the
. . . S 1 <
following self-consistency equation when the initial s? = and Zsj’ =1 (Dempster et al.
j=1
1977)

n old
_1 %;S;

! T 4 m old
i Zk:laik Sk

new
S" —

fOI‘jZl,...,m, izl,--.,n. (4)

In other words, the self-consistency algorithm to estimate s; for all j=1,..,m can be

obtained by the following iterative steps:

Stepl. Choose starting value sj?:i forall j=1...m
m

Step 2. Compute the s; for (4)forall j=1..,m

Step 3. Repeat Step 2 until convergence.
Define w =1—(4,+$, +...+§) for 1< <m. Then we acquire the estimator of S(t) as the

following formula;
1 if t<q,
S(t)=1w, if p <t<gq,, forl<l<m-1 (5)
0if t>p,
Moreover, the TB estimator of S(t) is a monotone decreasing step function obtained the

NPMLE which assumed a flat only on the gaps, [pj,qM} where j=12,...,m-1, and also the
[O,ql] and [pm,oo) (GOmez et al. 2009). In this study, we define the estimator of S(t) on each

(qj, pj} corresponding to three relationships as a linear interpolation and flats as a lower bound

and an upper bound of the class estimators on each TB interval and we denote a symbolic of the
estimator as S(t).;;_ - The example of suvival curve by three relationships can be shown in
Figure 1. Define w,=1 and w,=0 so S(t);;_,, Can be estimated from the (6) for
g <t<p, where 1<l <m:

(W —w)

w, +({t-p)——— for TB
(q|_p|)

SA(t)TB—INV = Wl for TBUP’ (6)

lin?

w, -1 for TB

low*
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Figure 1 The example of the survival curve that is estimated by Turnbull method

2.3. Simulation study
2.3.1 Notation and assumptions

From the data of HIV follows up, the participants have prescheduled visits k times every a
specified time such as half-year and will collect the data every visit. Consider the i" subject,
where i=1, 2,..., n. The distribution of the time to event T, is assumed to be Weibull( ¢, ) with

shape parameters « =0.8, 1, 1.5 and scale parameters y = 19.382, 12.306, 6.716, respectively.
The scale parameters are estimated from the real HIV data of 2-year survival probability 85%

where S(t) = exp(—(t Iy ) In this study, len is considered to be constants as 0.5, 1 and 2 years

except the last visit of each participant (the len will be the rest of study time), no left-censored
observation is concentrated here, in addition, the right censored observations are considered as
type | censored. Then the censoring time is the total time in study (in years) of a patient which is
estimated from percentiles of S(t) with respect to levels of right censoring and levels of shape
parameter (see Table 1). The number of follows up visiting (k) with respect to len and levels
of right censoring. Let (L;,R] be the interval-censored observation and v,;,V,,,...,v; be visit
times, starting time (T =0) as v,, =0,v, ~Uniform(0,1) and v, =v;, +(I-1)len for I >1. In
simulation, we suppose the participants may absent any appointment with probability p=0.3
but they will not miss any appointments at v, and v,. To generate the interval-censored

then the interval-censored data is

observation, if t; is lied between v, and Vv,

(Li,R]1= (V4] and indicator observation &; =1. If t; is longer than the last visit time v, ,

then the observed data is right-censored as (v, ,o) and ¢; =0.
The generated 200 samples data consist of mixed cases of interval-censored and right-
censored observations. There are two different levels of right censoring (r) consisting of 20%

and 40% . A total of 18 different scenarios is set up, based on three levels of «, two levels of r,
one level of n, and three levels of len. The results given below are based on 500 replications.
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2.3.2 Simulation procedure
The simulation for each scenario apply the following steps:
1. generate the real time to event T, (i=12,..,n) of each subject to have Weibull

distributions with some specified parameters,

2. specify the time between visits (len) and construct the sequence times of follows up visit
according to the number of total prescheduled visit (k) for each participant as v,;,v.,,...v,,

3. specify the probability of missing for any visit p = 0.3 and generate the set of actual visit

as schedules vectors 5=(di1,diz,---,di(k,l)) where

d, - {1, if a patient i'" meet appointment j" @

0, otherwise
when d, =1, d, = 1and d; ~ Bernoulli(l—- p); for j=2,3, ..., k-1 forall i,
4. define the interval-censored observations (L;,R;]=(v;,v;] and the indicator observations
of censoring o; =1 forsome 0< j <1 <k where v; and v, are the nearest visit times containing
t; such that the participant meets the appointment visit (d; =1=d, ). Also define the right-

censored observations (R ,) = (v, ,0) and & =0 when t, is longer than the last k" visit,

5.if 6, =1 forall i=12,...,n, impute the estimator of time to event by the midpoint of
(L;,R] as(1)and estimate S(t) at the 50™, 55 ,60™ ,65" ,70™, 75™, 80™, 85, 90™, and 95™
percentiles of time distribution from (2) to obtain KM, estimator,

6. arrange Turnbull intervals from Section 2.2 and apply self-consistency estimator by
iterating (4) until convergence,

7. estimate S(t) at the same percentiles with Step 5 from (5) and estimate S(t)5_,, from
(6) to obtain TB,;,, TB,,,, and TB,,

8. repeat Step 1 to Step 7, 500 rounds,

9. calculate average survival estimates, MSE, bias and mean percentage relative change in
MSE of the estimators (MPRC). The mean percentage relative change in MSE can be computed
as the following equation,

estimators,

lin? low ?

MSE,,, - MSE
MSE,,,

MPRC,, , ., (M1) = Meanayrylen{ KM xlOO} . (8)
3. Results and Discussion

We performed a simulation study to evaluate each scenario on the performances of the
KM, TBy,, TB,,, and TB,, estimators. For the estimates of S(t) at the 50™, 55", 60™, 65",
70t 75™, 80, 85, 90, and 95 percentiles, we investigated bias (BIAS), mean square error
(MSE), and the mean percentage relative change in MSE (MPRC), and how these were affected
by time between visits and right censoring rate when the data is generated with the different
characteristics of Weibull distribution. Summaries of these result under the various scenarios are
provided in Tables 2 to 5 and Figures 2 to 7.
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Table 1 Total time in study (in years) under the Weibull distribution of time to event with
three sizes of shape parameters («) and two levels of right censoring (r)

Shape parameter  Right censoring (%) Total time in study (year)

0.8 20 35.0
40 17.5
1 20 20.0
40 11.0
1.5 20 9.0
40 6.5

Note: the length of last visit time is different from another time between
visits according to the total time in study.

The MPRC (see Table 2) indicated the performance of the KM, which was about at least
20% better than those of all TB estimators on average. Moreover, the MPRC tended to increase
as the time between visits and the shape parameter became larger.

The performance of most estimators seemed to depend on the time between visits and the
shape parameter but there was no obvious difference in performances when right censoring
changed from r=20% to r =40%. So, we reported the result summary for only r =40% (see
Tables 3, 4 and 5). The result on Tables 3, 4 and 5 were shown that all four estimates achieved
their percentiles almost exactly except the 75™ percentile onward for only len =2 and gave the
same values of MSE for the first 3 decimal digits as almost every percentile. Besides, the KM,

was indicated to have the smallest MSE and TB, gave smaller MSE than the other two TB for

lin
most scenarios.
The Figures 2, 3 and 4 were shown that the time between visits and the shape parameter did

not give obvious different results of MSE for only using the KM, method. Inapposite, the
TB,, TB

both r=20% and r =40%. Moreover, the MSE of four estimators showed a trend to slightly
decrease with increasing level of percentile especially for len=0.5and 1 year.

However, we found that the time between visits was a factor affecting to the BIAS of four
methods in which the BIAS tended to increase as the time between visits became longer specially
upper or equal to 85" percentile. Furthermore, the BIAS of KM, and all TB estimators seemed

and TB,, methods gave MSE slightly larger when the two factors increased for

lin? low

to be close to zero and showed the same amount for the first 2 decimal digits as almost every
percentile (see Figures 5, 6 and 7).

Although, the MSE of four estimators showed a trend to slightly decrease with increasing
level of percentile, all BIAS showed a trend to slightly increase over the percentile. This implied
that the estimators are more consistent over the percentiles but their accuracy is reducing. For
len=0.5and 1 years, the TB,;, yielded the smallest BIAS for most percentiles while the KM,

yielded the smallest MSE for all cases. This means that the TB
than the KM
the KM, is always overestimated S(t) at upper or equal to 85" percentile for all scenario (see
Figures 5, 6 and 7).

is more accurate but less precise

lin

when the time between visits are 0.5 and 1 year. Moreover, we also found that

mid
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Table 2 The mean percentage relative change in MSE over shape parameters, levels of right
censoring and time between visits

The Mean Percentage Relative Change in MSE (MPRC)
Time between visits (years)
len=05 len=1 len=2

Shape parameters  Right censoring rate (%) Method

20 TB,  21.980 44421 75.133

B 20.114 42742  68.264

0.8 TBiow 23365 47.630 72.345
(Decreasing H.)

40 TB, 23734 44082 86.716

B 21.328 42235  81.057

TBiow 23.530  44.003 87.784

20 TBuyp 27549 52328 105.470
B 24182  50.350 94.949

TBiow 25736  55.438 102.433

40 TBuyp 25035  51.274 111.796
B 23.336  48.341 100.272

TBiow 26.374  50.885 106.821

1
(Constant H.)

20 TBuyp 41.820 99.184 272.031

B 39.285 96.998 246.146

1.5 TBow 42479 103.810 258.490
(Increasing H.)

40 TBuyp 44.353 100.818 247.444

B 41.938  96.841 226.443
TBiow 45170  102.331 239.233

Note: TB= TB

lin
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Table 3 The average of survival estimates and MSE and BIAS for 40% of right censoring and
shape parameter 0.8 and sample size 200

True len 0.5 (years) len 1 (years) len 2 (years)
value MEMOd \lerage MSE  BIAS Average MSE BIAS Average MSE  BIAS
KM 0.5009 0.00132 0.0009 05001 0.00114 0.0000 0.4999 0.00122 -0.0001
o5  TBw 05025000136 0.0025 05010 000134 0.0010 05082 0.00159 0.0082
: TB 05009 0.00137 0.0009 0.4994 0.00130 -0.0006 0.5066 0.00149 0.0066
TBow  0.4998 0.00136 -0.0002 0.4983 0.00130 -0.0017 0.5052 0.00147 0.0052
KM 05506 0.00126 0.0006 0.5504 0.00114 0.0004 0.5490 0.00120 -0.0010
o5 TBw 0556 000130 00016 05513 0.00127 0.0013 0.5589 0.00160 0.0089
: TB 05502 0.00130 0.0002 0.5497 0.00124 -0.0003 0.5576 0.00156 0.0076
TBiw 0.5488 0.00132 -0.0012 0.5483 0.00126 -0.0017 0.5562 0.00158 0.0062
KM 0.5987 0.00119 -0.0013 05988 0.00110 -0.0012 0.6014 0.00114 0.0014
os  TBw 05997 000131-0.0003 0.5987 000122 -0.0013 0.6060 0.00152 0.0060
: TB 05983 0.00128 -0.0017 0.5976 0.00121 -0.0024 0.6049 0.00152 0.0049
TBow  0.5969 0.00131 -0.0031 0.5966 0.00123 -0.0034 0.6039 0.00152 0.0039
KM 0.6493 0.00109 -0.0007 0.6501 0.00112 0.0001 0.6543 0.00105 0.0043
ogs  TBw 06509 000115 00009 0.6514 0.00128 0.0014 0.6423 0.00157 -0.0077
: TB  0.6496 0.00112 -0.0004 0.6503 0.00126 0.0003 0.6405 0.00162 -0.0095
TBiw  0.6484 0.00113 -0.0016 0.6487 0.00129 -0.0013 0.6389 0.00172 -0.0111
KM 0.6989 0.00104 -0.0011 0.6996 0.00097 -0.0005 0.7052 0.00106 0.0052
o;  TBw 07000 000114 0.0000 0699 000118 -0.0002 0.6946 0.00154 -0.0054
: TB  0.6985 0.00114 -0.0015 0.6987 0.00117 -0.0013 0.6936 0.00151 -0.0064
TBow 0.6974 0.00118 -0.0026 0.6973 0.00118 -0.0027 0.6917 0.00157 -0.0083
KM 0.7484 0.00093 -0.0016 0.7521 0.00089 0.0021 0.7505 0.00097 0.0005
075 TBw 07494 000101-00006 0.7516 0.00130 0.0016 0.7705 0.00211 0.0205
: TB  0.7480 0.00100 -0.0020 0.7506 0.00128 0.0006 0.7692 0.00201 0.0192
TBiw  0.7465 0.00103 -0.0035 0.7496 0.00127 -0.0004 0.7677 0.00201 0.0177
KM 0.7983 0.00076 -0.0017 0.8028 0.00076 0.0028 0.8170 0.00105 0.0170
0g  TBw 07991 000087 -0.0009 0.8022 000108 0.0022 0.7810 0.00196 -0.0190
: TB  0.7981 0.00086 -0.0019 0.8012 0.00106 0.0012 0.7794 0.00203 -0.0206
TBow 0.7972 0.00087 -0.0028 0.8002 0.00106 0.0002 0.7772 0.00213 -0.0228
KM 0.8487 0.00061 -0.0013 0.8546 0.00062 0.0046 0.8600 0.00071 0.0100
0gs  TBw 08498 000078 -00002 0.8524 0.00094 0.0024 0.8812 0.00236 00312
: TB  0.8483 0.00076 -0.0017 0.8505 0.00092 0.0005 0.8745 0.00204 0.0245
TBiw 0.8469 0.00078 -0.0031 0.8489 0.00097 -0.0011 0.8744 0.00204 0.0244
KM 0.9024 0.00041 0.0024 09113 0.00051 00113 0.9308 0.00126 0.0308
0o  TBw 0901 000060 0.0011 09005 000084 0.0005 0.8812 0.00174 -0.0188
: TB  0.8997 0.00059 -0.0003 0.8996 0.00081 -0.0004 0.8800 0.00174 -0.0200
TBow 0.8986 0.00061 -0.0014 0.8984 0.00081 -0.0016 0.8744 0.00210 -0.0256
KM 0.9471 0.00022 -0.0029 0.9545 0.00023 0.0045 0.9524 0.00021 0.0024
095 TBy, 0.9529 0.00045 0.0029 0.9545 0.00061 0.0045 0.9520 0.00065 0.0020
TB  0.9515 0.00043 0.0015 0.9533 0.00062 0.0033 0.9506 0.00065 0.0006
TBow  0.9500 0.00043 0.0000 0.9522 0.00063 0.0022 0.9498 0.00068 -0.0002

Note: TB= TB,

lin
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Table 4 The average of survival estimates and MSE and BIAS for 40% of right censoring and

shape parameter 1 and sample size 200

True len 0.5 (years) len 1 (years) len 2 (years)
value MetNOd \lage MSE  BIAS Average MSE BIAS Average MSE  BIAS
KM 0.4985 0.00115 -0.0015 05019 0.00122 0.0019 0.4969 0.00129 -0.0031
o5 TBw 04993 000125 -0.0007 0.5035 000150 0.0035 04996 0.00189 -0.0004
: TB  0.4980 0.00121 -0.0020 0.5018 0.00146 0.0018 0.4982 0.00185 -0.0018
TBow 0.4968 0.00121 -0.0032 0.5003 0.00149 0.0003 0.4971 0.00187 -0.0029
KM 05493 0.00115 -0.0007 0.5518 0.00121 0.0018 0.5507 0.00130 0.0007
o5 TBw 05503 000121 00003 05523 000143 0.0023 0.5390 0.00218 -0.0110
: TB 05491 0.00121 -0.0009 0.5507 0.00138 0.0007 0.5380 0.00216 -0.0120
TBiw 0.5476 0.00123 -0.0024 0.5491 0.00139 -0.0009 0.5362 0.00222 -0.0138
KM 0.5989 0.00116 -0.0011 0.6014 0.00122 0.0013 05970 0.00124 -0.0030
o6  TBw 06000 000130 0.0000 06011 000161 0.00LL 0.6095 0.00200 00095
: TB 05985 0.00128 -0.0015 0.5999 0.00159 -0.0001 0.6084 0.00196 0.0084
TBow 0.5968 0.00130 -0.0032 0.5984 0.00161 -0.0016 0.6072 0.00198 0.0072
KM 0.6480 0.00108 -0.0021 0.6505 0.00109 0.0005 0.6569 0.00118 0.0069
ogs  TBw 06496 0.00123-00004 0.6506 0.00149 0.0006 0.6410 0.00211 -0.0090
: TB  0.6480 0.00121 -0.0020 0.6498 0.00147 -0.0002 0.6399 0.00209 -0.0101
TBiw  0.6466 0.00123 -0.0034 0.6487 0.00148 -0.0013 0.6376 0.00217 -0.0124
KM 0.6982 0.00100 -0.0018 0.7013 0.00097 0.0013 0.7034 0.00105 0.0034
o;  TBw 06993 000117 -0.0007 0.7010 000133 0.0010 07083 0.00198 00088
: TB  0.6976 0.00114 -0.0024 0.7000 0.00132 0.0000 0.7071 0.00189 0.0071
TBow 0.6962 0.00116 -0.0038 0.6990 0.00131 -0.0010 0.7057 0.00187 0.0057
KM 0.7486 0.00095 -0.0014 0.7514 0.00089 0.0014 0.7582 0.00090 0.0082
075 TBw 07494 0.00115-00006 0.7502 000134 0.0002 0.7580 0.00194 0.0080
: TB 07478 0.00115 -0.0022 0.7496 0.00133 -0.0004 0.7554 0.00184 0.0054
TBiw 0.7461 0.00114 -0.0039 0.7486 0.00136 -0.0014 0.7532 0.00191 0.0032
KM 0.7983 0.00079 -0.0018 0.8014 0.00071 0.0014 0.8184 0.00102 0.0184
0g  TBw 08003 000094 0.0003 08010 000111 0.0010 0.7891 0.00180 -0.0109
: TB  0.7990 0.00095 -0.0010 0.7994 0.00110 -0.0006 0.7873 0.00182 -0.0127
TBow  0.7977 0.00097 -0.0023 0.7983 0.00113 -0.0017 0.7854 0.00190 -0.0146
KM 0.8490 0.00063 -0.0010 0.8542 0.00057 0.0042 0.8602 0.00066 0.0102
0gs  TBw 08491 0.00086-00009 0.8513 0.00106 0.0013 0.8962 0.00364 0.0462
: TB  0.8471 0.00087 -0.0029 0.8498 0.00104 -0.0002 0.8882 0.00311 0.0382
TBiw  0.8458 0.00091 -0.0042 0.8486 0.00107 -0.0014 0.8878 0.00310 0.0378
KM 0.9007 0.00042 0.0007 0.9090 0.00049 0.0089 0.9308 0.00123 0.0308
0o  TBw 09001 000063 0.0001 09033 000073 0.0033 0.8962 0.00152 -0.0038
: TB  0.8989 0.00062 -0.0011 0.9018 0.00070 0.0018 0.8937 0.00147 -0.0063
TBow 0.8976 0.00066 -0.0024 0.9005 0.00069 0.0005 0.8880 0.00181 -0.0120
KM 0.9466 0.00027 -0.0034 0.9526 0.00025 0.0026 0.9608 0.00028 0.0108
095 TBy, 0.9504 0.00045 0.0004 0.9514 0.00057 0.0014 0.9531 0.00060 0.0031
TB  0.9492 0.00043 -0.0008 0.9503 0.00056 0.0003 0.9524 0.00059 0.0024
TBow  0.9478 0.00045 -0.0022 0.9491 0.00058 -0.0009 0.9514 0.00061 0.0014

Note: TB= TB

lin
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Table 5 The average of survival estimates and MSE and BIAS for 40% of right censoring and

shape parameter 1.5 and sample size 200

True len 0.5 (years) len 1 (years) len 2 (years)
value  MENO0 S\ Uerage MSE  BIAS Average MSE  BIAS Average MSE  BIAS
KM 04982 0.00135 -0.0018 0.4915 0.00122 -0.0085 0.4913 0.00143 -0.0087
TB, 05009 0.00158 0.0009 0.4989 0.00186 -0.0011 0.4802 0.00379 -0.0198
05 1B 04999 0.00155 -0.0001 0.4980 0.00186 -0.0020 0.4796 0.00378 -0.0204
TBoy 0.4987 0.00157 -0.0013 0.4970 0.00185 -0.0030 0.4781 0.00390 -0.0219
KM 0.5490 0.00131 -0.0010 05454 0.00120 -0.0046 05266 0.00192 -0.0234
TB,, 0.5493 0.00173 -0.0007 0.5509 0.00207 0.0009 0.5349 0.00309 -0.0151
055 1B 05480 0.00171 -0.0020 0.5494 0.00201 -0.0006 0.5336 0.00308 -0.0164
TBo. 0.5469 0.00177 -0.0031 0.5481 0.00206 -0.0019 0.5322 0.00316 -0.0178
KM 05992 0.00116 -0.0008 0.5976 0.00108 -0.0024 05784 0.00175 -0.0216
TB, 0.6008 0.00151 0.0008 0.6033 0.00191 0.0033 0.6106 0.00360 0.0106
06 1B 05997 0.00148 -0.0003 0.6024 0.00191 0.0024 0.6094 0.00350 0.0094
TBow 05981 0.00152 -0.0019 0.6011 0.00197 0.0011 0.6082 0.00347 0.0082
KM 0.6497 0.00113 -0.0003 0.6474 0.00111 -0.0026 0.6195 0.00209 -0.0305
TB,, 0.6499 0.00155 -0.0001 0.6482 0.00190 -0.0018 0.6945 0.00575 0.0445
065 1B 06489 0.00154 -0.0011 0.6469 0.00187 -0.0031 0.6906 0.00543 0.0406
TBos 0.6481 0.00153 -0.0019 0.6454 0.00191 -0.0046 0.6897 0.00544 0.0397
KM 0.7003 0.00109 0.0003 0.6976 0.00104 -0.0024 0.6977 0.00104 -0.0023
TB, 07033 0.00146 0.0033 0.7001 0.00195 0.0001 0.6945 0.00380 -0.0055
0.7 1B 07021 0.00143 0.0021 0.6985 0.00188 -0.0015 0.6927 0.00375 -0.0073
TBo, 0.7008 0.00147 0.0008 0.6974 0.00191 -0.0026 0.6897 0.00397 -0.0103
KM 0.7502 0.00092 0.0002 0.7477 0.00082 -0.0023 0.7650 0.00102 0.0150
TB,, 0.7509 0.00136 0.0009 0.7483 0.00169 -0.0017 0.7170 0.00389 -0.0330
075 1B 0.7498 0.00133 -0.0002 0.7470 0.00166 -0.0030 0.7160 0.00397 -0.0340
TBo. 0.7488 0.00135 -0.0012 0.7457 0.00169 -0.0043 0.7139 0.00430 -0.0361
KM 0.7995 0.00077 -0.0005 0.7975 0.00076 -0.0025 0.8070 0.00079 0.0070
TB, 0.8031 0.00105 0.0031 0.8002 0.00161 0.0001 0.8001 0.00213 0.0001
08 1B 08015 0.00102 0.0015 0.7986 0.00159 -0.0014 0.7987 0.00207 -0.0013
TBo, 0.8000 0.00106 0.0000 0.7971 0.00164 -0.0029 0.7977 0.00210 -0.0023
KM 0.8500 0.00062 0.0000 0.8502 0.00063 0.0002 0.8470 0.00064 -0.0030
TB, 0.8506 0.00109 0.0006 0.8499 0.00132 -0.0001 0.9165 0.00650 0.0665
085 1B 08487 0.00108 -0.0013 0.8481 0.00127 -0.0019 0.9066 0.00551 0.0566
TBo. 0.8468 0.00109 -0.0032 0.8467 0.00133 -0.0033 0.9064 0.00551 0.0564
KM 0.9003 0.00047 0.0003 0.9050 0.00041 0.0050 0.9165 0.00064 0.0165
TB,, 0.9020 0.00076 0.0020 0.9041 0.00114 0.0041 0.9165 0.00235 0.0165
09 1B 09008 0.00074 0.0008 0.9024 0.00110 0.0024 0.9115 0.00213 0.0115
TBo, 0.8997 0.00075 -0.0003 0.9014 0.00110 0.0014 0.9064 0.00237 0.0064
KM 0.9526 0.00025 0.0026 0.9573 0.00024 0.0073 0.9773 0.00087 0.0273
095 TBy, 0.9507 0.00044 0.0007 0.9510 0.00058 0.0010 0.9360 0.00151 -0.0140
TB  0.9496 0.00043 -0.0004 0.9491 0.00057 -0.0009 0.9348 0.00154 -0.0152
TBow 0.9484 0.00046 -0.0016 0.9475 0.00062 -0.0025 0.9329 0.00173 -0.0171

Note: TB= TB

lin
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Figure 2 The MSEx10,000 of S(t) by TB,,, TB,, and TB,, for 20% and 40% of right
censoring and shape parameter 0.8 over time between visit as 0.5, 1, 2 years respectively
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Figure 3 The MSEx10,000 of §(t) by TB
censoring and shape parameter 1 over time between visit as 0.5, 1, 2 years respectively
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TB,, and TB,, for 20% and 40% of right

censoring and shape parameter 1.5 over time between visit as 0.5, 1, 2 years respectively
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Figure 7 The BIASx10,000 of S(t) by TB
censoring and shape parameter 1.5 over time between visit as 0.5, 1, 2 years respectively
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Although the TB estimator has been proposed over a past few decades, the KM estimator
based on imputation techniques is still widely used for interval-censored data (Grover et al. 2013,

Harezlak and Tu 2006, Stgvring and Kristiansen 2011, Sun et al. 2013, and Williams et al. 2004).
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However, the appropriateness of using the imputed KM estimator is still being argued. There are
several comparisons of the performance of the TB and KM estimators with real data but there are
a few studies via simulation. Typically, the simulation was set up to mimic the specific real data
so that if there are several simulation studies, the useful results may be suggestion for researchers
to apply the imputed KM method appropriately. In this paper we have compared the
performances of the survival function estimators, KM and TB, when the time to event is subject
to interval-censored data. Here, the distribution of time to event is assumed to be Weibull

distribution which can also be viewed as a generalization of the exponential distribution because
this is widely used in survival and reliability analysis. Also, we have compared among three shape
parameters of Weibull distribution that represents the three types of hazard behavior (constant,
increase, and decrease). Moreover, we compared the estimator of S(t) by TB corresponding to

three relationships as a linear interpolation and flats as a lower bound and an upper bound of the
class estimators on each TB interval. The simulation study showed that TB with linear
interpolation methods is better than the other two TB methods. Moreover, the point estimates
from the TB with linear interpolation method and the KM method quite target to the true
percentiles except the high percentile of time to event for the long time between visits as two
years. In addition, the performance of TB estimator is close to the KM estimator, especially when
the time between visits is 0.5 years. We found that all TB methods are influenced by both time
between visits and shape parameter, whereas the KM method seem not to be influenced by shape
parameter. In the other word, the KM method is sensitive only when time between visits is longer
but all TB methods are influenced by shape parameter and time between visits. In addition, the
simulation study also showed that the KM method always overestimates S(t) at upper or equal

to 85" percentile and all TB methods are more varied when time between visits is two years.
For the future work, the comparison in other distributions will be studied.
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