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Abstract

In this paper, we propose a new estimator for Shannon entropy of a continuous random
variable. Consistency and other properties of the new estimator is stated. Through a Monte Carlo
simulation, the mean squared error of the proposed estimator is compared with some prominent
estimators, namely Vasicek’s estimator, Van Es’s estimator, and Correa’s estimator. Finally, it
is shown that the proposed estimator has smaller mean squared error than the other estimators.
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1. Introduction

Shannon (1948) defined entropy of a continuous random variable X with density function
f(x) as

H(f):—j_z f (x)log f (x) dx.

Shannon entropy has been widely applied in many fields such as model selection, goodness
of fit tests and etc. We interest to estimate the entropy of a random variable based on a random
sample. This problem has been considered by some authors such as Vasicek (1976), Van Es
(1992), and Correa (1995). They proposed solutions for the problem of estimating the entropy
and then introduced estimators for the population entropy.

Vasicek (1976) first expressed Shannon entropy as

H(f)=jjlog{dipF1(p)}dp,

and then by replacing the distribution function F by the empirical distribution function F,, and
using a difference operator instead of the differential operator proposed his estimator. By a
function of the order statistics, Vasicek (1976) estimated the derivative of F(p). Vasicek’s

estimator based on a random sample Xg,..., X,, isas
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13 n
Han = Hélog {%(X(Hm) - X(i—m)) }l

where the window size m is a positive integer smaller than n/2, X, =X, if i <1, X;, =X

() (i) (n)

if i>nand Xy <Xy <...< X, are order statistics based on a random sample of size n.
Consistency of the estimator is proved by Vasicek (1976). He showed that HV,,, — P SH (1)
as N —oo0, M— oo, while Mo

n

After Vasicek (1976), Van Es (1992) proposed an estimator of entropy given by

1 &(n+l 51
HVE,_ =—— — (X, — X)) |+ > —+log(m)—log(n+1).
mn n—m;( m ( (i+m) (|))j ;-,k g( ) g( )

He proved the consistency of the estimator and also asymptotic normality of this estimator
under some conditions.

Based on a local linear model, Correa (1995) proposed an entropy estimator. He first
considered the sample information as

(Fa (X)) X ) (Fy (X2 X))o (Fy (X ) X))
and written HV,,, as

n - .
Han=—lzlog @i+m)/n—(G{-m)/n _
N Xirm) = X (izm)

Then he noted that the argument of log is the equation of the slope of the straight line that
joins the points (F, (X i1m)), X(irmy) and (F,(Xi_m)), Xi_m))- Therefore, he used a local linear

model based on 2m+1 points to estimate the density of F(x) in the interval (X, m, Xi_m)),
F(X;))=a+pX;+e j=m—i..,m+i

Through the least square method, he obtained an estimator of entropy as
1 Z (X(j)_)z(i))(j_i)
HC,, =-=> log| ="— :
n e
' n_Z (X = Xw)*

j=i-m

where
i+m

= 1
X(i) Z X(i)'

B 2m+1,55,

Some authors have used the entropy estimators and developed statistical procedures based
on entropy. One can see for example, Arizono and Ohta (1989), Ebrahimi (1998), Esteban et al.
(2001), Balakrishnan et al. (2007), Rad et al. (2011), Pakyari and Balakrishnan (2012, 2013),
Noughabi and Arghami (20133, b), and Noughabi and Balakrishnan (2015). Therefore, it would
be interested to propose an efficient entropy estimator in practice. Our goal in this paper is to
present a desirable entropy estimator.

In Section 2, we present a new entropy estimator and scale invariance of variance and mean
squared error of it is proven. In Section 3, through a Monte Carlo simulation we compute root
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mean square error (RMSE) of estimators under different distributions and finally the proposed
estimator is compared with the existing estimators in terms of RMSE.

2. The Proposed Estimator and Its Properties

Suppose X, < X, <...< X, are order statistics of a random sample of size n from an
unknown continuous distribution F with a probability density function f(x). We interest to
estimate of entropy H(f) of an unknown continuous probability density function f.
2.1. The new estimator

In Vasicek’s estimator, since

Xim) = X(i-m)
2m/n

is not a correct formula for the slope when i <m or i >n—m-+1, we must correct this formula.
In order to a correct estimate the slopes at these points the denominator and,or the numerator

should be modified for i <m or i>n—m+1. Toward this end, we construct the following
estimator.
We propose to estimate the entropy H(f) of an unknown continuous probability density

function f by

HM :—%iz::log{sa(”:m)}’

where
m—/n’ lg | < m,
Xism = X
i+m _
D Xy =X@p)(i-i)
Si(m,n) = = , m+1<i<n-m,
+m
va 2
Ny (X -Xp)
j=i-m
m/n .
0 n-m+1<i<n,
Xy = X(i-m)
and

_ 1 i+m
x(i) om 11 Z x(J')'

To2m+l 4

2.2. Properties of the Estimator

In the next theorem, we show that the scale of the random variable X has no effect on the
accuracy of the proposed estimator in estimating H(f).
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Theorem 1 Let X,..., X, be a sequence of iid. random variables with entropy H”* (f) and

Y, =cX;, i=1..,n, where ¢>0. Also, let HMX and HM/, be entropy estimators for

HX(f)and HY (g), respectively (here g ispdfof Y =cX). Then the following properties hold.

i) E(HM/) = E(HM X )+logc,

i) Var(HM) ) =Var(HM X)),

iii ) MSE(HM,") = MSE(HM X.).
Proof: We have

n-m+1<i<n,

m/n = 1 m/n ) 1<i<m,

Yirm) =Yy € Xem) — X

i+m _ i+m _

DG -Ya))-D D (X = Xe)-D)

' (m,n) =4 _Lisim , m+l<i<n-m,

i+m _ c i+m _

n Y Y —Yoy) n Y (Y —Xa)
j=i-m j=i-m
mn 1 mn

Yoy ~Yi-my € Xy = Xiom)

Therefore,

HM ) :—%Zlog{siY (m,n)} :—%Zlog{%six (m,n)} =HM +logc,
i=1 i=1

and consequently
E(HMy,) = E(HM.1,) +logc,
Var(HM/ ) =Var(HM X +logc) =Var(HM X)),

c

S (m,n).

2
MSE(HM ) =Var(HM )+ Bias® (HM ) =Var (HM ) + {E(HM )~ H" (9))

2
:Var(HMén)Jr{E(HMr;(n)JrIogc— H* (g)-log c}

2
=Var(HM ) +{E(HM ) - H* (9)}
=Var(HM X ) + Bias?(HM )
= MSE(HM ).

The following theorem establishes the consistency of the proposed estimator.

Theorem 2 Let C be the class of continuous densities with finite entropies and let X,,...

be a random sample from f € C. If n — oo, then

HM,,, — > H(f).
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Proof: Since Vasicek’s and Correa’s estimators are consistent and also by consistency of  f (x)

and continuity of f(x), the result is hold.

3. Simulation Study

In this section, we compared the new estimator with the other existing estimators. A Monte
Carlo simulation is performed to analyze the behavior of the proposed estimator and other
estimators. Here, the proposed estimator is compared with some prominent estimators, namely
Vasicek’s estimator, Van Es’s estimator, and Correa’s estimator. Correa (1995) considered three
distributions normal, exponential and uniform for their comparisons, therefore we also consider
these distributions for our comparisons.

We generate random samples from these distributions and then compute the values of
estimators and finally based on 10,000 replications RMSE of the estimators are obtained. For the

considered estimators, we chose value of m using the following heuristic formula (see
Grzegorzewski and Wieczorkowski 1999):

m:[Jﬁ+o.5].

Tables 1 to 3 show the values of root of mean squared error (RMSE) and standard deviation
(SD) of the estimators at different sample sizes. We chose small and moderate sample sizes
n =5,10,15, 20,30, 40,50 and computed the root of mean squared error of the estimators. We can
see from the values of tables that the RMSE tends to zero when the sample size increasing. Also,
for large sample sizes, the values of RMSE are approximately the same. Therefore, we considered
the sample sizes 5 to 50.

Table 1 Root of mean squared error @nd standard deviation) of estimators in estimate of
entropy H (f) for standard normal distribution

RMSE (SD)

n m HV,  HVE HC,  HM_
5 2 0994 0509 0793 0536
(0.413)  (0.452) (0.418)  (0.418)

10 3 0618 0366 0470 0292
(0.264)  (0.283) (0.271)  (0.267)

15 4 0474 0318 0348  0.207
(0.211)  (0.220) (0.213)  (0.205)

20 4 0373 0276 0265  0.179
(0.178)  (0.185) (0.182) (0.178)

30 5 0282 0243 0194 0144
(0.144)  (0.148) (0.146)  (0.143)

50 7 0198 0212 0135  0.120

(0.109)  (0.110) (0.112)  (0.109)
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Table 2 Root of mean squared error (and standard deviation) of estimators in estimate of
entropy H(f) for exponential distribution with mean one

RMSE (SD)
n m HV,  HVE, HC,  HM,_
5 2 0930 0596  0.743 0580
(0559) (0.586) (0.554)  (0.555)
10 3 0570 0392 0435 0358
(0.360) (0.373) (0.361) (0.357)
15 4 0421 0310 0328 029
(0.282)  (0.290) (0.290)  (0.284)
20 4 0356 0274 0272 0253
(0.242)  (0.250) (0.247)  (0.245)
30 5 0276 0227 0208 0210
(0.198)  (0.201) (0.197) (0.194)
50 7 0194 0179 0155 0178
(0.148)  (0.149) (0.152) (0.150)

Table 3 Root of mean squared error (and standard deviation) of estimators in estimate of
entropy H(f) for uniform distribution on (0,1)

RMSE (SD)

n m HV,  HVE, HC,  HM,_
5 2 0774 0407 0566  0.363
(0.346)  (0.407) (0.336)  (0.342)

10 3 0455 0216 0295  0.168
(0.166)  (0.216) (0.169)  (0.165)

15 4 0343 0155 0208 0134
(0.110)  (0.155) (0.112) (0.110)

20 4 0274 0121 0157  0.104
(0.087) (0.121) (0.088) (0.086)

30 5 0210 0086 0110  0.091
(0.059)  (0.086) (0.061) (0.060)

50 7 0156 0058 0076 0085
(0.037)  (0.058) (0.039) (0.038)

From Table 1, we can see that for the normal distribution the proposed estimator HM , has

a smaller RMSE than the other estimators. For the exponential distribution, we can see from Table

2 that the proposed estimator HM_,, has a smaller RMSE than the competitors for small sample

sizes and for n=40,50 the Correa’s estimator HC,, has the smallest RMSE. For the uniform

distribution, we can see from Table 3 that the proposed estimator HM . has the smallest RMSE

for small sample sizes and for n=40,50 the Correa’s estimator HVE,, has the smallest RMSE.
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Generally, it is evident from Tables 1 and 3 that the proposed estimator has an excellent
performance in compared to its competitors. It can be seen that they have a smaller RMSE than
the other estimators for small and moderate sample sizes.

Based on our simulations, we can conclude that the proposed estimator has an excellent
performance for small and moderate sample sizes and therefore it can be easily applied in
practice.

4. Conclusions

In this paper, we have first described some prominent estimators for Shannon entropy and
then propose a new entropy estimator of a continuous random variable. The proposed estimator
has been constructed based on modification of Correa entropy estimator. We have presented the
properties of the proposed estimator. We finally have compared the proposed estimator with
some prominent existing estimators. We have shown that for small and moderate sample sizes
the new estimator behave better than the competitors. Generally, the proposed estimator has a
good performance and it can be easily applied in practice.
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