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Abstract

In this paper we propose new estimators for population total in the presence of nonresponse with
both a known and unknown response probability. The proposed estimators are investigated under
stratified sampling with two assumptions within each stratum: uniform nonresponse and an overall
negligible sampling fraction. We show in theory that one of our proposed estimators with a known
response probability is unbiased, while the other estimators are asymptotically unbiased, and the
variance estimation of the proposed estimators are all asymptotically unbiased. Finally, we compared
the efficiency of the proposed estimators through a numerical comparison. The results showed that the
proposed estimators performed well with a very small relative bias, especially for the proposed
estimator with an unknown response probability which had a smaller relative root mean square error
when compared to the others.

Keywords: Taylor linearization approach, nonresponse, reverse framework, variance estimator.

1. Introduction

In stratified sampling, a population is divided into non-overlapping subpopulation strata, each
layer is referred to as a stratum. In each stratum a sample is randomly selected from the subpopulation
according to a given sampling design which may be different between stratum or the same. The sample
will be further studied to estimate the population total and population mean. Under unequal probability
sampling without replacement, an unbiased estimator for estimating population total was proposed by
Horvitz and Thompson (1952). This estimator is equal to the sum of the study variable’s value in the
selected sample multiplied by the inverse of the first-order inclusion probability (sampling weights).
Moreover, they also derived the variance and an associated estimator for the proposed estimator. Later,
Sérndal, Swensson and Wretman (1992) proposed an estimator for population total under stratified
sampling based on Horvitz and Thompson’s (1952) estimator. They have adjusted Horvitz and
Thompson (1952) to estimate the population total within each stratum. Consequently the population
total estimator can be obtained by finding the sum of the estimator of population total within each
stratum. Sarndal and Lundstrém (2005) also discussed the population total estimator and associated
variance estimator under stratified sampling.
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Usually nonresponse can occur in sample surveys and subsequently this affects the population
total estimator which may lead to bias and so decreased efficiency since the sample size is reduced as
a result. Nonresponse was first introduced by Hansen and Hurvitz (1946) who encountered it while
conducting mail surveys before subsequently classifying it into two items of nonresponse and unit
nonresponse. In the presence of nonresponse, the population total estimators with the assumption of
complete response will not work because some units of the study variable cannot be observed.
Therefore Neyman (1938) proposed an ideal two-phase framework to estimate the population total in
the presence of nonresponse comprised of two phases: the first phase is to form a sample by selecting
a finite population total according to a sampling design and the second phase is to form a set of
responses under unknown response probabilities. Under stratified sampling design S&rndal and
Lundstrém (2005) proposed a population total estimator along with a variance estimator under a two-
phase framework with the assumption that the response probability is known but that the true
probability of response is usually unknown in practice and so must be estimated using a suitable
auxiliary variable (see also Bethelehem 2012; Dihidar 2014). In order to solve the problem, Fay (1991)
proposed an alternative concept framework called ‘reverse framework’ to estimate population total.
The procedure begins with a finite population total being randomly classified into subpopulations
according to a nonresponse mechanism that includes both respondent and non-respondent population
subtotals. Then a random sample will be selected from the two subpopulations. Shao and Steel (1999)
developed a method under reverse framework to estimate the variance of the population total
estimator. Lawson (2017) proposed a nonlinear estimator which is asymptotically unbiased to
estimate both population mean and population total using probability proportional to size with
replacement (PPSWR) sampling. Lawson’s (2017) estimator is approximately unbiased and does not
require a known or estimated response probability when a sampling fraction is negligible. Its variance
can be obtained by using the Taylor linearization approach.

In this paper population total estimators in stratified sampling with unequal probabilities within
each stratum based on Sarndal and Lundstrom’s (2005) estimator and Lawson’s (2017) estimator are
proposed. The overall sampling fraction is assumed to be negligible and the nonresponse mechanism
in each stratum is assumed to have uniform nonresponse. Section 2 reviews the procedure for variance
estimation under the reverse framework. The proposed population total estimators are discussed in
Section 3. In Section 4, the variance and the estimated variance of the proposed estimators are
investigated. Finally conclusions are given in Section 5.

2. Variance Estimation under Reverse Framework

This paper is aimed at developing an estimation method for population total along with a variance
estimator for use in the presence of nonresponse. In this section, a procedure to estimate the variance
of a population total estimator is discussed. Assume that the sampling design is a stratified sampling
design with unequal probability without replacement within each stratum. In this sample, a finite
population U={1,2,...,i,...,N} is partitioned into non- overlapping L subpopulation totals called

strata and denoted U, U,,..U,...U_ where U,={i:i belongs to stratum h} and
U, U, u...ul, w... U =U. Itis assumed that a sample s, size n,, is selected without replacement
from U, of size N, within each stratum and that unit i in each stratum is selected with probability
7y and selected independently across the strata. We also assume that H={12,...,h,...,L}. Let y be

the study variable and y,; be the value of y for any unit i in h stratum. The aim is to estimate the
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population total of y defined by Y=Zthi. Under stratified sampling the Sarndal, Swensson and

heHieU,
Wretman (1992) estimator to estimate Y is given by \fﬁzzzﬁzzzm where |1, =1 if
heH ics, 7Chi  heH iU, Chi
ies, otherwise I,,=0. Moreover, E (l,,)=P(l,,=D=x, and V,(l,;)=7,; 1-7,).
Under nonresponse, let r,; denote the response indicator variable of y,. and defined by ;=1 if
Y, is observed otherwise r,=0. Let R=(R, R, ... R,...R)" denote the vector of response

indicator where R, =(r,, I, _ r..) isa vector of response indicator in stratum h. We assume that
within each stratum the nonresponse machanism is of uniform nonresponse, i.e., p,; =P(r,; =1)=p,.
Ex (r)=P(r, =D)=p,, Ve (r;)=p,(1—p,) and E (r,;)=Ex (r,)E:(r;)= Py

Usually the variance estimation for a population total estimator is derived under a two-phase
framework which requires a known probability of response, therefore an alternative framework

namely, a reverse framework first pointed out by Fay (1991) was the focus for a solution. Later, Shao
and Steel (1999) developed a method to estimate the variance of a population total estimator under the

reverse framework. Assume that Y is the estimator of Y under a reverse framework with an overall
negligible sampling fraction the variance of Y is approximately according to (see also, Shao and Steel
1999; Haziza 2010) V(Y)~E.V,(Y|R). The estimator of V(Y) denote by V(Y) and defined by,

V(Y)=V,(Y|R) where Vi(Y|R) is the estimator of V,(Y|R), in other words E[V,(Y|R)]
=V5(Y|R). Moreover, the overall expectation of V(Y|R) is given by E[Vi(Y|R)]

=B [Es [Vs (Y IR) []=Ex [ Vs (YIR)]

Lemma 1 Under stratified sampling with unequal probability without replacement and uniform

nonresponse within each stratum: Let Y be the estimator of Y under reverse framework with an
overall negligible sampling fraction,

(1) The variance of Y is approximately by V (Y)~E.V, (Y|R),
(2) The estimator of V/ (Y) is defined by V (Y)=V, (Y|R).

3. The Proposed Estimators

The estimation of population total in the presence of nonresponse may lead to a biased estimator
since the sample size is reduced. In this section we focus on population total estimators in the presence
of nonresponse under stratified sampling, uniform mechanism and with a negligible overall sampling
fraction where the sampling design in each stratum is of unequal probability without replacement.
This research proposes population total estimators based on Sarndal and Lundstrém’s (2005) estimator
and Lawson’s (2017) estimator, called the linear estimator and ratio estimator, respectively. The ratio
estimator does not require the response probability whereas the linear estimator requires this value to
be known or estimated. Therefore, we consider the linear estimator in two cases, one p, is known

for all heH and the other p,, is unknown for all heH. We note that if p, is unknown for some

examples of heH the linear estimator can be obtained by combining the estimators from the two
previous cases. In the following development we also assume that;



Chugiat Ponkaew and Nuanpan Lawson 201

(A) Each stratum nonresponse mechanism is uniformly nonresponsive,
(B) The overall sampling fraction is negligible.

3.1. The linear estimator
Sarndal, Swensson and Wretman (1992), under stratified sampling with the assumption of
complete response, proposed an unbiased estimator to estimate population total based on Horvitz and

Thompson’s (1952) work. Defined by \?ﬂzzzﬁ, in the presence of nonresponse, the Sarndal,

heH ies;, “*hi
Swensson and Wretman (1992) estimator does not work because a few units in the random sample
cannot be observed. Therefore, Sarndal and Lundstrém (2005) proposed an unbiased estimator and
associated variance estimator for use under a two-phase framework. The Sarndal and Lundstrém

. . ~ r.y.
(2005) estimator is denoted by Y:Z'—y'
extended to include the reverse framework under stratified sampling and called the linear estimator.
Under a reverse framework, the population total estimator for stratum h based on Sarndal and

Lundstrom’s (2005) estimator is denoted by,

. Next, Sarndal and Lundstrém’s (2005) estimator was

A I Vi

Y=Y —ht, 1

", i P @

Therefore, the population total estimator based on Sérndal and Lundstrém’s (2005) estimator is
defined by, YS‘PS:ZYM:ZZM, where Y, is defined in (1). However, under the uniform

heH heH ies, “Chi Phi

. . A Lo Yo
nonresponse mechanism p,,=p, forall ieU, and heH therefore, YS(%:ZZ;'—S'.
heH ies, ““hi Fh

Definition 1 If assumption (A) is correct under a reverse framework with unequal probability
sampling without replacement in each stratum the linear estimator for estimating a population total
is defined by,

~ r.v.. ~
VO =3y mhi sy

henics, %ni P fer

R r.vy.
where Y,, =Z“'—y“'.

ies: hi P

In Definition 1 we proposed a linear estimator with known response probability. However, in reality
this value is unknown. Shao and Steel (1999) stated that the asymptotically unbiased estimator of p,,

is defined by,
R i 1
Py :ZL Z (2)

ics, 7ohi [ ics, ohi

Next, in Lemma 2 we proposed a linear estimator with an unknown response probability.

Lemma 2 If assumption (A) is correct under a reverse framework with unequal probability sampling
without replacement within each stratum where p, is unknown for all examples of heH then the

alternative linear estimator for estimating a population total is obtained by
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wG-plsihs L[5l sy,

heH [ ies;, Thi ies;, Thi iesy Thi heH

where Y,, =ZMZ;/22
i/ ies, ““hi

ies; ﬂ-hi iesy,

Proof: Y{2) can be obtained by estimate p, in Definition 1 by f, = z f Z—

ies, Thi ies, Thi

In Definition 1 and Lemma 2 we proposed the linear estimators for estimating a population total
under two situations, one where p, is known for all heH and another where p, is unknown for all

examples of heH. Next we show how the linear estimator works when p, is known for all examples

of heH as an unbiased estimator and as an asymptotically unbiased estimator of Y.

Theorem 1 If assumption (A) is correct under a reverse framework with unequal probability sampling
without replacement within each stratum.

(1) Y& is an unbiased estimator of Y.

2) Y& is an asymptotically unbiased estimator of V.

Proof:
(1) Under reverse framework if p, is known for all examples of heH then the overall expectation

of Y& is obtained by,

E(i2)-e.6 Tyl e e [zz”m : }

hertico, i Ph

heH ies;,

E.(r.)y. E(l
:zz R(rm;)[y_hb s (i) Zz thh.”h. Zzyhl
heH iU, hi Mh heH ieUy, heH iU,

(2) Under reverse framework if p, is unknown for all examples of heH then the overall expectation
of Y& is obtained by,
rhi yhi

E(Y’\S('Igg ): ER Es Z ] "hi riesh

heH i

rhiyhilhi IA
i; Thi i;”hi

R|[=EgEs| D = "
heH rIIhI ‘

Thi

Thi

R

Er (1) Yni Es (1 Es (1
> (f) Y ()Z ()

iU, Thi 0, Thi _
“2 5 EE () 22

Th

iU,

iUy i
3.2. The ratio estimator

From Section 3.1, one can see that the linear estimator requires a known or estimated response
probability, therefore in this section an alternative estimator based on Lawson’s (2017) estimator, to
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solve the problem, is proposed. Under unequal probability sampling with a probability proportional to
size with replacement Lawson (2017) proposed an estimator for population mean defined by

Zry, Z Consequently, the population total estimator is obtained by

ies i ics Ci

Y = NY Nzry, z The population total estimator proposed by Lawson (2017) does not

require either known or estimated response probability under the uniform nonresponse mechanism

with an overall negligible sampling fraction. Under stratified sampling with unequal probability

sampling without replacement within each stratum the idea of Lawson’s (2017) proposal was adapted.
The population mean estimator of stratum h is defined by,

rhl yhl hi

L 3

R @

Consequently, the population total estimator of stratum h is obtained by, \fh3=Nh\?h3, where YAh3 is

defined in (3). Therefore, the population total based on Lawson’s (2017) estimator is defined by

s(TB; _ZYha _Z N Yh3

heH heH

Definition 2 If assumption (A) is correct under a reverse framework with unequal probability
sampling without replacement within each stratum the ratio estimator is defined by

S('?% Z N Yh3 —ZYm'

heH heH

where Y, is defined in (3) and Y ,=N,Y,,.

Theorem 2 If assumption (A) is correct under a reverse framework with unequal probability sampling
without replacement within each stratum the ratio estimator YSTS is an asymptotically unbiased
estimator of Y.

Proof: The proof of Theorem 2 is similar to Theorem 1.

4. Proposed Variance Estimators

In Section 3 two population total estimators were proposed. One is a linear estimator and the other
is a ratio estimator. In this section the variance and the estimated variance of the proposed estimators
are investigated as follows:

4.1. The variance of the linear estimator
Recall from Definition 1 and Lemma 2 the following cases:
Casel: If p, is known for all examples of heH the linear estimator for estimating a population

r.v..
total is defined by; YS(PS Zzh'—ym by using Lemma 1 the variance of Y(lS is approximately

heH ies, ““hi Mh

Ve EV{ZZ h.th. } ZEV{Z h.lym } ZEV[ZﬂL:I'iR}.

heH iesy, heH ies, lesy
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Therefore

heH ies;,

wi-ge[ g

where z;;; = h'py“'

h

Case2: If p, is unknown for all examples of heH the linear estimator is given by; Y2 —Z\fhz,
heH

by using Lemma 1 the variance of Y2 is approximately

V(Y 2)~E,V. [Z\fm R} =Y EV, [\fh2| R], (5)

heH heH
where YhZ:Z—r“‘ Yo Zl/z i

ics, “Thi s, hi Thi

From (5), three random sums appear in \fhz so therefore it is a nonlinear estimator. Hence the variance

of \fhz given by R respects sampling design or V, [\fhz|R] which can be obtained by using the Taylor

linearization approach. Under this method the linear estimator of \fhz is given by;

\fh2~Constant+zﬁ, (6)

ics, 7hi
1 Zrhi Yhi
B iU,
Where Zh2i - Nhrhiyhi+zrhi yhi_Nhrhi
Zrhi iUy, Zrhi
iUy, iUy,

Substituting (6) into (5) we have

V(Y)~ ZEV{Z } ©)

heH iesy,

4.2. The variance of the ratio estimator
Recall Definition 2 the ratio estimator for estimating a population total is defined by

Y& =3Y,=>N, Y,,. By using Lemma 1 the variance of Y is approximated by

R}. ®)

From (8) one can see that Y,, takes the form of a nonlinear estimator. Therefore the linear estimator

\Y (Y,‘S('?é )= ERVg [Z N hY_h3

heH

of YLh3 can be obtained by using the Taylor linearization approach. Under this method the linear

estimator of YLh?, is obtained by,

. 1 vl v
Yh3~h€ZH: Constant+Zrhi gh:ﬂhi (Vi =Yar) | ©
iUy,

Where Y_hr:Z yhl/
ieUy,

iU,



Chugiat Ponkaew and Nuanpan Lawson 205

Substituting (9) into (8) one has

VIS EN, ZZ 2R | = 3, EnVs {z%H, (10
heH iesy h| l€s, ““hi

N _
where Zygi :Z_:_rhi (yhi _th)-
iUy, i
From Equations (4), (7), and (10) the general form of variance of the proposed estimators may be
written as:
V)= S EN {Z Eomi } (11)
heH iesy,
1 z r-hi yhi N
iU, va
’thizﬁ Nhrhiyhi+zrhiyhi_NhrhiW and Zgpi :Z_:hirhi(yhi _th)'

iU,
ieU, iU, iU,

hlyhl

where z,;; =

Theorem 3 If assumption (A) and (B) are correct under a reverse framework with unequal probability
sampling without replacement in each stratum.
(a) The variance of the proposed estimators can be derived from:

V) TR 1)+ 3 0,6 sl

heH | iU, 7hi iU, j#ieUy,

Thij —7Chi Tnj

where D,; = e
hi’*hj

and z,,;; m=12,3 are defined in (11).

(b) If p, is known for all examples of heH then the variance of the linear estimator is defined

by
1-7,, y2 ,
V)| TS 3 Dy, |
heH | ieUy, hi ieUy, j=ieUy
(c) If p, isunknown for all examples of heH then the variance of the linear estimator is given
by

V(YR)= =

heH

1—
{Z ”h.(_(yhl_yh) +(2yh|—Yh)th+Z > Dhijyhiyhj:l'

iU, 7Thi iU, j=ieU,
(d) The variance of ratio estimator is defined by

V(Ys(fg)zz{zl_”h. (ym h) +Z Z Dh” (yh, )(yhj —Y_h):|

hert | icu,, %ni P iU, j#icU,

The proof of Theorem 3 is given in Appendix A.

Theorem 4 If assumptions (A) and (B) are correct under a reverse framework with unequal
probability sampling without replacement within each stratum.

(a) The estimator of V (Y) can be obtained from
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1- 5
V(YS(TmS)) Z|:Z ﬂ-hl rfml +ZZ Dhljzhml hmj:|7

heH | iesy, h| iesy, j#ies,
Thi Yhi
GiYoi 5 Thi Yhi ies, 7hi
where Z,,,= v L= . Nl Yni + 2 Ny i ,
Py s fhi ies, 7hi hi
ies, 7Thi ies, Zhi
5 N 2 (VAR r. I A A
ZShi _ h rhi (yhi th)’ th z hi yhl Z hi and Dhij — hij hi’*hj .
r. Ty | ies. Tni Ty Ty T,
_hi ies, hi 1€s, ““hi hij““hi““ hj
ics, Chi

(b) If p, is known for all examples of heH then the estimator of V(\fs(%’s) is defined by

afn 1 1-
V(YS('I]'-)S)zZ_|:Z 722-hl I’-hl yhl +z Z Dhlj rhlrhj yhl yhjj|

heH ph iesy, hi iesy, j#iesy
Moreover, V (Y, ) is asymptotically unbiased against V (Y%, ).

(c) If p,, is unknown for all examples of heH then the estimator of V( S(ng) is given by

" 1-x
V(Ys(%)z z |:z P 2h2|+ z Z Dh|12h2|2h21:|l

heH | ies;, 7Z'hI ies, jies,
Thi Yni
1 y ies. TThi
5  _ h| hi 18, hi
where 7, T Np i Vpi + 2 Nplhi
hi ies, 7Thi hi
ies, Thi ies, Zhi

Moreover, V(YSTS) is asymptotically unbiased against V(Ys(fg)

(d) The estimator of V (YS}) is defined by

2

V)~ 3| || 2 ) 2 2 Bt ) )|

heH Z L ies, Ty ies, jries,
"(3) . . - . "(3)
Moreover, V(Y ) is asymptotically unbiased against V (Ygre ).

The proof of Theorem 4 is given in Appendix B.

5. Efficiency Comparisons of the Proposed Estimators

In this section we compare the efficiency of the linear estimators in Definition 1 and Lemma 2
with the ratio estimator in Definition 2 by using their simulated relative biases (RB) and relative root-
mean-square errors (RRMSE) (Dihidar, 2014; Sérndal and Lundstrom, 2005), respectively defined as

B ZYS(TmS)[b] =Y

RB(Y{™)= v : (12)
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1&
R EZWS(TS)[IJ] =Y )2
RRMSE (Y{m)=1 "2 v : (13)

where Y{3,, is the value of proposed estimators in the b™ iteration, for m=12,3; Y is the

population total; and B is the number of replications. We use the simple procedure of unequal
probability sampling without replacement (Midzuno 1952) to select sample s, of size n, from

population U, of size N, in each stratum. Under this scheme, the first unit of sample s, of size n,
in each stratum is selected by a probability proportional to size from population U, size N,.
Following this, the other units of the sample of size n,—1 are selected by using simple random
sampling without replacement from population size N, —1. Next, the first and second order inclusion
probabilities are given by

B Ky (Ny=n, ) n—1
”hi_f(kh)_Kh( N, -1 J+Nh_1a (14)

Kni +Knj N =1y =1 ny =1 n, =2
T =h(ky )= + ,
Ky ) No=1 N,—2 N -1N, -2

(15)

where f and h are functions of auxiliary variable k, Kh:Zkhi and ki, =[kq, Ky, ==~ Ky 1.
iU,

We used real data as per Valliant et al. (2000) and Dihidar (2014) from the US Labor Force
Population. We note that in program R, this data called “labor” is contained in the package
“PrackTools” and was obtained from the US Current Population Survey carried out in September
1976, which contains information on demographic and economic variables of 478 persons in three

strata with population sizes N=(210, 212, 56). In the procedure to compute RB(\?S({”S)) and

RRMSE(\?S‘T”‘S)), we used two variables from this data: the usual amount of weekly wages (WklyWage)
and the usual number of hours worked per week (HoursPerWk). Let y= WklyWage, k=
HoursPerWk, and H={L,2,3}. In the numerical comparison, the following steps were considered:

Step 1. Select a sample of 5% from each stratum by using Midzuno’s (1952) scheme.
Step 2. Generate a response indicator from the uniform nonresponse mechanism with different
levels of response probability.

Step 3. Compute Y™, where m=1,2,3.

STS 1

Step 4. Repeat 10,000 times from Steps 1 to 3.

Step 5. Compute RB(Y.™) and RRMSE(Y{™), where m=1,2,3.

The simulated RB and RRMSE results of the estimators are reported in Table 1, from which we
can see that the overall simulated RB results of the proposed estimators were small and very close to
zero, especially for the proposed estimator with an unknown response probability. In addition, the
simulated RRMSE of this estimator was smaller than the others, and this value decreased when the
response probability increased.
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Table 1 The simulated RB and RRMSE of the proposed estimators based on 10,000 samples

RB(Y.™) RRMSE(Y{[?)

P=(PP2P) Tppva)  RB(Z)  RBUY)  RRMSE(L) | RRMSE(Z)  RRMSE(Y)
(0.5,0.5,0.5) 0.0262 -0.0051 -0.0038 0.2615 0.1863 0.1880
(0.7, 0.5,0.5) 0.0316 0.0021 0.0034 0.2418 0.1766 0.1786
(0.5,0.7,0.5) 0.0314 0.0015 0.0028 0.2309 0.1691 0.1711
(0.5,0.5,0.7) 0.0127 0.0018 0.0030 0.2602 0.1882 0.1900
(0.7, 0.7 ,0.5) 0.0258 -0.0005 0.0006 0.1999 0.1534 0.1555
(0.7, 0.5,0.7) 0.0056 -0.0017  -0.0005 0.2370 0.1771 0.1791
(0.5,0.7,0.7) 0.0062 -0.0017 0.0004 0.2256 0.1688 0.1706
(0.7, 0.7 ,,0.7) 0.0059 0.000-4 0.0009 0.1979 0.1552 0.1574
(0.8, 0.7 ,0.7) 0.0059 -0.0007 0.0005 0.1858 0.1491 0.1512
(0.7, 0.8 ,0.7) 0.0073 -0.0005 0.0007 0.1823 0.1480 0.1502
(0.7, 0.7 ,0.8) -0.0009 -0.0013 -0.0001 0.1961 0.1534 0.1555
(0.8, 0.8,0.7) 0.0050 -0.0009 0.0003 0.1708 0.1417 0.1440
(0.8, 0.7,0.8) 0.0006 -0.0001 -0.0004 0.1844 0.1464 0.1486
(0.7, 0.8 ,0.8) 0.0017 -0.0003 0.0009 0.1821 0.1475 0.1497
(0.8, 0.8 ,0.8) 0.0004 -0.0005 0.0001 0.1711 0.1418 0.1441

6. Conclusions

In this paper both linear and ratio estimators for estimating population total in the presence of
nonresponse under a reverse framework were successfully delivered. It was assumed that the sampling
design was stratified with unequal probability without replacement and uniform nonresponse across
all strata. Moreover we assumed that the overall sampling fraction was negligible. Under these
conditions the ratio estimator has neither known nor estimated response probabilities while conversely
the linear estimator requires known or estimated response probabilities unlike ours. Therefore the
response probabilities for these estimators are classified into the two cases of knowing all strata and
knowing no strata. We note that if the response probabilities are unknown for some strata the linear
estimator and associated variance estimator can be obtained by combining the estimators from the two
previous cases. We showed in theory that the proposed estimator with a known response probability
is unbiased whereas the other estimators are asymptotically unbiased and that the variance estimators
of the proposed estimators are all asymptotically unbiased. The results showed that for all levels of
response probability the proposed estimators all had low simulated RB. In addition, when the response
probability is unknown the proposed estimator had a lower simulated RRMSE than the other
estimators for all levels of response probability.

Under the assumption of uniform nonresponse all units in the population have the same response
probabilities. The estimated values for our response probabilities can be easily estimated without using
any auxiliary information. However, in general, a uniform nonresponse mechanism is not realistic in
practice so therefore we aim to extend the proposed estimators to include a missing-at-random (MAR)
mechanism which will perform more realistically than a uniform nonresponse mechanism. Under this
MAR mechanism if response probabilities are unknown then they can be estimated by some function
of an auxiliary variable value using probit or logistic regression.

In this paper the method for estimating the variance of our proposed estimators are derived from
Horvitz and Thompson (1952) with the limitation of requiring joint inclusion probabilities which is
difficult to implement. In practice the simple method proposed by Hansen and Hurwitz (1943) is good
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enough to estimate variance if the overall sampling fraction is negligible. Therefore in further work
we will focus on variance estimation for the population total estimator in the presence of nonresponse
based on Hansen and Hurwitz (1943) estimator.
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Appendix A: Proof of Theorem 3
Assuming that (A) and (B) hold.

(a) From (11) one has

VIS~ EN, [Z o R} (A1)

heH iesy

where z,..; m=12,3 are defined in (11). First of all, we consider V {Zzhm‘ R} in (Al).

ics, “hi
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Since Zﬂ has the form of Horvitz and Thompson (1952) estimator therefore

ics, hi

Zpm: 1-r
V{Z Aihm' R}: 2z {Z 4l Zﬁm,+ 2 2 DyijZnmi thj:|' (A2)
ies, Thi heH iU, i iU, j=ieU,

Substituting (A2) into (A1) one has:

V(Y’\S('Ir'ns))zzER|:z T hl §m|+z Z Dhljzhml hmj:|

heH iUy, hi iUy, j#iel,

~Z{Zlﬁmﬂ E (th.)+z Z Dy; B (Zomi ) Er (thj)}

heH | ieUy h iUy, j#ieUy

Therefore

(m)) Z|:Zl ”hl E (th|)+z z DhI]E (thl)E (thj)i|

heH | ieU, hi iUy, j#ieUy

hlyhl

h

(b) First of all note that r5 =r,, recall from (11) we have; z,, =

one has

heH|i Thhi h ieU;, j#ieUy,

1- v VL
-3 e 5 5

_Z{Zl T PuYmi .Y Yo, phyh. phyh,}

heH | ieUy, Thi ph iUy, jziely ph
1 7[ 1 y 1
:%[euzh ﬂ_hlh . +|§h ];h Dhl] yhl yhj:|

The proof of (c) and (d) are similar to (b).

Appendix B: Proof of Theorem 4
Assuming that (A) and (B) hold.

() From Lemma 1, (2) and (11) V (Y&™) can be estimated by

(A3)

substituting z,,, into (A3)

Thj th]
Pr

- 1-7
(m) hi A2
V STS) Z Z : hm|+z z Dhlj hmi hmJ ’ (Bl)
heH | ies;, 7Z'h| iesy, j#ies,
Thi Yhi
A Tohij = hiThj 4 LiVei & 1 Ii Vi ics, “hi
where Dhij: v Ly = =, Ly =——— N hFhi Yni T Z — Nh - r hi
Thij i Thj Py Z i icsy i Zl

IESh

icsy 7ohi
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(b) Recall from (B1) the estimator of V (Y{.) is defined by

1- A . A
VE2)~ z{z T g zzo}

heH | ies;, ﬂ-h. ies;, j#ies,

1_7[hi(rhiyhij (rhiyhij Thj Yii
hg*{iezsh b Pr lezsh Jish " py Pr

1-7,
= z |iz rh| yhl + z Z Dhlj rhlrhj yhl yhjj|

heH ph ies; 7z‘hI ies, j#ies,

From (B2), the overall expectation of V (YX,) is obtained by:
E[V (V) [=EEs[VORIR]

1 1-
R S|:Z |:Z ﬂ.hl h| yh|+z z Dhl] hi hJ yhl yhj:|

heH ph iesy, h| iesy, j#ies,

I
m
m

d

1 1-
:ERES |:Z_2|:Z ”hl h|yh|+z Z Dhlj hi thhl hlyh] hj:|

heH Mh [ieU, ﬂm iUy, j#ieUy

!

_Z |:zl_727m = (rhi)ES(Ihi)yﬁi

heH ph iU, Thi
Thii —7Thi %)
+z Z u h L E (rhI)E (rh])yhlE (Ihl h])yh]:|
ieUy, j#ieUy ﬂhljﬂ-hlﬂhj

1 j i
_Z |:Z il Pr huym +z z Do ~PniTy Pr ph”huyh|yh]:|

heH ph iUy, hi iUy, j=ieUy ”hl]ﬂhlﬂhj
-y sy 3 o
- hij yhlyhj STS
heH [ iUy, Thi iUy, jziely

The proof of (¢) and (d) are similar to (b).
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