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Abstract 

Panel data consists of repeated observations over time on the same set of cross-sectional units and 

impact of covariate may influence the estimation and testing procedures. Present paper proposes a 

covariate panel autoregressive (C-PAR(1)) unit root tests and estimation considering structural break 

under Bayesian approach. We use Monte Carlo simulation method to estimate the parameters using 

conditional posterior distribution and compared with ordinary least square estimator. For testing the 

unit root hypothesis, posterior odds ratio is derived and recorded satisfactory results. We have also 

studied empirical analysis on import of fertilizers to get more applicability of the model. 

______________________________ 
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1. Introduction 

Panel data contain repeated measures of the same variable, taken from same set of units over time. 

The growing interest in panel data modelling, especially over the 20th century, reflects increasing 

availability of such data and advances in computing technology. It also reflects the growing interest 

in estimating models of individual behaviour over time without having to use aggregate time series 

data. Panel data is more appropriate in comparison to univariate model because of it’s applicability in 

controlling individuals heterogeneity which are not controlled alone through univariate time series 

model. It is also able to study the dynamics of adjustment which is capable to identify and measures 

the effects that are simply not editable in pure cross-section data. 

In literature of classical approach, unit root test with covariate, Hensen (1995) developed unit root 

test with some stationary covariates for autoregressive parameter. He proposed covariate augmented 

Dickey-Fuller (CADF) unit root test and obtain the asymptotic local power function of CADF statistic. 

This CADF test was further extended to a point-optimal covariate (POC) unit root test by Elliott and 

Jansson (2003). Moreover, Chang et al. (2017) developed bootstrap unit root tests with covariate 

method to the CADF test to deal with the nuisance parameter dependency and provided a valid basis 

for inference based on the CADF test. Use of Bayesian approach for testing the unit root hypothesis 

was pointed out Sims (1988) and Sims and Uhling (1991). Chaturvedi et al. (2017) proposed univariate 
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model for testing unit root hypothesis for an autoregressive model in the presence of stationary 

covariate under Bayesian framework. 

Costantini and Lupi (2013) developed panel data model with stationary covariate which was the 

extension of model discussed by Hensen (1995). Recently, Kumar et al. (2018) described Bayesian 

approach for testing unit root hypothesis and estimation for Covariate Panel Data Autoregressive 

model without structural break using both simulated as well as real data. There are discussions in 

literature that sometimes, structure of the series changes due to various causes such as outliers, 

structural break, irregular dynamic pattern etc. Structural break is a long term shifting in the original 

structure of a series and impact on the coefficients of series and receiving attraction among the 

researchers in both single as well as multiple time points. Chib (1998) discussed the multiple change 

point under Bayesian approach and provided a comprehensive study for estimation and model 

selection for autoregressive (AR) model. Although, Wang and Zivot (2000), Newbold et al. (2001), 

Chaturvedi and Kumar (2007), Chen et al. (2011), Meligkotsiduo et al. (2017) etc. considered 

structural break in regression and time series model for detecting, estimating and/or testing the 

presence of break point as well as unit root hypothesis. Fossati (2013) extended covariate unit root 

tests in the presence of structural break in trend function and contributed inference of unit root 

hypothesis that improve the power of correlated stationary covariates. Under Bayesian approach, there 

are several advantages, especially with regards to use of computational methods, particularly Markov 

Chain Monte Carlo (MCMC). The use of MCMC techniques has allowed practitioners to draw samples 

from previously intractable probability distributions by running a constructed Markov chain for a long 

period of time. Whilst several ways exist to construct these chains, they are all, including the Gibbs 

Sampler (Geman 1984), a subset of the general MCMC technique of Metropolis et al. (1953) and 

Hastings (1970). Akaike’s information criterion (AIC) and Bayesian information criterion (BIC) are 

used for comparing nested models of differing dimensions (Priestley 1981). 

In this paper, we have proposed covariate panel autoregressive (C-PAR(1)) model considering 

structural break in mean and variance of model as well as in coefficient of covariate at known single 

time point under Bayesian approach, posterior odds ratio has been derived to test the unit root 

hypothesis and estimation methodology is proposed under assumed prior assumption. The Bayes 

estimates obtained by present methods are compared with the ordinary least square estimates for both 

simulated and empirical time series. 

 

2. Model with Structural Break 

The proposed autoregressive panel data model with covariate is the extension of univariate C-

AR(1) model (Kumar et al. 2017). In which they considered the univariate model. Let 

{ ; 1,2,..., ; 1,2,..., }ity i n t T   be a time series with n panels considering structural break in mean at a 

single known time point 
BT  where mean of the series changes from 1i  to 2i . 
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where itu  is serially correlated panel AR(1) containing stationary correlated covariate }{ itw  which is 
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Error process is shifted in both error variance and covariate’s coefficients at same point .BT  Here, 

{ ; 1,2,3,..., }it t T   are i.i.d. random variables each following normal distribution with mean zero and 

unknown variance. We can write the model (1) utilizing (2) as 
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The stationary covariate }{ itw  which helps in increasing the power of the test and at time t, the 

model may involve some future values
( 1) ( 2) ( 1), ,..., .i t i t i t rw w w   

 If future values are not available, the 

predicted values of itw ’s can be used in place of these values. We are also interested to test the unit 

root hypothesis for the above model, 1:0 H  against the alternative sH :1  with { 1;s a     

1}.a    Under the null hypothesis of unit root, the model reduces to 
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The model is given in Equations (3) and (4) may be written in matrix notation 
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3. Bayesian Analysis 

Let us assume prior for mean term ( )k  and error variance 2( )k  as conjugate normal prior
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where 1,2.k   

In AR modelling, testing of stationary is needed before the parameter estimation. So, unit root 

hypothesis is here important before modelling and drawing any inferences. The unit root hypothesis 

basically test that as series is difference stationary or trend stationary by considering hypothesis 
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Proof: The detail poof of this theorem is given in Appendix. 
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4. Simulation Study 

Simulation is a technique, tools, and strategies which can be applied in designing the structure of 

the process in different areas. It has been widely useful in the fields of econometrics and time series. 

In time series, simulation offers good scope for estimation, testing and prediction. The realistic 

scenarios of this technique is well developed in various mathematical software’s like R, STATA, 

MATLAB etc. which provides relevant results to verify the specific problem through simulated 

samples. In present study, we have performed simulation study for proposed C-PAR(1) time series 

model. For series generation from C-PAR(1) model (5), different size of series T   (80, 100) with 

one know structural break at three scenarios of ( / 4, / 2, 3 / 4)BT T T T  and covariate series having 

similar break point BT  with error term it  distributed normally which is as follows 

, 1

, 1

0.05 0.07 ,

0.7 0.08 , .

i t it B

it

i t it B

w t T
w

w t T









  
 

  
                                           (10) 

We have considered panel of size three with initial value of 0iy = (0.20, 0.40, 0.60) and 0iw = (0.3, 

0.5, 0.7) and   = (0.90, 0.92, 0.94, 0.97, 0.98, 0.99) with other model parameters, 1M = (0.3, 0.5, 

0.7), 2M = (0.4, 0.6, 0.8), 1 = (0.5, 1, 1.5), 2 = (2, 2.5, 3), 1 = 0.5 and 2 = 1. The simulation study 

targets here to get more generalized view on the model so we have generated the time series for small 

values of  = (0.90, 0.92, 0.94) and values close to 1,  = (0.97, 0.98, 0.99) and reported the 

respective values in Tables 1 and 2, respectively. Tables 1 and 2 provides POR and estimates of 
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autoregressive coefficient in respect to T  and .BT The POR strongly favours the rejection of unit root 

hypothesis in all cases and correctly concluding the stationarity.  

 

Table 1 Bayesian unit root testing with lower value of   

BT    
T =80 T =100 

̂  POR ̂  POR 

/ 4T  

0.90 0.8991 8.01E-04 0.9020 6.29E-04 

0.92 0.9196 6.29E-04 0.9187 5.70E-04 

0.94 0.9363 6.37E-04 0.9402 5.06E-04 

/ 2T  

0.90 0.8977 5.95E-04 0.8979 5.52E-04 

0.92 0.9165 5.43E-04 0.9159 5.18E-04 

0.94 0.9400 4.52E-04 0.9384 4.66E-04 

3 / 4T  

0.90 0.9015 5.10E-04 0.9006 3.70E-04 

0.92 0.9204 4.47E-04 0.9200 4.27E-04 

0.94 0.9375 4.00E-04 0.9362 3.46E-04 

 

Table 2 Bayesian unit root testing with higher value of   

TB   
T =80 T =100 

̂  POR ̂  POR 

/ 4T  

0.97 0.9732 4.60E-04 0.9704 4.07E-04 

0.98 0.9813 4.68E-04 0.9795 4.65E-04 

0.99 0.9880 1.90E-01 0.9873 4.12E-03 

/ 2T  

0.97 0.9679 4.06E-04 0.9665 4.25E-04 

0.98 0.9778 4.41E-04 0.9788 4.98E-04 

0.99 0.9870 7.16E-04 0.9904 9.37E-04 

3 / 4T  

0.97 0.9684 3.13E-04 0.9683 2.04E-04 

0.98 0.9764 3.20E-04 0.9794 2.24E-04 

0.99 0.9909 5.23E-04 0.9859 2.90E-04 

 

In Bayesian approach, loss function was introduces to minimize the error in posterior density.  

Various researchers used different types of loss function for their convenience. In this paper, we have 

used both symmetric as well as asymmetric loss function for better interpretation of the proposed 

model (Ali et al. 2013). The following loss function is considered (1) Squared error loss function 

(SELF) (2) Absolute loss function (ALF) and (3) Precautionary loss function (PLF).  For these loss 

functions, conditional posterior distribution of the parameters is obtained and getting the estimated 

value using Gibbs sampling technique. Due to limitation of the manuscript the estimated result are 

reported here for   = (0.90, 0.95, 0.99). Tables 3 to 5 reported the mean squared error (MSE) and 

absolute bias (ABS) with credible interval (CI) for different value of .  Based on the results, observed 

that OLS performance is not much performing than Bayesian methods because additional information 

are given to obtained the estimates of estimators in Bayesian in terms of MSE and ABS. Under the 

loss function, SELF and ALF having approximately same magnitude but PLF shows a better estimator 
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due to minimum MSE and ABS. The confidence interval truly captures the true value of model 

parameters. 

 

5. Empirical Study 

A rapid growth in agricultural sector is due to advance improvement in fertilizers, seeds, new 

technology etc., especially in developing country like India. India is the well-developed in agriculture 

field to produce better quality of agriculture commodities using advance techniques. But fertilizers are 

also useful to improve the production of yields. In India, productions of fertilizers are very less which 

do not sufficient to fulfil the demand.  Therefore, import of fertilizers is necessary to complete the 

requirement. In present study, we have been taken data series of fertilizers of NPK (Nitrogen, 

Phosphate and Potassium) from Department of Fertilizers and Department of Agriculture, Cooperation 

& Farmers Welfare (DAC&FW), India during 1981-2016. This data series recorded the consumptions, 

productions and imports of fertilizers in annual basis. Due to non availability of production of 

potassium fertilizers, considered consumptions and imports for analysis purpose only. In these data 

sets, different types of fertilizers are considered as a panel and assuming import as a covariate. 

Present paper deals the structural break in C-PAR(1) with single known break point. So, first we 

have identified the break point using the R-command “strucchange” developed by Kleiber et al. (2002) 

in R-software and observed that break occur at time point BT  = 23. After identifying the break point, 

C-PAR(1) model is fitted under various loss functions and reported in Table 6. For testing the unit 

root, POR is obtained for different estimated values of  estimated by OLS, SELF, ALF and PLF and 

recorded that series are trend stationary. Therefore, no unit root present in the series of fertilizers. 

Information criteria also calculated for model comparison and observed that minimum AIC and BIC 

is obtained through PLF methods with higher  = 0.954. For proposed model, estimation is carried 

out using different methods which are shown in Table 7 and observed that Bayesian approach provides 

better estimates with respect to OLS and then calculated confidence interval of estimators. 

 

6. Conclusions 

Present paper has developed a Bayesian approach for C-PAR(1) model considering structural 

break in mean, error variance and covariate series. A posterior odds ratio is derived to test the unit root 

hypothesis and then computed the conditional posterior distribution for estimation under different loss 

functions. A Monte Carlo simulation is carried out to know the performance of model and results 

shows that Bayesian estimators improved the efficiency of the parameters. We have applied the model 

on agricultural data series to find out the appropriate inference of the model. The result shows that 

data series is stationary and Bayesian estimates of parameters gives more efficient result then OLS 

method. The model may be further extended for multiple structural breaks. 
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Table 6 Model Comparison using POR, AIC and BIC 

Method OLS SELF ALF PLF 

  0.8716 0.9541 0.9449 0.9548 

POR 0.1506 0.0552 0.0455 0.0545 

AIC 1638.4458 663.1125 682.6000 646.5079 

BIC 1700.5195 725.1862 744.6737 708.5816 

 

Table 7 Estimates and confidence interval for parameters 

P  OLS SELF ALF PLF CI 

  0.8716 0.9541 0.9449 0.9548 (0.88, 1.00) 

11  1.0393 0.8514 0.8467 0.9744 (0.00, 1.85) 

12  0.2192 0.2811 0.2712 0.5569 (−0.67, 1.17) 

13  −0.0034 0.1081 0.0981 0.4830 (−0.72, 1.11) 

21  1.7401 1.5581 1.5710 1.6708 (0.45, 2.78) 

22  0.5466 0.5892 0.5785 0.8300 (−0.51, 1.80) 

23  −0.1666 0.2438 0.2371 0.6613 (−0.92, 1.40) 

11  0.0421 0.2799 0.2623 0.7353 (−0.98, 1.70) 

12  0.3617 0.2829 0.2614 0.9246 (−1.38, 2.12) 

13  0.1664 0.0255 0.0288 0.6496 (−1.26, 1.24) 

21  0.0554 0.0881 0.0817 0.5464 (−1.08, 1.08) 

22  0.1419 0.0958 0.1139 0.6450 (−1.15, 1.33) 

23  0.2464 0.0250 0.0206 0.6174 (−1.18, 1.20) 

1  0.0013 0.0474 0.0447 0.0495 (0.03, 0.07) 

2  0.0026 0.1184 0.1082 0.1290 (0.04, 0.22) 
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Appendix 

In this appendix, derived the posterior probability with the help of likelihood function and prior 

distribution which is as follows: 

Likelihood function under unit root hypothesis 
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Posterior distribution under 0H  
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Solving equation (A2) for 1 2 1, ,  and 2  by supposing 

 
1

1 1 1 1
ˆ

BTW W W Y


    and  
1

2 2 2 2
ˆ .

BT TW W W Y



     We will get required solution 

 

   1 2 1 2

1 1 1 2 2
1 1 2 2

0

1/ 2 ' 1/ 2
1 2 1 1 1 2 2 2 1 1 2 2

/ 2 ( ) / 2 ( ) / 2 ( ) / 2
/ 2 ( ) / 2 ( ) / 2

1 2 1 1 2 2

|

2 / 2 ( ) / 2 ( ) / 2 ( ) / 2 | | | |

( ) ( ) 2 2
B B

B B B B

a a a a
B B

nT p r a n T T p r a
nT p r p r

T T T T T T

P Y H

b b nT p r a n T T p r a W W W W

a a Y Y b Y Y b

  

      
   

 

        


                
2

.
 

(A3) 

 

Likelihood function under alternative hypothesis 
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Posterior distribution under 1H  
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