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Abstract

In this paper, we try to find the unknown transition probability matrix of a Markov chain that has
a specific stationary distribution. Numerous Markov chains can be found with this property, but among
these Markov chains, we want to choose one with the highest entropy rate. In this case, we claim that
the Markov chain where the rows of its transition probability matrix are of identical distribution to the
stationary distribution, has the maximum entropy rate.
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1. Introduction
In probability theory, entropy was introduced by Shannon (1948). The entropy of a random
variable X by distribution P, taking values from a finite set S = {x,,x,,...,x,}, with corresponding

probability p,, is defined by Shannon as
H(X):_Zpilogpi) (1)

with the convention 0log0 = 0. The principle of maximum entropy is used in cases where the purpose

is the estimation of the probability distribution that has maximum entropy under specific conditions.

Based on this definition, mathematicians were looking for the unknown probability distribution
function with the highest degree of uncertainty when some conditions of the distribution were given.
This problem known as the maximum entropy problem, is as follows

max H(X)
s.t. Z P, =1
i=1

Zpigj(xi) = ﬂj,j =1,2,...,n,
P

p,20,i=12,..,n,

@)

where f;s are real numbers and g s are real functions.
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The entropy of a random variable is a multivariable function of the space R" to R. To maximize
it, by differentiating the entropy function with respect to its variables, namely p,, and by setting them

equal to zero, we can find p;s. Since entropy is a convex function , the answer will be the maximum.
In addition, p,;s must satisfy the conditions (2). Solving these equations is challenging, because of

their nonlinearity.

When the number of unknowns in an equation system is greater than the number of equations, we
seek the optimal answer instead of solving the equation system. In this paper the optimal answer, is
the answer with the highest amount of entropy. The maximum entropy method is a known method for
determining the density function of random variables. Here, this method is generalized for Markov
chains. Consider a Markov chain {X,} with a state space S, an unknown transition probability

matrix P = [ p[j:| and an initial distribution 7,. We have N(N -1)+(N—1)= N> -1 unknown
variables for a finite state space S with N states. Now suppose that, the stationary distribution g of

the Markov chain is known; therefore, we have N equations from the relation x = uP. In this case,

there will be an infinite number of answers for unknowns. Now the goal is selecting the answer with
the most entropy. In the case of an infinite state space, it is more difficult to find values for unknowns
however the maximum entropy method can be used.

Jaynes (1957) was the first to obtain a probability distribution with minimal probability under
certain conditions using Shannon’s maximum entropy definition.

Ang et al. (1992) proposed a kernel method to approximate the optimal importance sampling
density. The method required an initial Monte Carlo run to generate the samples in the failure region.
Thus, it was not efficient for problems with small failure probabilities. Au and Beck (1999) proposed
an importance sampling scheme to improve the efficiency of the method by using the Markov chain
simulation to generate the samples that populate in the regions of most interest.

Zografos (2008) studied the properties, applications, and generalization of the maximum entropy
method. In the case of the maximum entropy of discrete probability functions, in stochastic processes,
especially in Markov chains, Erik (2009) expresses the concept of maximum entropy, and later,
Chliamovitch et al. (2015) complemented his work. Also, Burda et al. (2009) defined a new class of
random walk processes that maximize entropy. They proved this maximal entropy random walk is
equivalent to generic random walk if it takes place on a regular lattice, but not if the underlying lattice
is irregular.

Basset (2015) did the same. He worked with timed region graphs that are to timed automata what
finite directed graphs are to finite state automata, that is, automata without labeling on transitions and
without initial and final states. He defined stochastic processes over runs of timed region graphs and
their (continuous) entropy.

In the discussion of reliability, Dai et al. (2016) introduced the concept of maximum entropy.
They introduced a new maximum entropy-based importance sampling scheme. The proposed
methodology involves the generation of samples that populate the important region by Markov chain
simulation, and the construction of importance sampling density by the maximum entropy density
estimation method.

Henter and Kleijn (2016) proposed minimum entropy rate simplification (MERS), an information-
theoretic, parameterization-independent framework for simplifying generative models of stochastic
processes.

Our study concentrates on the calculation of the unknown transition probability matrix of Markov
chains with infinite state space, by help of the maximum entropy method.
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This paper consists of four sections. In Section 2, we define the problem of maximum entropy for
Markov chains. Section 3 solves the maximum entropy problem for infinite Markov chains in general,
by expressing a theorem and proving it. In Section 4, the problem of maximum entropy for Markov
chains with triple state space, is investigated and solved directly.

2. Definition of the Problem
Consider a Markov chain {X,} with state space S={1,2,3,...}, a stationary distribution

i =t fy, ft5,...) and the unknown transition probability p, ={X,,, =j|X, =i}. We intend to
calculate the probability values p; by help of the maximum entropy method. According to the

definition of the Shannon entropy rate of the Markov chain, we have

H(X,,X,,..X,)
n b

H(y) = lim €)

where X, is a random variable demonstrating the state at time ¢, and H(X,,X,,...,X,) is the joint

entropy of (X, X,,...,X,) with the joint distribution P(x,,x,,...,x,) where

H(Xlaer--aXn) == Z p(xl5x2a~--5xn)logp(xlax25---sxn)
X' eS” (4)
= _Ex,,Xz,...,Xﬂ log p(x,,%,,...,x,).

Note that for any sequence {X,},,, we denote a finite subsequence x,,x,

i Xy J >0 by x/.
Shannon (1948) proved the convergence in probability by —llog P(x,,x,,....,x,) to H(y). For
n

an ergodic stochastic process X, Cover and Thomas (2006) proved that

H(X)ZEEEH(X;': |X)171""’X1)’ (5)
and for the homogeneous ergodic Markov chain one can show that
H(y)=H(X,| X)) (6)
Thus, we can conclude easily
H(y) = _Zzluipij log P> (7

i-1 j-1
where 4 is the unique stationary distribution of state i € S.

Note that one can easily prove lim P(X, = j) = u, where ; is the stationary distribution of the

Markov chain. Now, the problem is to maximize H(y) by satisfying the following conditions,

szjzlaiesa (8)

Jj-1

ILIJ':Zﬂ[p,-j:je*g' )
i-1
The usual solution to solve this problem is by obtaining relationships between p;s using the

relations (8) and (9), and putting the results in relation (7). Then, by differentiating of H () with

respect to its variables and by setting them equal to zero, we get to the desired answer.

In Section 3, this problem will be solved for an infinite countable state space. In this section we
have a Theorem that is proved by considering the contradiction in answers. Section 4 solves this
problem directly by a usual method for a specific example with a triple state space.
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3. Solving the Problem Generally
In this section, we study the maximum entropy method for Markov chains with an infinite
countable state space and a specified stationary distribution. This is done in Theorem 1.

Theorem 1 Consider a Markov chain with a state space S =1{1,2,3,...}, and a stationary distribution
H=,1y,...). The unigue Markov chain {X,}, with the transition probability

Py = M,.1,j =1,2,3,..., has the highest entropy rate with state space S and the stationary distribution

of u.

Proof: p, = u; is satisfied in relations (8) and (9). We claim that the Markov chain {X} with this
transition matrix has the highest entropy rate. Otherwise, consider the Markov chain {X} with
P'# P. Then for P', there is at least one value i and a value / that p, # 4 . In other words, & can
be found such that p, = 1, —&. On the other hand, relations (8) and (9) must be established. Therefore,
k#1, r+#i and the value 0 was established such that p, =, +¢, p, =g+ and p, = u, — 6.
Without loss of generality, we put i =/=1 and » = k =2 for convenience. From the relation (9), we
conclude that

(1 = &)+ 1y (1 + 8) + py iy + -+ 11y =

(1 + &) F 1, (1) = 8) + sty ++ 4 ph, 1y = 1,

Hy o ‘Hf;ﬂ; Tt M = (10)
M, + 1, +IL‘l3ll'ln Tt uu, =,
Given the relation z; 4; =1, we have
{;;fll_;jf::oo = & =0, . (11)

Now, we can write
—HG)+H() = Do) mlogu, =3 > log
i=1 Jj=1 =3 j=l
+at, [, log = (1, — €)1og(uy — &)+ iy log 1y — (11, + &) log(u, +£)]  (12)
+ 11y [ 14,108 g1, = (14, + 8) log(u, + &)+ a1, log g1, — (1, — 6) log(u, —5)].-
So

' &
—H(0)+H(y') = 1 log 1~ 11} —eﬂl)(logﬂl +log[1——n

H

— 14 {(M —&)log(p, &)+ (u, + &) log(ps, +&)+ 3 1, log u,} (13)

_” {(M +8)log(ty + &)+ (11, — 8)log(t, ~8)+ 3, log u,}

=3
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&
+ i log p, = (pyp, + 614, )[IOg Hy +10g(1 +_JJ

5
+ gy 4y 10g g1 — (1 +5u2)(10gu1 +10g[1+7D
1

5
+ 445 log 11, — (115 —%)[bgﬂz +10g[1 ——JJ-

H,

2 2
We know that for small x, log(l+x)=x —%Jr o(x’) and log(1—x) = —x—%+ o(x’), so we have

e &
-H@)+H(" :ngogﬂl_(ﬂlz_gM)[ } )
y 2#
&
=& log p, — (w11, _gzu1)[ 2 +0(§ )j
Hy Hy
5 2
—ow, log p, — (a4, _épz)[ﬂ T+o(& )] (14)
1

5 s j
Hy 2/122

+64, log g1, — (45 — S )[

= —%(84—5)2 +0(&£%) <0,
e € 0 0 o . . . . .
where & =max<—,—,—,—}. Equality in the relation (14) is valid only if £=06=0; this
U

completes the proof of theorem.

4. The Triple State Space Markov Chains
In this section, the problem of maximum entropy for Markov chains with a triple state space, is
investigated and solved directly. Suppose that we have a Markov chain {X } with a state space

S ={1,2,3} and with a known stationary distribution g = (¢, ,, 1;). By using relation (9) we have

1
Py = Iu_((l_pll):ul _pzl/lz)

3

My = D)y + Dy + 1D 1
: o 2 o Py = _(_p12ﬂ1+(1_p22)ﬂ2)

Hy = Py T [Py + Py = Hs (15)
+u, =1 1
T i Py = Iu_(/h —(I=p, =P
3

(= Py = Pty )
Note that we know p,; =1-p, —p, for i=1,2,3. Now, with respect to the definition of the

entropy rate of a Markov chain in relation (7),
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3 3
_H(X) = Zzluipy' log yZn

i=l j=I
=1, (pyylog py, + pyy log p, + (1= py, = py)log(1- py, = ppy))
+ 4ty (P2 10 Py + Poy l0g pyy +(1= py, = pyy) log(1= py, = pyy))
(= py) sty = pouty)
1 (16)
(_plz/ll +(1-py )xuz)
Hs

+((1 =DM — Dot )log

+(_p12,u1 + (1 — Py ),uz )log

+(xu3 —(=py— P
(,Ug —(I=p, =Py —(1=p,, _pzz):uz)
Hs

Now we obtain some equations for finding p, s by differentiating of —H () with respect to p,,,

~(1= Py =Pt )log

Di2» Dy and p,, and by setting them equal to zero.

OH (x)
== K (10gP|| +1-log(1- p,, _plz)_l)
opy,
1- _
41 log (( Pi)H pzlluz) —u (17)
Hs
44, log (/J3 —(I=py =Pt —(1= py = P iy ) .
H
Now,
OH (y)
_TX =0= pifts = Piitly + Pouth + PuPokly + Pkl + Piofly = Py Doy = f- (18)
1
We have the same,
OH
_ﬁ =0= putly + PuuDaity + Pty + Pty = PPy = My (19)
12
OH (
_TX) =0=> Py iy + P Dot + Dopth + Pty — Pry Db = - (20)
21
OH (x)
_? =0= potly = Pty + Py ldy + D1y Doy + Piotly + Doy = Py Doy = My (21)
2

By solving the nonlinear relations (18) to (21), we can obtain the values of p,. One possible

answer is equal to

So we have,
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Mu

H(y) ==Y,

i=l j

#:p;log p;

1

Mu

=2

i=1

log u.
lﬂ,/'l, gH; (23)

~.
I

3
3
3

Zﬂ ogu,

Jj=
= H(u).
H(u) is the maximum entropy value for this chain. Therefore, according to the relation (22), it can

be concluded that the distribution transition probability matrix rows of Markov chain is the same as
the distribution of x. So

H(X) = }122 H(Xn | anl)
<limH(X,)

3
=—lim Y’ p(X, = )log p(X, = j)
peys (24)

3
==Y lim p(X, = j)loglim p(X, = )
iz] n—owo n—o0

3
=—> u;logu; = H().

Jj=1

Note that the summation is on the finite number of sentences and logarithm is a continuous function.

5. Conclusions

The maximum entropy method, in cases where some information of the distribution is available,
is used to find the distribution among the corresponding distributions with available information and
the highest entropy. In this article, this result was generalized for Markov chains. As we know, the
uniform distribution among distributions with finite state space has the highest amount of entropy. A
generalization of this problem occurs in the Markov chain when there is only stationary distribution
of the Markov chain. In this case, a Markov chain has the highest entropy rate when all of its transition
probability matrix rows have the same distribution as the stationary distribution.
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