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Abstract
In this paper, we obtain two characterizations of a family of continuous probability distribution

via identically distributed functions of upper record values. Examples of special cases of general
classes as Pareto, power, beta, Lomax, Singh-Maddala, Gompertz, Rayleigh, Weibull, Kumaraswamy,
rectangular, extream value, Burr type and Lindley distributions are discussed.
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1. Introduction

Record values are found in many situations of daily life as well as in many statistical applica-
tions. Example of application areas include industrial stress testing, meteorological analysis, sporting
and athletic events and oil and mining surveys. Many researchers have studied the characterizations
of probability distributions via identically distributed functions of upper and lower record values.
The starting point for many characterizations of probability distributions via identically distributed
functions of record values is the well-known result of Ahsanullah (1978) when he characterized the
exponential distribution. Several characterization results involving identical distributed can be found
in the literature. For example Ahsanullah (1979) studied the characterizations based on identical dis-
tributed. Also, Azedine (2013) presented characteristic properties of lower records associated with
this distribution. For further various characterizations of probability distributions based on record
values and order statistics the interested readers are referred to Arslan et al. (2005) Arslan (2014),
Nadarajah et al. (2014), Lee (2015) and Skřivánková and Juhás (2011) among others.

Now some notations and definitions. Suppose that {Xn, n ≥ 1} is a sequence of independent
and identically distributed(i.i.d.) random variables with cumulative distribution function (cdf) F (x)
and probability density function (pdf) f(x). Let Yn = max(min){X1, X2, · · · , Xn} for n ≥ 1.
We say Xj is an upper(lower) record value of {Xn, n ≥ 1} if Yj > (<)Yj−1 for j > 1. By
definition, X1 is an upper as well as a lower record value. One can transform the upper records to
lower records by replacing the original sequence of {Xj} by {−Xj , j ≥ 1} or (if P (Xj > 0) = 1
for all j) by {1/Xj , j ≥ 1}. We defined the upper record times {U(n), n ≥ 2} where U(1) = 1,
and U(n) = min{j | j > U(n − 1), Xj > XU(n−1)}. Similarly, the lower record times
{L(n), n ≥ 2} where L(1) = 1, and L(n) = min{j | j > L(n− 1), Xj < XL(n−1)}.

If F (x) is the distribution function of a nonnegative random variable, we say that F (x) is ”new
better than used” (NBU), if F̄ (xy) ≤ F̄ (x)F̄ (y), for x, y > 1 and F (x) is ”new worse than used”
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(NWU), if F̄ (xy) ≥ F̄ (x)F̄ (y), for x > 1 and y > 1. We say the F (x) belongs to the class C1

if F (x) is either NBU or NWU(see Ahsanullah (2004)).

If F (x) has density f(x) and R(x) = −lnF̄ (x), r(x) = f(x)
F̄ (x)

, F̄ (x) = 1 − F (x), 0 <

F̄ (x) < 1. We say the random value Xn belongs to the class C∗ if d
dxR(h(xy))≥ d

dxR(h(x)) or
d
dxR(h(xy)) ≤ d

dxR(h(x)) where h(x) is an increasing and differentiable function, for all x > 1
and y > 1.

The continuous distributions have been studied by many researchers. Juhás and Skřivánková
(2014) showed characterization of general classes of distributions with the independent property that
the random variables g(Ln) and g(Ln+1)− g(Ln) are independent where g(·) is an increasing and
differentiable function, n ≥ 1 if and only if X has general classes of distributions. Recently, Khan
et al. (2016) characterized a general class of distributions F̄ (x) = [ah(x) + b]c by the conditional
expectation of XU(s) and XU(r) conditioned on XU(m) where h(x) is a continuous, differentiable,
and non-decreasing function of x and for all s > r ≥ m.

The current investigation was induced by characterizations based on identical distribution(see
Ahsanullah et al. (2012) and Lee (2015)). Namely, we write Vn+1,n =

g(XU(n+1))
g(XU(n))

, one can ask

whether the identical distribution of Vn+1,n and g(Xk) or Vn+1,n and Vn,n−1 characterizes general
classes of distributions.

In this paper we investigate new characterizations of various continuous distributions via identi-
cal distribution of quotient function forms of upper record values.

2. Main Results

Theorem 1 Let {Xn, n ≥ 1} be a sequence of independent and identically distributed random
variables with absolutely continuous cdf F (x) and the pdf f(x) on the support (α, β), where α and
β may be finite or infinite. Assume that F belongs to the class C1. Let g(x) be an increasing and
differentiable function with g(x) → 1 as x → α+ and g(x) → ∞ as x → β− for all x ∈ (α, β).
Then F (x) = 1 − (g(x))−λ, for λ > 0, if and only if g(XU(n+1))

g(XU(n))
has an identical distribution with

g(Xk), for some k between 1 and n.

Proof: For necessary part, let the joint pdf of X = g(XU(n)) and Y = g(XU(n+1)) be fX,Y (x, y).
Then

fX,Y (x, y) =
1

Γ(n)
(R(x))n−1r(x)f(y) (1)

for 1 ≤ x < y < ∞.
Consider the transformations U = g(XU(n)) and V =

g(XU(n+1))

g(XU(n))
. Then the Jacobian of the

transformation is J = ∂
∂u (g

−1(u)) × ∂
∂v (g

−1(uv)). Since g(x) is an increasing and differentiable
function, both ∂

∂u (g
−1(u)) and ∂

∂v (g
−1(uv)) are positive. Thus we can write the joint pdf fU,V (u, v)

of U and V as

fU,V (u, v) =
1

Γ(n)
(R(g−1(u)))n−1r(g−1(u))f(g−1(uv))

∂

∂u
(g−1(u))

∂

∂v
(g−1(uv))

for u > 1 and v > 1.
The marginal pdf of fV (v) of V is given by

fV (v) =
1

Γ(n)

∫ ∞

1

(R(g−1(u)))n−1r(g−1(u))f(g−1(uv))
∂

∂u
(g−1(u))

∂

∂v
(g−1(uv))du

for u > 1 and v > 1.
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Substituting

Γ(n) =

∫ ∞

1

(R(g−1(u)))n−1f(g−1(u))
∂

∂u
(g−1(u))du, u > 1,

we have

fV (v) =

∫∞
1

(R(g−1(u)))n−1r(g−1(u))f(g−1(uv)) ∂
∂u (g

−1(u)) ∂
∂v (g

−1(uv))du∫∞
1

(R(g−1(u)))n−1f(g−1(u)) ∂
∂u (g

−1(u))du
(2)

for u > 1 and v > 1.
If F (x) = 1− (g(x))−λ, for all g(x) > 1 and λ > 0, then we obtain

fV (v) =

∫∞
1

λn+1
(
ln(u)

)n−1
(uv)−λ−1du∫∞

1
λn

(
ln(u)

)n−1
u−λ−1du

(3)

for u > 1 and v > 1.
From (3), we have on simplification

fV (v) = λv−λ−1, 1 ≤ v < ∞.

Hence g(XU(n+1))

g(XU(n))
and g(Xk) identically distributed.

Now we prove the sufficient part of the Theorem 1. Let us use the transformation U = g(XU(n))

and V =
g(XU(n+1))

g(XU(n))
. The Jacobian of the transformation is J = ∂

∂u (g
−1(u))× ∂

∂v (g
−1(uv)). Since

g(x) is an increasing and differentiable function, both ∂
∂u (g

−1(u)) and
∂
∂v (g

−1(uv)) are positive. Thus we can write the joint pdf fU,V (u, v) of U and V as

fU,V (u, v) =
1

Γ(n)
(R(g−1(u)))n−1r(g−1(u))f(g−1(uv))

∂

∂u
(g−1(u))

∂

∂v
(g−1(uv)) (4)

for u > 1 and v > 1.
The marginal pdf of fV (v) of V is given by

1

Γ(n)

∫ ∞

1

(R(g−1(u)))n−1r(g−1(u))f(g−1(uv))
∂

∂u
(g−1(u))

∂

∂v
(g−1(uv))du

for u > 1 and v > 1.
By the assumption of the identical distribution of V and g(Xk), we have

1

Γ(n)

∫ ∞

1

(R(g−1(u)))n−1r(g−1(u))f(g−1(uv))
∂

∂u
(g−1(u))

∂

∂v
(g−1(uv))du

= f(g−1(v))
∂

∂v
(g−1(v)), u > 1, v > 1.

Substituting

Γ(n) =

∫ ∞

1

(R(g−1(u)))n−1f(g−1(u))
∂

∂u
(g−1(u))du, u > 1,

we obtain∫ ∞

1

(R(g−1(u)))n−1r(g−1(u))f(g−1(uv))
∂

∂u
(g−1(u))

∂

∂v
(g−1(uv))du

=

∫ ∞

1

(R(g−1(u)))n−1f(g−1(u))
∂

∂u
(g−1(u))f(g−1(v))

∂

∂v
(g−1(v))du

(5)
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for u > 1 and v > 1.
Now equating (5), we have on simplification∫ ∞

1

(R(g−1(u)))n−1 ∂

∂u
(g−1(u))f(g−1(u))

×
[
f(g−1(v))

∂

∂v
(g−1(v))− f(g−1(uv))

F̄ (g−1(u))

∂

∂v
(g−1(uv))

]
du = 0

(6)

for u > 1 and v > 1.
Integration (6) with respect to v from 1 to v1, we obtain∫ ∞

1

(R(g−1(u)))n−1 ∂

∂u
(g−1(u))f(g−1(u))

[
F̄ (g−1(uv1))

F̄ (g−1(u))
− F̄ (g−1(v1))

]
du = 0

for u > 1 and v1 > 1.
Since F (x) belongs to the class C1, we must have

F̄ (g−1(v1))F̄ (g−1(u)) = F̄ (g−1(uv1)) (7)

for almost all u, u > 1 and any fixed v1, v1 > 1
By the theory of functional equation (see Aczel 1966) the only continuous solution of (7) with

boundary conditions F (α) = 0 and F (β) = 1 is

F̄ (x) = (g(x))−λ

for all g(x) > 1 and λ > 0. This completes the proof.

Example 1 If we set g(x) = x, x > 1, then identical distribution of XU(n+1)

XU(n)
and Xk characterizes

pareto distribution in Lee (2015).

Remark 1 Let {Xn, n ≥ 1} be a sequence of independent and identically distributed random vari-
ables with absolutely continuous cdf F (x) and the pdf f(x) on the support (α, β), where α and β
may be finite or infinite. Assume that F belongs to the class C1. Let g(x) be an increasing and dif-
ferentiable function with g(x) → 0 as x → α+ and g(x) → ∞ as x → β− for all x ∈ (α, β). Then
F (x) = 1− e−g(x), if and only if g(XU(n+1))− g(XU(n)) has an identical distribution with g(Xk),
for some k between 1 and n.

Proof: The proof is similar to the proof of Theorem 1.

Example 2 If we set g(x) = x, x > 0, then identical distribution of XU(n+1) − XU(n) and Xk

characterizes exponential distribution in Ahsanullah (2004).

Theorem 2 Let {Xn, n ≥ 1} be a sequence of independent and identically distributed random
variables with absolutely continuous cdf F (x) and the pdf f(x) on the support (α, β), where α and
β may be finite or infinite. Assume that F belongs to the class C∗. Let g(x) be an increasing and
differentiable function with g(x) → 1 as x → α+ and g(x) → ∞ as x → β− for all x ∈ (α, β).
Then F (x) = 1 − (g(x))−λ, for λ > 0, if and only if g(XU(n+1))

g(XU(n))
has an identical distribution with

g(XU(n))

g(XU(n−1))
.

Proof: For necessary part, the joint pdf of X = g(XU(n)) and Y = g(XU(n+1)) is given by

(1). Consider the transformations U = g(XU(n)) and V =
g(XU(n+1))

g(XU(n))
. Then the Jacobian of the

transformation is J = ∂
∂u (g

−1(u)) × ∂
∂v (g

−1(uv)). Since g(x) is an increasing and differentiable
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function, both ∂
∂u (g

−1(u)) and ∂
∂v (g

−1(uv)) are positive. Then for the joint pdf of transformed U
and V we get

fU,V (u, v) =
1

Γ(n)
(R(g−1(u)))n−1r(g−1(u))f(g−1(uv))

∂

∂u
(g−1(u))

∂

∂v
(g−1(uv))

for u > 1 and v > 1.
The marginal pdf of fV (v) of V is given by

fV (v) =
1

Γ(n)

∫ ∞

1

(R(g−1(u)))n−1r(g−1(u))f(g−1(uv))
∂

∂u
(g−1(u))

∂

∂v
(g−1(uv))du (8)

for u > 1 and v > 1.
From (8), we have

P (Vn+1,n > v1) =
1

Γ(n)

∫ ∞

1

(R(g−1(u)))n−1r(g−1(u))

× ∂

∂u
(g−1(u))F̄ (g−1(uv1))du, u > 1, v1 > 1,

and P (Vn,n−1 > v1) =
1

Γ(n− 1)

∫ ∞

1

(R(g−1(u)))n−2r(g−1(u))

× ∂

∂u
(g−1(u))F̄ (g−1(uv1))du, u > 1, v1 > 1,

where Vn+1,n =
g(XU(n+1))

g(XU(n))
and Vn,n−1 =

g(XU(n))

g(XU(n−1))
.

For the continuous distribution F (x) = 1− (g(x))−λ, g(x) > 1, λ > 0, we obtain

P (Vn+1,n > v1) =
λn

Γ(n)

∫ ∞

1

(
ln(u)

)n−1
u−λ−1v−λ

1 du, u > 1, v1 > 1,

and

P (Vn+1,n > v1) =
λn−1

Γ(n− 1)

∫ ∞

1

(
ln(u)

)n−2
u−λ−1v−λ

1 du, u > 1, v1 > 1. (9)

Integrating (9) by parts, we get

P (Vn,n−1 > v1) =
λn

Γ(n)

∫ ∞

1

(
ln(u)

)n−1
u−λ−1v−λ

1 du, u > 1, v1 > 1.

Hence g(XU(n+1))

g(XU(n))
and g(XU(n))

g(XU(n−1))
are identically distributed.

Now we prove the sufficient part of the Theorem 2. Let us use the transformation U = g(XU(n))

and V =
g(XU(n+1))

g(XU(n))
. The Jacobian of the transformation is J = ∂

∂u (g
−1(u))× ∂

∂v (g
−1(uv)). Since

g(x) is an increasing and differentiable function, both ∂
∂u (g

−1(u)) and
∂
∂v (g

−1(uv)) are positive. Thus we can write the joint pdf fU,V (u, v) of U and V as

fU,V (u, v) =
1

Γ(n)
(R(g−1(u)))n−1r(g−1(u))f(g−1(uv))

∂

∂u
(g−1(u))

∂

∂v
(g−1(uv))

for u > 1 and v > 1.
The marginal pdf of fV (v) of V is given by

fV (v) =
1

Γ(n)

∫ ∞

1

(R(g−1(u)))n−1r(g−1(u))f(g−1(uv))
∂

∂u
(g−1(u))

∂

∂v
(g−1(uv))du (10)
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for u > 1 and v > 1.
From (10), we have

P (Vn+1,n > v1) =
1

Γ(n)

∫ ∞

1

(R(g−1(u)))n−1r(g−1(u))× ∂

∂u
(g−1(u))F̄ (g−1(uv1))du,

for u > 1 and v1 > 1.
Since Vn+1,n and Vn,n−1 are identically distributed, we get

∫ ∞

1

(R(g−1(u)))n−1r(g−1(u))
∂

∂u
(g−1(u))F̄ (g−1(uv1))du

= (n− 1)

∫ ∞

1

(R(g−1(u)))n−2r(g−1(u))
∂

∂u
(g−1(u))F̄ (g−1(uv1))du

(11)

for all u > 1 and v1 > 1.
But we know that

(n− 1)

∫ ∞

1

(R(g−1(u)))n−2r(g−1(u))
∂

∂u
(g−1(u))F̄ (g−1(uv1))du

=

∫ ∞

1

(R(g−1(u)))n−1f(g−1(uv1))
∂

∂u
(g−1(uv1))du, u > 1, v1 > 1.

(12)

Substituting (12) in (11) and on further simplification, we get∫ ∞

1

(R(g−1(u)))n−1F̄ (g−1(uv1))r(g
−1(u))

∂

∂u
(g−1(u))×

[
1−

r(g−1(uv1))
∂
∂u

(g−1(uv1))

r(g−1(u)) ∂
∂u

(g−1(u))

]
du = 0.

Since F (x) belongs to the class C∗, we must have

r(g−1(uv1))
∂

∂u
(g−1(uv1)) = r(g−1(u))

∂

∂u
(g−1(u)) (13)

for almost all v1 > 1 and u > 1.
Integrating (13) with respect to u from 1 to u1 and simplifying, we get

F̄ (g−1(u1v1)) = F̄ (g−1(v1))F̄ (g−1(u1)) (14)

for all u1 > 1 and v1 > 1.
By the theory of functional equation(see Aczel (1966)) the only continuous solution of (14) with

boundary conditions F (α) = 0 and F (β) = 1 is

F̄ (x) = (g(x))−λ

for all g(x) > 1 and λ > 0.
This completes the proof.

Example 3 If we set g(x) = x, x > 1, then identical distribution of XU(n+1)

XU(n)
and XU(n)

XU(n−1)
character-

izes Pareto distribution in Ahsanullah et al. (2012).

Remark 2 Let {Xn, n ≥ 1} be a sequence of independent and identically distributed random vari-
ables with absolutely continuous cdf F (x) and the pdf f(x) on the support (α, β), where α and β may
be finite or infinite. Let g(x) be an increasing and differentiable function with g(x) → 0 as x → α+

and g(x) → ∞ as x → β− for all x ∈ (α, β). Assume that F belongs to the class C2 if the hazard rate
r(x) = f(x)

1−F (x) increases monotonically increases or decreases for all x. Then F (x) = 1− e−g(x), if
and only if g(XU(n+1))− g(XU(n)) has an identical distribution with g(XU(n))− g(XU(n−1)).

Proof: The proof is similar to the proof of Theorem 2.
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Example 4 If we set g(x) = x, x > 0, then identical distribution of XU(n+1) −XU(n) and XU(n) −
XU(n−1) characterizes exponential distribution in Ahsanullah (2004).

Remark 3 A list of continuous distributions with cdf and the corresponding forms of g(x) are given
in Table 1.

Table 1 Examples based on the distribution function F (x) = 1− (g(x))−λ

Distribution g(x) F (x)

Pareto x 1− x−λ, x > 1

Power (1− ( xβ )
p)−

1
λ ( xβ )

p, 0 < x < β

Beta 2nd kind (1 + x) 1− (1 + x)−λ, x > 0

Lomax (1 + x
c )

1
λ 1− (1 + x

c )
−1, x > 0

Singh-Maddala (1 + βxp) 1− (1 + βxp)−λ, x > 0

Gompertz
(
exp[ cα (e

αx − 1)]
) 1

λ 1− exp[− c
α (e

αx − 1)], x > 0

Rayleigh
(
exp[2−1β−2x2]

) 1
λ 1− exp[−2−1β−2x2], x > 0

Weibull ex
p

1− e−λxp

, x > 0
Kumaraswamy (1− xp)−1 1− (1− xp)λ, 0 < x < 1

Rectangular (1− ( x−α
β−α ))

− 1
λ ( x−α

β−α ), α < x < β

Extream value I
(
exp[ex]

) 1
λ 1− exp[−ex], −∞ < x < ∞

Burr type III (1− (1 + x−p)−β)−
1
λ (1 + x−p)−β , x > 0

Burr type IX
( c((1+ex)p−1)

2 + 1
) 1

λ 1−
( c((1+ex)p−1)

2 + 1
)−1

, −∞ < x < ∞
Burr type X

(
1− (1− e−βx2

)α
)− 1

λ (1− e−βx2

)α, x > 0

Lindley
(
c+1+cx

c+1 e−cx
)− 1

λ 1− c+1+cx
c+1 e−cx, x > 0

Acknowledgements

The authors acknowledge with thanks to both the referees and the editor for their fruitful sug-
gestions and comments, which led to the overall improvement in the manuscript.

References
Aczel J. Lectures on functional equations and their Applications. New York: Academic Press; 1966.
Ahsanullah M. Record values and its exponential distribution. Ann Instit Stat Math. 1978; 30: 429-

433.
Ahsanullah M. Characterization of exponential distribution by record values. Sankhyah. 1979; 41;

116-121.
Ahsanullah M. Record values theory and application. London and Maryland: University Press of

America; 2004.
Ahsanullah M, Aliev F, Oncel SY. A note on the characterization of Pareto distribution by the hazard

rate of upper record values. Pak. J. Stat. 2012; 29: 447-452.
Arslan G. A new characterization of the power distribution. J Comput Appl Math. 2014; 260: 99-102.
Arslan G, Ahsanullah M, Bayramoglu IG. On characteristic properties of the uniform distribution.

Sankhyah. 2005; 67: 715-721.
Azedine G. Characterization of the power function distribution based on lower records. Appl Math

Sci. 2013; 7: 5259-5267.
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