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Abstract 

In this paper, MM-estimation and fuzzy robust regression, developed from M-estimation, are 

used for modelling and are compared the model performance by simulation the data sets containing 

outliers in ,X  outliers in Y  and outliers in X  and ,Y  respectively. The robust regression is 

considered by the estimated mean square error (EMSE) (or the mean square of the bias values) and 

the mean absolute error (MAE) values. These values indicate estimation precision. The fuzzy robust 

regression provides the models being more robust than the MM-estimation almost all types of outliers 

because it has a lower EMSE and MAE, especially, outliers in both X  and .Y  Nevertheless, the 

MM-estimation is more effective than the fuzzy robust regression for case of 30% of outliers in X  

when n  = 20 and 40, respectively and case of 10% and 20% of outliers in .Y  

______________________________ 

Keywords: Membership function, simulation for outlier. 

 

1. Introduction 

Data set, unfulfilled assumptions, affects the performance of the regression model, especially, 

outlier problem. Many outliers infringe the presumptions of normally distributed residuals in the least 

square regression. Both outliers in dependent and independent variables have a prejudicial effect on 

the estimate (Alma 2011). Robust regression increases the robustness of regression model because it 

offers an alternative to least squares regression for the natural data set that does not correspond the 

assumptions. The properties of robust estimators are a high finite sample breakdown point (or the 

confinement percentage of adulteration in the data that any test statistics first turn into swamped) and 

high leverage points (Donoho and Huber 1983). Robust regression models are shunted into three 

categories: L, R and M estimations (Alma 2011). M-estimation method, presented by Huber (1964), 

is a well- known method and is an estimation of maximum likelihood type. The method provides the 

un-bias estimator and minimum variance (Huber 1964, Susanti et al. 2014). M-estimation was 

developed continuity to increase the efficiency of regression such as S-estimation and MM-

estimation. S-estimation, proposed by Rousseeuw and Yohai (1984), offers a high breakdown value 
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method. The advantage of this method is minimizing the pervading of the residuals. The MM-

estimation, proposed by Yohai (1987), has together the properties of high efficacy when the errors 

have a normal distribution and high breakdown point (BP) = 0.5 (Yohai 1987). The algorithm of the 

MM-estimation similar to the M-estimation, but it uses the S-estimation to minimize the scale of 

residual from the M-estimation (Yohai 1987, Susanti et al. 2014). These methods are often compared 

the efficacy of model by many researchers. For example, Alma (2011) compared the efficiency 

between these estimations and least trimmed squares (LTS) method for data sets containing 10%, 

25% and 40% of outliers in Y. M-estimation, S-estimation and MM-estimation provide models that 

are higher 2R  than least trimmed squares method. For real data applying, Susanti et al. (2014) created 

the model for maize production data with 6 independent variables using M-estimation, S-estimation 

and MM-estimation. These methods provide the model with a high 2.R  However, the S-estimation 

is the highest 2 .R  In addition to the described methods, there is another science that is applied 

extensively with statistical science, namely fuzzy logic. Presently, fuzzy logic is applied statistical 

research when the data set is fuzzy or not according assumptions. There are many categories of 

applying fuzzy logic for creating regression model. For example, linear programming approach 

proposed by Tanaka et al. (1982) and fuzzy least square approach proposed by Diamond (1988) 

(Redden and Woddall 1996, Yang and Ko 1997, Yang and Lin 2002, Nasrabadi and Nasrabadi 2004). 

However, the mentioned fuzzy model does not correspond the data set containing outliers. Kula et al. 

(2012) presented fuzzy robust regression (FRR) method. They studied multiple regression models by 

transforming explanation and dependent variables to triangular fuzzy number and parameter 

estimation to crisp number. Then, they applied this model with the insurance data set. Their results 

showed that the fuzzy robust regression provides the model with low residual. 

In this study, the MM-estimation and the fuzzy robust regression were applied to increase the 

robustness of the regression model. The membership function of the residuals by this method defines 

the weighted matrix. Thus, the weighted fuzzy least squares are constructed by the weighted matrix. 

This process is similar M-estimation. The performance of the MM-estimation and the fuzzy robust 

regression are compared by the simulation the data sets containing outliers in X, outliers in Y and 

outliers in both X and Y. The efficacy of the both methods is compared using mean absolute error 

(MAE) and the estimated mean square error (EMSE). Multiple regression model is described in 

Section 2 and MM-estimation is described in Section 3. Fuzzy robust regression model is explained 

in Section 4. Evaluations of the model are indicated in Section 5. Section 6 represents numerical 

examples. Finally, conclusions and discussions are revealed in Section 7. 

 

2. Multiple Regression Model 

 The data set, consisting of n  observations and p  regressors ( , ); 1, 2,..., ; 1, 2,..., ,i ijy x i n j p   

can be written the multiple regression model as follows (Wei et al. 2009): 

, Y Xβ ε  

or      
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where Y  is the vector of dependent variable, X  is the matrix of independent variables, β  is the 

vector of regression coefficients and ε  is the vector of error. The common assumption is as 

(Mahaboob et al. 2018): 

( ) 0E    and 2( ) ,nE I     

where nI  is a unit matrix of order .n  The residual sum of square can be written as 

 

ˆ ˆ( ) ( ),

ˆ ˆ ˆ ˆ ˆ ˆ, ,

ˆ ˆ ˆ2 ,

e e Y X Y X
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where ̂  is the least squares estimator of .  ̂  can be solved by minimizing the residual sum of 

squares using the first order condition: 

( ) 0
ˆ

e e



 


, 

ˆ2 2 0X Y X X    , 

ˆ ,X X XY   

1ˆ ( ) .X X XY   

 

3.  MM-estimation 

The algorithm of MM-estimation is developed from M-estimation. This method used S-

estimation to minimize the residual scale from M-estimation, so the estimation by this method have 

high breakdown value and more effective. The proportion of outliers, breakdown value, are 

addressed, these don’t affect the model (Chen 2002). S-estimation, solves problem frailness of M-

estimation in part of the default discretion in the distribution of a data set and not function of all data 

set because it usually applies the median like the weighted value. The S-estimation can be written as 

1 2
ˆ ˆmin ( , ,..., ),S S ne e e   

where ˆ
s  is determined  minimum robust scale estimator and realizing 
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Let   be a Tukey’s bi-square objective function as (Susanti et al. 2014), 
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where c  is the turning constant.  The frequent choice for the constant c  ( see in ( 2) )  and k  ( see in 

(1) )  are 1.548 and 0.1995, respectively, for 50% breakdown and about 28% asymptotic efficiency 

(Rousseeuw and Leroy 1987). MM-estimation provides the equation as (Susanti et al. 2014): 
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where ,MMS  the standard deviation, obtained from the residual of S-estimation. The algorithm of M-

estimation adjusted from Susanti et al. (2014) is 

Step 1 Approximate regression coefficients on the data set using OLS. 

Step 2 Compute residual value ˆ .i i ie y y    

Step 3 Compute value 
sn

̂  by (1). 

Step 4 Compute value .
ˆ

i
i
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e
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Step 6 Compute ̂ MM
 by using a weighted least squares method with weighted .iw  

Step 7 Repeat Steps 3-7 to obtain a convergent values of ̂MM
 (or 1ˆ ˆ , 0.k k

MM MM        is a 

very small number.) In this study, 0.0005   is used. 

 

4. Fuzzy Robust Regression Model  

 Let 1 2, ,..., pX X X  be explanatory variables or independent variables and Y  be dependent 

variable. A triangular fuzzy number of them can be written as ( , , ),x x xX  where x  is the element 

value of , xX  and x  are left spreads and right spreads, respectively, ( , , ),y y yY  where y  is the 

element value of , yY  and y  are left spreads and right spreads, respectively, the steps of the 

proposed method are as the following (Kula et al. 2012): 

Step 1 Define fuzzy regression model, 0 1i iY b b X  , where ( , , )i i i iX x x x  and ( , , );i i ii
Y y y y  

1,2,...,i n  are triangular fuzzy number, 0b  and 1b  are crisp number. The optimization of the fuzzy 

least squares is shown as (3). 

  
2
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In this study, the fuzzy least squares model is applied for multiple regression model. Thus, (4) can 

be written as 

   
2

0 1 2 0 1 1 2 2min , , ,..., ... , .p i i p ip ir b b b b d b b X b X b X Y      

The initial estimation parameter can be calculated as  

   
1T TT T0 T Tˆ ,F



    β X X X X X X X Y X Y X Y  

where 

11 1

21 2

1

1

1

1

p

p

n np

x x

x x

x x

 
 
 
 
 
  

X





   



, 

1

2

n

y

y

y

 
 
 
 
 
  

Y


, 

11 111 1

21 221 2

1 1

1

1
,

1

p p

p p

n npn np

x x x x

x x x x
X

x x x x

  
   
 
 

   





   



 

11 11 1 1

21 21 2 2

1 1

1

1

1

p p

p p

n n np np

x x x x

x x x x

x x x x

  
   
 
 

   

X





   



, 

1 1

2 2

n n

y y

y y

y y

 
 

 
  
 
  

Y


 and 

1 1

2 2

n n

y y

y y

y y

 
  
 
 

  

Y


. 

The T 1( )X X  is exist. 

Step 2 Compute the residual ˆ .i i ie y y    

Step 3 Determine median with defer to the absolute residual values. Then, the distance is 

solved by: 

abs( ) median(abs( )) ,i iD e e    1,2,..., ,i n  

where   is the Euclidean distance (Sanli and Apaydin 2004). 

Step 4 Determine the membership function ( ),e  
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where median ( ),ip D  max( )iq D r   and 
median median( )

0.6745

i ie e
r


 . Figure 1 reveals the 

membership function. 

Step 5 Generate fuzzy weighted least square regression ( Chang and Lee 1996) .  Weighted 

function, used to fit the model, is included the degree of membership.  The weight matrix is used for 

procreation the weighted fuzzy least squares ( Sanli and Apaydin 2004) . Equation ( 5)  provides the 

membership function and the values of the membership function.  Thus, the weight matrix is 

composed.  The weight matrix used for solving parameter estimation is a diagonal matrix, where 

1 2( , ,..., )nW diag    and 1 2, ,..., n    is the elements of the degree of membership. The weighted 

fuzzy least square function can be calculated as 
T TT TT 1 Tˆ ( ) ( ).F

    β X W X X W X X W X X W Y X W Y X W Y  
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Figure 1 Picture of the membership function 

 

Step 6 Repeat Steps 2-5 to convergent values of ̂ F
 (or 1ˆ ˆ , 0k k

F F        is a very small 

number). In this study, 0.0005   is used. 

 

5.  Evaluations of the Model  

 The performance of the both methods is compared by the mean absolute error (MAE) and the 

estimated mean square error (EMSE) as (6) and (7), respectively, 

            1
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6.  Numerical Examples 

 The model 0 0 1 1 2 2 iy x x        is generated 1,000 data sets by using MATLAB 9.7.0 

(R2019b) software with the fixed regression coefficients 0 11, 1    and 2 1,   respectively. The 

error term ( )i  is assumed to be independent (Ampanthong and Suwattee 2009) and is generated 

from the normal distribution N(0,1).  In this study, the independent variables, , 1,..., , 1, 2ijx i n j   

are generated from the uniform distribution (−5, 5) with sample size 20, 40, 60, 80 and 100, 

respectively. The percentage of outliers 10%, 20% and 30% are designed for comparing. The 

generated 50% of outliers are less than 1 3Q IQR  and 50% of outlier are more than 3 3 ,Q IQR  

where 1Q  is the first quartile, 3Q  is the third quartile and IQR is the interquartile range. In case of 
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and Y are ( , ), ,
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ij i
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 
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 and , ,
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 
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 Figure 2 represents the generated data sets with sample size 100 and 10%, 20% and 30% of 

outliers. The results of a performance comparison of the both methods are shown in Table 1.  
 

Table 1 The values of EMSE and MAE by MM-estimation and FRR method by sample sizes with 

percentage of both X ’s and Y ’s outliers, percentage of X ’s outliers and percentage of Y ’s 

outliers 

Sample

Size 

% of 

outliers

Outliers in X and Y Outliers in X  Outliers in Y 

MM-estimation FRR method MM-estimation FRR method MM-estimation FRR method 

EMSE MAE EMSE MAE EMSE MAE EMSE MAE EMSE MAE EMSE MAE 

20 

10 6.7193 3.9017 2.0668 3.4824 3.2701 2.5250 1.2715 2.3287 0.1629 3.0658 0.2178 2.3651

20 15.1988 4.5195 9.8074 4.3446 5.6960 2.7841 5.6508 2.7443 5.1559 4.9197 2.0416 4.0749

30 18.8192 4.6970 14.8350 4.6076 7.3468 2.9822 7.7771 2.9349 12.7086 5.9110 6.1392 5.1447

40 

10 7.3260 4.0117 2.8372 3.6452 3.2266 2.5964 1.3397 2.4076 0.0316 3.0271 0.3344 2.4038

20 14.2796 4.5528 10.6663 4.4825 5.0726 2.9036 4.4876 2.8710 0.8661 4.8848 1.3953 3.9254

30 18.3442 4.7616 14.7046 4.7145 6.4901 3.0056 6.6109 2.9739 8.1338 6.3070 4.0529  5.3247

60 

10 7.2475 4.0349 3.3206 3.6769 3.0667 2.6292 1.5422 2.4417 0.0213 3.1095 0.4015 2.4839

20 14.2854 4.5932 11.1254 4.5451 5.0312 2.9809 4.4250 2.9521 0.7810 1.8748 5.2509 4.2451

30 17.8729 4.8126 14.6266 4.7881 6.8013 3.0613 6.7326 3.0450 5.2048 6.6125 3.8398 5.5089

80 

10 7.5892  4.0394 3.6346 3.7064 3.0499 1.7858 2.6342 2.4517 0.0220  3.1452 0.4913 2.5363

20 13.6738 4.6277 10.6851 4.5813 5.3977 2.9772 4.9011 2.9465 0.2168 5.4455  1.7674 4.3435

30 17.7836 4.8443 14.4431 4.8244 6.7009 3.0510 6.6009 3.0355 9.7941 7.0995 4.8778 6.0076

100 

10 7.3574 4.0227 3.8127 3.7118 2.7789 2.6757 1.6120 2.5080 0.0138 3.1990 0.4809 2.5743

20 13.7986 4.6184 11.0063 4.5802 5.3687 2.9615 4.8630 2.9386 0.2709 5.4614 1.8938 4.3618

30 17.6547 4.8206 14.4561 4.8099 6.6455 3.1070 6.5262 3.0933 9.6897 7.1647 5.6468 6.1059

Note: These values are calculated via MATLAB 9.7.0 (R2019b). 
 

For Table 1, it is found that the MAEs by the FRR method are lower than the MM-estimation 

for almost all types of outliers. The estimated mean square values (or EMSE) by the FRR method are 

clearly lower than the MM-estimation when outliers containing in both X  and .Y  In case of outliers 

in ,X  the EMSEs by the FRR method are lower than the MM-estimation except in case of 30% of 

outliers when n  = 20 and 40. In case of 10% and 20% of outliers in ,Y  the EMSEs by the MM-

estimation are lower than the FRR method. 

 

7.  Conclusions and Discussions 

 In this study, the efficacy of the MM-estimation method and the FRR method are compared 

using generated thousand data with three types of outliers. The FRR method provides the model with 

lower EMSE and MAE than the MM-estimation method almost all types of outliers, especially, the 

data sets containing outliers in both X  and .Y  However, there are some cases that the EMSE by the 

FRR method are higher than the MM-estimation such as 30% of outliers in X  when n  = 20 and 40 

and 10% , 20%  of outliers in .Y  From the results, it is said that the MM- estimation is effective for 

modeling when outliers containing in Y  are not over 20% .  On the other hand, the FRR method is 

more effective than the MM-estimation when outliers in Y  are greater than 20% .  If the data set 

contains excessive outliers, the values of EMSE and MAE tend to be higher that means the parameter 

estimations are bias estimation, so the both methods are not suitable for modeling. 
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Figure 2 Scatter plot for the generated data sets ( n =100) containing 10%, 20% and  

30% of outliers in ,X  outliers in Y  and outliers in X  and Y  
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