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Abstract

In this paper, MM-estimation and fuzzy robust regression, developed from M-estimation, are
used for modelling and are compared the model performance by simulation the data sets containing
outliers in X, outliers in ¥ and outliers in X and Y, respectively. The robust regression is
considered by the estimated mean square error (EMSE) (or the mean square of the bias values) and
the mean absolute error (MAE) values. These values indicate estimation precision. The fuzzy robust
regression provides the models being more robust than the MM-estimation almost all types of outliers
because it has a lower EMSE and MAE, especially, outliers in both X and Y. Nevertheless, the
MM-estimation is more effective than the fuzzy robust regression for case of 30% of outliers in X
when n = 20 and 40, respectively and case of 10% and 20% of outliers in Y.

Keywords: Membership function, simulation for outlier.

1. Introduction
Data set, unfulfilled assumptions, affects the performance of the regression model, especially,
outlier problem. Many outliers infringe the presumptions of normally distributed residuals in the least

square regression. Both outliers in dependent and independent variables have a prejudicial effect on

the estimate (Alma 2011). Robust regression increases the robustness of regression model because it
offers an alternative to least squares regression for the natural data set that does not correspond the
assumptions. The properties of robust estimators are a high finite sample breakdown point (or the

confinement percentage of adulteration in the data that any test statistics first turn into swamped) and

high leverage points (Donoho and Huber 1983). Robust regression models are shunted into three
categories: L, R and M estimations (Alma 2011). M-estimation method, presented by Huber (1964),
is a well- known method and is an estimation of maximum likelihood type. The method provides the
un-bias estimator and minimum variance (Huber 1964, Susanti et al. 2014). M-estimation was
developed continuity to increase the efficiency of regression such as S-estimation and MM-
estimation. S-estimation, proposed by Rousseeuw and Yohai (1984), offers a high breakdown value
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method. The advantage of this method is minimizing the pervading of the residuals. The MM-
estimation, proposed by Yohai (1987), has together the properties of high efficacy when the errors
have a normal distribution and high breakdown point (BP) = 0.5 (Yohai 1987). The algorithm of the
MM-estimation similar to the M-estimation, but it uses the S-estimation to minimize the scale of
residual from the M-estimation (Yohai 1987, Susanti et al. 2014). These methods are often compared
the efficacy of model by many researchers. For example, Alma (2011) compared the efficiency
between these estimations and least trimmed squares (LTS) method for data sets containing 10%,
25% and 40% of outliers in Y. M-estimation, S-estimation and MM-estimation provide models that
are higher R* than least trimmed squares method. For real data applying, Susanti et al. (2014) created
the model for maize production data with 6 independent variables using M-estimation, S-estimation

and MM-estimation. These methods provide the model with a high R*. However, the S-estimation

is the highest R*. In addition to the described methods, there is another science that is applied
extensively with statistical science, namely fuzzy logic. Presently, fuzzy logic is applied statistical
research when the data set is fuzzy or not according assumptions. There are many categories of
applying fuzzy logic for creating regression model. For example, linear programming approach
proposed by Tanaka et al. (1982) and fuzzy least square approach proposed by Diamond (1988)
(Redden and Woddall 1996, Yang and Ko 1997, Yang and Lin 2002, Nasrabadi and Nasrabadi 2004).
However, the mentioned fuzzy model does not correspond the data set containing outliers. Kula et al.
(2012) presented fuzzy robust regression (FRR) method. They studied multiple regression models by
transforming explanation and dependent variables to triangular fuzzy number and parameter
estimation to crisp number. Then, they applied this model with the insurance data set. Their results
showed that the fuzzy robust regression provides the model with low residual.

In this study, the MM-estimation and the fuzzy robust regression were applied to increase the
robustness of the regression model. The membership function of the residuals by this method defines
the weighted matrix. Thus, the weighted fuzzy least squares are constructed by the weighted matrix.
This process is similar M-estimation. The performance of the MM-estimation and the fuzzy robust
regression are compared by the simulation the data sets containing outliers in X, outliers in Y and
outliers in both X and Y. The efficacy of the both methods is compared using mean absolute error
(MAE) and the estimated mean square error (EMSE). Multiple regression model is described in
Section 2 and MM-estimation is described in Section 3. Fuzzy robust regression model is explained
in Section 4. Evaluations of the model are indicated in Section 5. Section 6 represents numerical
examples. Finally, conclusions and discussions are revealed in Section 7.

2. Multiple Regression Model
The data set, consisting of n observations and p regressors (Voox;)i=12,.,n;j=12,..,p,

can be written the multiple regression model as follows (Wei et al. 2009):

Y=Xp+s,

or
N Iox, - Xip By &
32 _1 X Xy, B &

1 x X
B nl 0 Lpx(p+1) L77P d(p+1)x1 &
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where Y is the vector of dependent variable, X is the matrix of independent variables, P is the

vector of regression coefficients and & is the vector of error. The common assumption is as
(Mahaboob et al. 2018):

E(¢)=0 and E(gg')=0"1,
where [, is a unit matrix of order n. The residual sum of square can be written as
de = (Y-XP) (Y-XP),
YY-BXY-YXB+BXXB, (BXY=YXp),
YY-28'XY+ B XX},

where ﬁ is the least squares estimator of f. ,é’ can be solved by minimizing the residual sum of

squares using the first order condition:
C (=0,
op

2XY+2XXB=0,

XX =XY,
B=(XX)"XY.

3. MM-estimation

The algorithm of MM-estimation is developed from M-estimation. This method used S-
estimation to minimize the residual scale from M-estimation, so the estimation by this method have
high breakdown value and more effective. The proportion of outliers, breakdown value, are
addressed, these don’t affect the model (Chen 2002). S-estimation, solves problem frailness of M-
estimation in part of the default discretion in the distribution of a data set and not function of all data
set because it usually applies the median like the weighted value. The S-estimation can be written as

Bs =min, 6(ee,,...e,),

n

” yi_zx[jﬂ

A . . o . . .. . =1
where 0, is determined minimum robust scale estimator and realizing min Z yo, z
i=1 US

(Salibian-Barrera and Yohai 2006),

IR
65 = %Zwiei, (1)

pu,)

Ui

k is turning constant and w, = w,(1,) = . The initial estimate (67) can be written as

., Mmedian |el. —median(e, )|
o =
: 0.6745
Let p be a Tukey’s bi-square objective function as (Susanti et al. 2014),
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uf u;‘ uf
228 e CSHEC
C C
plu) =1~ )
C

—; u;, <—c or u, >c.

where c¢ is the turning constant. The frequent choice for the constant ¢ (see in (2)) and k£ (see in
(1)) are 1.548 and 0.1995, respectively, for 50% breakdown and about 28% asymptotic efficiency
(Rousseeuw and Leroy 1987). MM-estimation provides the equation as (Susanti et al. 2014):

k A
n n Yi_injﬂj
Zpi(ui)Xij =0 or Zp,' —= Xg/ =0,
i=1 i=1

SMM
where S,,,, the standard deviation, obtained from the residual of S-estimation. The algorithm of M-

estimation adjusted from Susanti et al. (2014) is
Step 1 Approximate regression coefficients on the data set using OLS.
Step 2 Compute residual value e, =y, — ..

Step 3 Compute value &Sn by (1).

Step 4 Compute value u, = f—i.
G

sn

Step 5 Compute weighted value w,

5 2
1| , —4.685<u <4.685
w, = 4.685

0, u, <—4.685 or u, >4.685.

Step 6 Compute ﬂ Ly DY using a weighted least squares method with weighted w;.

Step 7 Repeat Steps 3-7 to obtain a convergent values of 4, (or | Bl — ALM| <& £>0.isa

very small number.) In this study, ¢ =0.0005 is used.

4. Fuzzy Robust Regression Model
Let X,,X,,..,X, be explanatory variables or independent variables and Y be dependent

variable. A triangular fuzzy number of them can be written as X = (x,x,x), where x is the element
value of X, x and X are left spreads and right spreads, respectively, Y =(y,y,y), where y is the
element value of Y, Y and y are left spreads and right spreads, respectively, the steps of the

proposed method are as the following (Kula et al. 2012):
Step 1 Define fuzzy regression model, Y, = b, +b.X,, where X, =(x,,x,,X,) and ¥, = (yi,Zl_,)_/l.);
i=12,..,n are triangular fuzzy number, b, and b, are crisp number. The optimization of the fuzzy

least squares is shown as (3).

minr(by,b) =Y d (b, +bX,.Y,), 3)

where

d(b,+5.%.1) =[b 403y, ~(bx, -y )| +[by+b.x -, (6% -7) | + (5,453~ @)
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In this study, the fuzzy least squares model is applied for multiple regression model. Thus, (4) can

be written as
min7(by,by.byenb, ) = 3 d (by +5X, +5,X,, +. 4D, X, Y ).

The initial estimation parameter can be calculated as

n _r_\-1 —_T —
gg:(xTxn_(T)_uxTx) (XTY+)_(TX+XTY),

1 x, X, » Loxy—x, o x,—x,
where X 1 x:21 x?p v y'z X- 1 leTlCZI X5 Tﬁzp ’
1 x, - X,, v, I x,-x, - X, =X,
Lox, +x, - xlp'*‘flp N2 »+n
e R I8 Lty WP PSS
I x,+Xx, - Xop +fn]7 Y, =y Y.ty

The (X"X)™' is exist.
Step 2 Compute the residual e, = y, — ,.

Step 3 Determine median with defer to the absolute residual values. Then, the distance is
solved by:

D= ||abs(el.)—median(abs(el. ))||, i=12,..,n,

where

is the Euclidean distance (Sanli and Apaydin 2004).

Step 4 Determine the membership function y(e),

1 |e| <p
ue=117H e <q )
qg—p
0, otherwise,

median| e, —median(e, )|

where p =median(D,), ¢ =max(D.)+r and r=
p (D), q (D)) 0.6725

. Figure 1 reveals the

membership function.

Step 5 Generate fuzzy weighted least square regression ( Chang and Lee 1996). Weighted
function, used to fit the model, is included the degree of membership. The weight matrix is used for
procreation the weighted fuzzy least squares (Sanli and Apaydin 2004). Equation (5) provides the
membership function and the values of the membership function. Thus, the weight matrix is
composed. The weight matrix used for solving parameter estimation is a diagonal matrix, where
W =diag(p,, ty,.... pt,) and g4, pi,,..., 4, is the elements of the degree of membership. The weighted

fuzzy least square function can be calculated as

B, =(X"WX+X'WX+X WX) (X" WY+X" WY +X WY).
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u(e)

p q

Figure 1 Picture of the membership function

Step 6 Repeat Steps 2-5 to convergent values of f3,. (or | Bl - A§| <g, £>0 is a very small

number). In this study, & =0.0005 is used.

5. Evaluations of the Model
The performance of the both methods is compared by the mean absolute error (MAE) and the
estimated mean square error (EMSE) as (6) and (7), respectively,

MAE =n"") |y, ~5,|, (Willmott and Matsuura 2005) (6)
i=l
1 e 2
EMSE =+ ) Z( B - /3/.) , (Ozkale and Arican 2015) 7)
5 =1 j=0 ‘

6. Numerical Examples

The model y, = B, + B.x, + B,x, + &, is generated 1,000 data sets by using MATLAB 9.7.0
(R2019b) software with the fixed regression coefficients f, =1, 5 =1 and 5, =1, respectively. The
error term (&;) is assumed to be independent (Ampanthong and Suwattee 2009) and is generated
from the normal distribution N(0,1). In this study, the independent variables, x,,i=1,...,n,j=1,2
are generated from the uniform distribution (=5, 5) with sample size 20, 40, 60, 80 and 100,
respectively. The percentage of outliers 10%, 20% and 30% are designed for comparing. The
generated 50% of outliers are less than O, —3/QR and 50% of outlier are more than Q, +3I0R,

where Q, is the first quartile, Q, is the third quartile and IQR is the interquartile range. In case of

X, .
outliers in X and Y, the chosen center, left and right spreads of X and Y are (x, y,.),(ﬁ,ly—’sj

X,y
and (%,%), respectively. In case of outliers in X, the chosen center, left and right spreads of X
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Xy X,y
and Y are (x;,,), (ﬁ’ly_%j and [f,%), respectively. In case of outliers in Y, the chosen center,

0.7570.75 0.5°0.5
Figure 2 represents the generated data sets with sample size 100 and 10%, 20% and 30% of
outliers. The results of a performance comparison of the both methods are shown in Table 1.

X, ) X.. )
left and right spreads of X and Y are (x;, yl.),( - Lj and (i Lj, respectively.

Table 1 The values of EMSE and MAE by MM-estimation and FRR method by sample sizes with
percentage of both X ’s and Y ’s outliers, percentage of X ’s outliers and percentage of Y ’s
outliers
Outliers in X and Y Outliers in X Outliers in Y
MM-estimation ~ FRR method MM-estimation FRR method MM-estimation FRR method
EMSE MAE EMSE MAE EMSE MAE EMSE MAE EMSE MAE EMSE MAE
10 6.719 3901 2.066 3.482 3270 2525 1271 2328 0.162 3.065 0.217 2.365
20 20 15.198 4519 9.807 4344 5696 2.784 5650 2.744 5155 4919 2.041 4.074
30 18.819 4.697 14.835 4.607 7.346 2982 7.777 2934 127708 5911 6.139 5.144
10 7326 4.011 2837 3.645 3.226 2596 1339 2407 0.031 3.027 0.334 2.403
40 20 14279 4552 10.666 4.482 5.072 2903 4.487 2871 0.866 4.884 1.395 3.925
30 18.344 4.761 14.704 4.714 6.490 3.005 6.610 2973  8.133 6.307 4.052 5324
10 7247 4.034 3320 3.676 3.066 2.629 1.542 2.441 0.021 3.109 0.401 2.483
60 20 14285 4593 11.125 4545 5031 2980 4.425 2952 0.781 1874 5250 4.245
30 17.872 4.812 14.626 4.788 6.801 3.061 6.732 3.045 5204 6.612 3.839 5.508
10 7.589 4.039 3.634 3.706 3.049 1.785 2.634 2451 0.022 3.145 0.491 2.536
80 20 13.673 4.627 10.685 4.581 5397 2977 4901 2946 0.216 5.445 1.767 4.343
30 17.783 4.844 14443 4824 6.700 3.051 6.600 3.035 9.794 7.099 4.877 6.007
10 7357 4.022 3812 3.711 2778 2.675 1.612 2508 0.013 3.199 0.480 2.574
100 20 13.798 4.618 11.006 4.580 5368 2961 4863 2938 0270 5.461 1.893 4.361
30 17.654 4.820 14.456 4.809 6.645 3.107 6.526 3.093 9.689 7.164 5.646 6.105
Note: These values are calculated via MATLAB 9.7.0 (R2019b).

Sample % of
Size  outliers

For Table 1, it is found that the MAEs by the FRR method are lower than the MM-estimation
for almost all types of outliers. The estimated mean square values (or EMSE) by the FRR method are
clearly lower than the MM-estimation when outliers containing in both X and Y. In case of outliers
in X, the EMSEs by the FRR method are lower than the MM-estimation except in case of 30% of
outliers when n = 20 and 40. In case of 10% and 20% of outliers in Y, the EMSEs by the MM-
estimation are lower than the FRR method.

7. Conclusions and Discussions

In this study, the efficacy of the MM- estimation method and the FRR method are compared
using generated thousand data with three types of outliers. The FRR method provides the model with
lower EMSE and MAE than the MM- estimation method almost all types of outliers, especially, the
data sets containing outliers in both X and Y. However, there are some cases that the EMSE by the
FRR method are higher than the MM-estimation such as 30% of outliers in X when n = 20 and 40
and 10%, 20% of outliers in Y. From the results, it is said that the MM - estimation is effective for
modeling when outliers containing in Y are not over 20%. On the other hand, the FRR method is
more effective than the MM- estimation when outliers in Y are greater than 20%. If the data set
contains excessive outliers, the values of EMSE and MAE tend to be higher that means the parameter
estimations are bias estimation, so the both methods are not suitable for modeling.
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Figure 2 Scatter plot for the generated data sets (7 =100) containing 10%, 20% and
30% of outliers in X, outliers in Y and outliers in X and Y
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