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Abstract

The objective of this manuscript is to propose the exact sampling distribution of sample
multivariate coefficient of variation from the normal population. The authors identified its
relationship between sample mcv and non-central F-ratio and derived the density function in terms
of confluent hyper geometric function by using Jacobian method of one dimensional transformation

k" order moment and they proved the p -variate sample (cv) , 18 the biased estimator of the true or
population (cv), Moreover, the shape of the density function of sample multivariate coefficient of
variation is also visualized and the authors computed the critical points of sample (cv), at 5% and

1% significance level for different sample sizes. Using the Iris plants database in the pattern
recognition literature and has shown a numerical study for testing the significance of the sample uni-
variate, bi-variate, tri-variate and multivariate coefficient of variation.

Keywords: Sample multivariate coefficient of variation, normal population, non-central F-ratio, confluent
hyper-geometric function, biased estimator.

1. Introduction

The coefficient of variation is the widely used measures of variation, especially quantifying the
consistency of random variable and its distribution. Hendricks and Robey (1936) made an attempt to
extent its use in biometry by proposing a sampling distribution. Similarly, Sharma and Krishna (1994)
developed the asymptotic sampling distribution of the inverse of the coefficient of variation where
the distribution is used for making statistical inference about the population coefficient of variation
or inverse CV without making an assumption about the population distribution. Likewise, Hiirlimann
(1995) proposed a uniform approximation to the sampling distribution of the coefficient of variation
proposed by Hendricks and Robey. Later, Albrecher and Teugels (2007) proposed an asymptotic of
the sample coefficient of variation and the sample dispersion which are examples of widely used
measures of variation. The Multivariate extension of the coefficient of variation was studied by many
(refer: Reyment (1960), Van Valen (1974) Voinov and Nikulin (1996), and Albert and Zhang (2010))
and they gave different structure of multivariate coefficient of variation according to the nature of
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application. The authors of this paper proposed the exact sampling distribution of sample multivariate
coefficient of variation from the normal population and the properties of this sampling distribution is
discussed with numerical example in the subsequent sections.

2. Sample Multivariate Coefficient of Variation and Non-Central F-ratio
If X is p-variate random vector of order px1 follows multivariate normal distribution

X ~MN ( M, Z) with non-zero mean () and Variance (X), then the true or population multivariate

coefficient of variation (CV') ofthe p -variate random vector is given by Voinov and Nikulin (1996,

p-68) as

(CV), = (1)

» m ’

From (1) the population multivariate coefficient of Variation used by the statisticians to know
the consistency of the multivariate data and it may call as multivariate inverse signal to noise ratio.
Many disciplines such as renewal, queuing, reliability theory utilizes coefficient of variation to
determine the nature of probability distribution based on its variance. It can be logically extended to
the p -variate case of the coefficient of variation, If the (CV), <1, then the multivariate distribution

of the multivariate data is said to be low-variance distribution and if (CV'), >1, then it is said to be
high-variance. In order to give the inference about the population (CV),, the computation of

multivariate sample coefficient of variation is inevitable. The multivariate sample coefficient of
variation (CV) ofa p -variate sample random vector from the normal population is given as

(cv), =———.
\/ﬂTE 1/1

Where from (2), ;z and S are the maximum likelihood estimates of the population mean vector

2

and variance-co-variance matrix respectively. Based on the sample multivariate coefficient of
variation, the authors derived the relationship between the (cv), and the non-central F-ratio and it is

given as follows: Without loss of generality, rewrite (2) as

(cv)p :;. 3)

— A=l —

X'z X
From (3), we know the maximum likelihood estimates X is the unbiased estimate of s, that is
E(X)=p, but 3 is the biased estimate of Y, thatis E (i) # 2, then the unbiased estimate of the

Y is given as

3. 4)

Rewrite (4) in terms of maximum likelihood estimate of 3 and substitute in (4), we get

(cv), = ! . 5)

—(n=1.Y" -
XT(SJ X
n

From (5), it can be modified by using the population mean vector (x) as
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l n—1
\jn()_(—,u—i-,u)T s ()?—,u—i-,u).

Further by using multivariate version of the central theorem if X ~MN(u,X/n), then

(ev), = (6)

(Z/n)"*(X = 1) ~ SMN (o, 1 ,) standard multivariate normal distribution. Therefore rewrite (6) in

terms of the pre and post-multiplication of the quantity (E / n)l/2 and it’s inverse, then it is given as

, n—1
\]n((Z/ )2 (/)X — )+ (S m) A ) )

(ev), =

.| ! . (7)
\/s-1 (E/m)2 & ny >(X = )+ (S n) (S /n) " )

Using the fact from the multivariate central limit theorem, the term
Z=(2/n)"*(X = u) ~ SMN(o,1,), and then (7) can be rearranged as

n—1
(Cv)p = - , (8)
n(Z+E/n)y"Pu) &/n) S EI) P (Z 4+ n) " )
Further (8) can be arranged in terms of the inversion of dispersion matrix as
n—1
(cv)ll = T ; = . (9)
n(Z+E/n)" ) (E/n)"2SE ) (Z2+E ) p)

From (9), Wishart (1928) proved if S is the unbiased estimate of 2, then
(n=DS~W, (n—1,X/n) follows p -variate Wishart distribution with n—1 degrees of freedom and

1/2

scale parameter £/n. Moreover, he proved (£/n)""*S(Z/n)™""? ~ SW (n—-1,1,) follows p -variate

standard Wishart distribution and the quantity Z+(X/n)"?u~ MN ((2/ n)"? ,u,Ip) follows

multivariate normal distribution with mean (X/n)™"?

4 and unit variance matrix (I,). Then from (6)
n(Z+ @Iy u) (/) 2 SE Iy ) (24 ) p)

_n=bp . 10
n—p [p,nfp,(((z/n)"”y)r((z/n)’”z;,)j} (10)

From (10), it follows non-central F-distribution with (p,n— p) degrees of freedom and non-
centrality parameter (((Z/n)’” z,u)T ((Z/ n)" z,u)). Therefore, from (9), the sample multivariate

coefficient of variation can be written in terms of the non-central F-ratio as
, n-1

n-1
(n=1)p .

n-p {p,np{[(x/n);u}r[(z ’n)’%u]]zJ

From (11), the non-centrality parameter (((Z/n)’” z,u)T ((2/ n)™" Z,u)) can be rearranged in

(ev), = (11)

terms of the population multivariate coefficient of variation based on (1) and it is given as
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_ |"zP
(CV)p_\/ p Ftn*P,Pw(\/;/(CV)p)Zj. (12)

From (12) if p =1, then the p-variate multivariate coefficient of variation was reduced into
univariate coefficient of variation and it’s having relationship with non-central F-ratio follows non-
central F-distribution with (n—1,1) degrees of freedom with non-centrality parameter [\/; / CV]2 .
Based on the identified relationship from (12), the authors derived the exact sampling distribution of

the sample multivariate coefficient of variation and it is discussed in the next section.

3. Exact Sampling Distribution of Sample Multivariate Coefficient of Variation
Using the technique of one-dimensional Jacobian of transformation, the probability density

function of the non-central F-distribution with (n— p, p) degrees of freedom with a non-centrality
2
parameter (\/Z /(CV) p) was transformed into density function of sample multivariate coefficient of

variation (¢v), and itis given in (13) as

I ((ev), ) =1 (F)], (13)
| dF’
f((e),)=fF" @ (14)

The non-central F-distribution was first introduced by Fisher (1924), and Aroian (1941) and its
density function is given by

f(F’;n —pop (N ien), ) ) =T R (P, p)

(\/;/(CV);J)Z ((n—p)/p)F’

2{1+"‘pF']
p

0<F'<ow, n>p, p,n,(CV)p > 0. (15)

F | n/2;(n—p)/2

Then from (12), compute and substitute the first derivative dF'/d(cv) , =2p(cv), /n—p with

respect to sample multivariate coefficient of variation (cv), in (14) and also substitute (12), (15) in

(14), we get
s 2pe—(ﬁ/(cv)p)2/z 2p ,
f((cv)p;n,p,(& weny,) )=f<cv)pg[n_p(<cv)p) ;n—p,p]
F|n/2:(n-p)/2 (ﬁ/(CV)p)z((CV)p)Z
h|n (n— 5 )
P (1+2((cv)p) )
0<(cv), <w, n>p, pn(CV),>0. (16)

From (16), it is the density function of sample multivariate coefficient of variation (cv), from

the normal population and it involves the confluent hypergeometric function ,F (), the auxiliary
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function of multivariate coefficient of variation g(-) with a normalizing constant namely (p,n) are
two shape parameters and a scale parameter (CV),, where n is the sample size, p is the no. of
dimensions and (CV'), is the population multivariate coefficient of variation. Moreover, the authors

derived the £ order moments of the distribution of sample multivariate coefficient of variation and
it is given as follows.

(cv) T (cv) (cv) » )d (ev),

o (ﬁ/(cv) )Z

(cv),, J- - (cv),,g(nz_p ((cv),,)z;n—p,Pj
(Vi icer, ) (en),)
F | nl2;(n-p)/2; 5 d(ev),
(l+2((cv)p) )
ko B((n—p+k)/2,n/2) 7(\/;/(61/)[])2/2
Elen,) = B((n-p)/2.p12) ©
Fl((n—p+k)/2;(n—p)/2;(ﬁ/(c1/)p)2/2). (17)

From (17), it is the &A™ moment of the (cv) , and the first four moments of the distribution are

given as in (18), (19), (20) and (21) as follows.

If k=1,
B (n—p+1)/2,n/2) (den), 2
E((cv)p)— B((n—p)/Z,p/Z) ¢
IE((n—p+1)/2;(n—p)/2;(\/;/(CV)p)2/2), (18)
k=2,
2 B((n—p+2)/2,n/2) 7(«&/(0/)”)2/2
((c )p) - B((n—p)/2,p/2) ¢
Fl((n—p+2)/2;(n—p)/z;(\/Z/(CV)p)z/2), (19)
k=3,

3 B((n—p+3)/2,n/2) —(\/;/(CV)p)Z/Z
E((en),) = B((n-p)/2.p/2) ©

E((n—p+3)/2;(n—p)/2;(x/;/(CV)p)2/2), (20)
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s B((n—p+4)/2,n/2) (Juner),) 12
E(ev),) = B((n-p)/2,p/2) ¢

F ((n—p+4)/2;(,1—p)/z;(ﬁ/(CV),,)2 /2).

Therefore, we already know
2
V((cv)p ) = E((cv)p) —(E(cv)p)
Substitute (18) and (19) in (21), we get the variance of (cv), as
V ((cv) » ) =
(ﬁ/((fv)p)z/z

2

1)

e

B((n—p)/Z,p/Z

)|:B((n—p+2)/2,n/2)1E ((n_p+2)/2;(n_p)/z;(\/z/(CV)p)z/2)

e—(ﬁ/(CV)p) 2

" B((n-p)/2,p/2)

(B((n—p+l)/2,n/2) F ((n—p+1)/2;(n—p)/z;(\/ﬁ/(CV)p)z /2))2 .

From (18), the sample multivariate coefficient of variation (cv), is the biased estimator of

population multivariate coefficient of variation (CV), because E ((cv) p);t (CV),. The following

simulation graph from Figure 1 shows the shape of the density function of the distribution of sample
uni-variate, bi-variate, tri-variate and multivariate coefficient of variation (cv), for different values

of (p.n.(CV),).
Moreover, the authors also derived the critical points of the sample multivariate coefficient of

variation by utilising the relationship in (12) for different values of ( p.n,(C V)p ) and the significance

probability is given as P((cv)p > ((cv)p) (a)) = o and the critical points are visualized in the

p(CP),

following Tables 1 and 2.

4. Numerical Results and Discussion

In this section, the authors have shown a numerical study for testing the significance of the
sample multivariate coefficient of variation. The sample multivariate coefficient of variation is
calculated for the best known Iris plants database in the pattern recognition literature. Fisher's paper
is a classic in the field and is referenced frequently to this day. (See Duda and Hart 1973) The data
set contains 3 classes of iris plant namely Iris Setosa, Iris Versicolour, Iris Virginica which of each
contains 50 instances and the attribute was identified by Fisher as Sepal length (in cm), Sepal width
(in cm), petal length (in cm) and petal width (in cm) respectively. The variables in the data set
analyzed with the help of Maple 18 trial version (2018). The results of evaluating the bi-variate, tri-
variate and multivariate coefficient of variation were presented and discussed with the help of the
following table.
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Figure 1 Probability curves of the sample multivariate coefficient of variation

Table 3 visualizes the result of the two-tail test of significance of the sample multivariate
coefficient of variation for the 4 variables in Iris Plants Database. As far as uni-variate, bi-variate, tri-
variate and multivariate coefficient of variation of the above said are variables less than 1 and for

many (CV'), are close to zero. This shows the variables are highly consistent individually as well as
jointly. The sample coefficient of variation of the variables are less than the critical * (CV),” at 5%,
1% level of significance, hence accept the null hypothesis H, : (CV), =1 and reject the alternative
hypothesis H,: (CV), #1. This shows that the above-mentioned variables have low variation,

highly consistent and the uni-variate, bi-variate, tri variate and multivariate distribution of these
variables are having low variance.
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Table 1 Significant two-tail percentage points of (cv), at 5% level

P((cv)p >((ev),) (0.05)) =0.05 when (CV), =1

pnCY),
p

n
1 2 3 4 5 6 7 8 9 10
2 0.21052 0.00000 - - - - - - - -
3 0.64302 0.21454 0.00000 - - - - - - -
4 094947 0.54994 0.25727 0.00000 - - - - - -
5 1.18795 0.78434 0.53326 0.30950 0.00000 - - - - -
6 1.38817 0.96948 0.72592 0.53659 0.35850 0.00000 - - - -
7 1.56368 1.12638 0.88086 0.69986 0.54653 0.40003 0.00000 - - -
8 1.72168 1.26469 1.01368 0.83378 0.68771 0.55849 0.43444 0.00000 - -
9 1.86651 1.38965 1.13161 0.94992 0.80579 0.68253 0.57072 0.46317 0.00000 -
10 2.00095 1.50447 1.23869 1.05382 0.90932 0.78813 0.68116 0.58254 0.48755 0.00000
11 212696 1.61124 1.33742 1.14863 1.00259 0.88166 0.77665 0.68197 0.59370 0.50857
12 2.24593 1.71143 1.42946 1.23637 1.08813 0.96649 0.86200 0.76909 0.68406 0.60413
13 2.35893 1.80612 1.51601 1.31839 1.16758 1.04464 0.93988 0.84761 0.76416 0.68691
14 246678 1.89613 1.59793 1.39569 1.24206 1.11748 1.01196 0.91966 0.83687 0.76102
15  2.57010 1.98208 1.67590 1.46898 1.31240 1.18595 1.07934 0.98660 0.90392 0.82873
16 2.66944 2.06447 1.75042 1.53882 1.37921 1.25075 1.14285 1.04938 0.96645 0.89146
17 276522 2.14371 1.82192 1.60566 1.44297 1.31240 1.20307 1.10868 1.02527 0.95016
18  2.85779 222013 1.89074 1.66985 1.50406 1.37132 1.26047 1.16503 1.08096 1.00551
19 294746 2.29402 1.95715 1.73169 1.56279 1.42785 1.31540 1.21882 1.13397 1.05804
20  3.03448 2.36560 2.02139 1.79140 1.61941 1.48224 1.36816 1.27038 1.18465 1.10813
21 3.11908 2.43509 2.08366 1.84920 1.67413 1.53473 1.41898 1.31994 1.23328 1.15608
22 3.20144 2.50266 2.14413 1.90526 1.72713 1.58550 1.46806 1.36774 1.28009 1.20216
23 3.28174 2.56845 2.20295 1.95973 1.77857 1.63470 1.51557 1.41394 1.32527 1.24655
24 336012 2.63260 2.26024 2.01272 1.82857 1.68248 1.56165 1.45869 1.36898 1.28944
25 343671 2.69523 231612 2.06437 1.87724 1.72895 1.60642 1.50212 1.41135 1.33097
26  3.51164 2.75644 2.37069 2.11475 1.92469 1.77421 1.64998 1.54434 1.45250 1.37125
27  3.58500 2.81632 242403 2.16397 1.97100 1.81835 1.69243 1.58545 1.49252 1.41040
28  3.65688 2.87495 247623 221210 2.01626 1.86144 1.73384 1.62552 1.53151 1.44849
29  3.72739 293241 2.52735 2.25921 2.06052 1.90357 1.77430 1.66464 1.56954 1.48562
30 3.79658 298877 2.57746 2.30535 2.10386 1.94479 1.81386 1.70287 1.60667 1.52185
50 4.98262 3.95069 3.42934 3.08688 2.83503 2.63754 2.47610 2.34019 2.22322 2.12083
70  5.93625 4.72056 4.10833 3.70730 3.41317 3.18315 2.99559 2.83810 2.70292 2.58489
90 6.75661 5.38142 4.69005 4.23789 3.90673 3.64810 3.43752 3.26093 3.10956 2.97757
110 7.48762 5.96956 5.20720 4.70908 4.34459 4.06018 3.82880 3.63493 3.46889 3.32423
130 8.15335 6.50475 5.67744 5.13724 4.74220 4.43414 4.18366 3.97390 3.79435 3.63802
150  8.76869 6.99913 6.11161 5.53236 5.10897 4.77893 4.51069 4.28616 4.09404 3.92682
170  9.34358 7.46083 6.51692 5.90110 5.45111 5.10047 4.81557 4.57717 4.37324 4.19580
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Table 2 Significant two-tail percentage points of (cv)p at 1% level
P((cv)p >((ew), )p,,,,mp (0.01)) =0.01 when (CV), =1
P
n

1 2 3 4 5 6 7 8 9 10
2 0.04267 0.00000 - - - - - - - -
3 0.29517 0.04473 0.00000 - - - - - - -
4 0.54698 0.26344 0.05765 0.00000 - - - - - -
5 0.75030 0.47102 0.26830 0.07954 0.00000 - - - - -
6 091941 0.63919 0.44981 0.28505 0.11138 0.00000 - - - -
7 1.06564 0.78022 0.59594 0.44628 0.30657 0.15175 0.00000 - - -
8 1.19574 0.90288 0.71927 0.57591 0.45041 0.32946 0.19521 0.00000 - -
9 1.31385 1.01244 0.82721 0.68609 0.56675 0.45814 0.35193 0.23621 0.00000 -
10 1.42266 1.11216 0.92407 0.78313 0.66646 0.56344 0.46752 0.37314 0.27247 0.00000
11 1.52400 1.20418 1.01252 0.87062 0.75485 0.65450 0.56349 0.47755 0.39278 0.30396
12 1.61920 1.28998 1.09436 0.95082 0.83492 0.73575 0.64726 0.56557 0.48770 0.41084
13 1.70922 137065 1.17082 1.02522 0.90859 0.80970 0.72247 0.64309 0.56888 0.49768
14 1.79483 1.44698 1.24282 1.09489 0.97712 0.87798 0.79124 0.71310 0.64098 0.57294
15  1.87660 1.51960 1.31102 1.16060 1.04144 0.94167 0.85495 0.77740 0.70646 0.64030
16 195499 1.58898 1.37597 1.22295 1.10221 1.00158 0.91454 0.83716 0.76685 0.70180
17  2.03040 1.65552 1.43808 1.28238 1.15995 1.05829 0.97071 0.89320 0.82316 0.75874
18  2.10314 1.71954 1.49768 1.33927 1.21507 1.11224 1.02397 0.94614 0.87609 0.81198
19 2.17346 1.78129 1.55506 1.39390 1.26787 1.16381 1.07472 0.99641 0.92618 0.86215
20 224160 1.84101 1.61043 1.44653 1.31863 1.21326 1.12327 1.04439 0.97384 0.90972
21 230774 1.89887 1.66399 1.49735 1.36756 1.26084 1.16989 1.09035 1.01938 0.95505
22 237205 1.95504 1.71592 1.54654 1.41484 1.30675 1.21479 1.13451 1.06305 0.99842
23 243467 2.00966 1.76633 1.59425 1.46063 1.35113 1.25813 1.17709 1.10506 1.04006
24 249573 2.06285 1.81537 1.64059 1.50506 1.39414 1.30007 1.21822 1.14559 1.08015
25 2.55534 2.11471 1.86314 1.68567 1.54824 1.43590 1.34074 1.25805 1.18478 1.11887
26 2.61359 2.16533 1.90972 1.72960 1.59026 1.47649 1.38023 1.29669 1.22276 1.15633
27  2.67058 2.21482 1.95520 1.77246 1.63122 1.51602 1.41866 1.33423 1.25961 1.19265
28 272638 2.26322 1.99966 1.81431 1.67119 1.55457 1.45608 1.37078 1.29545 1.22792
29 278107 2.31062 2.04317 1.85523 1.71025 1.59219 1.49259 1.40639 1.33035 1.26224
30 2.83470 2.35707 2.08577 1.89528 1.74844 1.62896 1.52824 1.44115 1.36437 1.29567
50  3.74988 3.14565 2.80570 2.56906 2.38813 2.24212 2.12003 2.01532 1.92380 1.84260
70  4.48211 3.77314 3.37581 3.10015 2.89007 2.72106 2.58016 2.45968 2.35470 2.26183
90 5.11052 4.31031 3.86277 3.55285 3.31705 3.12765 2.97002 2.83544 2.71835 2.61494
110  5.66973 4.78761 4.29491 3.95410 3.69507 3.48723 3.31440 3.16700 3.03887 2.92582
130  6.17854 5.22148 4.68739 4.31824 4.03788 3.81307 3.62626 3.46704 3.32872 3.20676
150  6.64852 5.62197 5.04947 4.65400 4.35380 4.11320 3.91337 3.74312 3.59530 3.46501
170  7.08742 5.99577 5.38728 4.96712 4.64830 4.39288 4.18081 4.00021 3.84344 3.70532
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Table 3 Test of significance based on sample multivariate coefficient of variation

Dimensions Critical “(cv)
Variable name Variables (p) (CV)p = r.1 1ca ( 12/,; .
0 sig. o sig.
Sepal length X, 0.14171
Sepal Width X, 0.14256
1 8.76869 6.64852
Petal length X, 0.46974
Petal Width X, 0.63555
Sepal length, Sepal Width X, X, 0.06808
Sepal length, Petal length X, X, 0.07611
Sepal length, Petal Width X, X, 5 0.04600 699913 562197
Sepal width, Petal length X,, X, 0.05038 . .
Sepal Width, Petal Width X,, X, 0.10104
Petal length, Petal Width X5, X, 0.14047
Sepal length, Sepal Width,
Petal length X1, X5, Xy 0.07351
Sepal length, Sepal Width, X X. X
0.05864
Petal Width P
6.11161 5.0494
Sepal length, Petal length, Y X. X 3 0.07854 all
Petal Width DR :
Sepal Width, Petal length
’ ’ X,, X, X .
Petal Width e 0062292
Sepal length, Sepal Width,
Petal length, X, X,,X;,X, 4 0.087961 5.53236 4.65400

n =150, *p-value <0.01 & p-value <0.05 under H, : (CV), =1

5. Conclusions
From the previous sections, the authors derived the exact sampling distribution of sample

multivariate coefficient of variation (cv), and the authors proved (cv), is the biased estimator of
the true or population (CV'),. The numerical study is shown with a view of testing the significance
of the sample multivariate coefficient of variation (cv), from which the authors got an insight to

check the consistency and the variability of the distribution of the variables. The authors believed
that the proposed sampling distribution helps to test the significance of sample (cv), from the normal

population irrespective of any sample size. Finally, the sampling distribution of the difference and
ratios of the two-sample multivariate coefficient of variation can also be derived and the authors left
it for future research.
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