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Abstract

In this paper, we have studied the Bass diffusion model to establish some recurrence relations
for the single and product moments under generalized order statistics framework. These relations are
further reduced in the special cases of generalized order statistics like order statistics and record
values. We have also obtained the characterizing results by using conditional expectation and
recurrence relation for the single moments of generalized order statistics from the Bass diffusion
model.
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1. Introduction

The Bass diffusion model was developed by Bass (1969). It describes the behaviour of a new
product or good that moves in the market as an interaction between the present customer and potential
customer. This model provides a good platform for forecasting the long term sales behaviour of any
product or technology that has launched in the market. Let X is a random variable (rv) defining the
time at which the first purchase of new innovative product takes place, follows the Bass diffusion
model with parameters « and f. Then the probability density function (pdf) of X is given by

(a+p)faye ™
[1+(Bla)e T

The parameters « and £ determine the shape of the diffusion process and are interpreted as

f(x)= x>0. (1)

the coefficients of innovation (external influence) and imitation (internal influence), respectively. For
practical purposes usually, the values of ¢ and f are considered between 0 and 1, i.e. 0 <a <1

and 0< S <1. Moreover, this model satisfies the following Riccati differential equation with

constant coefficients.
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VACI
I_F(x)—a+ﬂF(x), x>0, 2

where F(x) denotes the cumulative distribution function (cdf) of X. After reparametrization, the

pdf given in (1) can be written as

—-px

(1+ e ™)y’

with p=a+ f and g = B/a. The corresponding cdf is given by

x>0, 3)

Fy=22" 150, p>0,q>-1, @)
I1+ge™™
and the survival function can be written as
(1+g)e ™
1+ge™ ’

Here it may be noted that the function f(x) in (3) is a well-defined pdf f(x), when the

F(x)= x>0, p>0,g>-1. (5)

parameters take values p >0, >—1. For ¢ =0, the pdf has given in (3) reduces to the pdf of the

exponential distribution.
From (3) and (5), we have obtained the characterizing differential equation for the Bass diffusion
model given as

S ()= pll-F(x) [1-F(0)T. (6)

(1 )
The concept of generalized order statistics (gos) was first introduced by Kamps (1995) which
encompasses several models of ascending ordered random variable such as order statistics, record

values, the k" record values, Pfeifer record model etc. These models are very useful in many
statistical applications and are extensively used in statistical modelling and inference. The models
have applications in reliability analysis, the goodness of fit test, detection of outlier’s, robust
estimates, for detection of the strength of materials, flood frequency analysis etc.

Let X;,X,,...., X, be the continuous and independently identically distributed random variables

(rv’s) with distribution function F(x) and pdf f(x). The »" gos corresponding to the rv’s denoted

by X(r,n,m,k). Suppose X(1,n,m,k), X(2,n,m,k), ..., X(n,n,m, k) be n gos with parameters
n-1

neN, k>1, m={m,my,...,m,_;} R, M,=ij,1£rSn—l, such that
Jj=r

=k+n—-r+M, 21 forall re{l,2,...,n—1}, n > 2. Their joint density function is given by

k (H%][Hl Fx)I" (x,-)][l—F(xn)] 1(x,). 7

On the cone F'(0) < x, <x, <....< F'(1). The definition of gos has considered two cases.
Casel. y, #y, and i, =12,...,n—1.
CaseIl. m,=m,=m and i, j =12,...,n—1.

Here we have considered only Case I with the following results. The marginal pdf of
X(r,n,m,k) is given by
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Sxmmp (X) = 2 <. i)‘[F(x))Y (g, (F(x), —o<x<oo, (3)
The joint pdf of X (r,n,m,k) and X(s,n,m, k), |<r<s<n is
C m r—1
fx(r,n,m,k),x(s,n,m,k)(an’) (D'(—)[F( )" f(x)g,, (F(x)) ©)
x[h, (F ()= h,(F NI TFON f(), y>x,
where
. 1 . B
. =[Trmr =k+-rm+D b= mert 2 - "*7
= ~In (1-x), m=—1,
and

g,(x)=h,(x)=h,(0), xe[0,1).

By choosing the appropriate values of parameters of gos, we obtain the models of gos such as
order statistics (k =1, m=0 ie.y, =n—r+1), the k™ record values (m=—1, v, = k), sequential
order statistics ( y, =(m—-r+1z,; 7,,7,,...,7, >0), order statistics with non-integral sample size
(7, = a+r—1a>0), Pfeifer’s record values (y, = B., B, Bs..... B, > 0).

The literature reveals that the concept of gos have been used by various authors such as Pawlas
and Szynal (2001), Ahmad and Fawzy (2003), Bieniek and Szynal (2003), AL-Hussaini (2005), Khan
et al. (2007), Ahmad (2007, 2008), Abdul-Moniem (2012), Anwar and Khan (2018), Gupta et al.
(2018), Singh et al. (2018), Khan (2018) and Gupta and Anwar (2019).

Recurrence relations are very useful in reducing the amount of time and steps involved in the
computation of moments. The results have obtained in this paper are the generalization of Pushkarna
etal. (2013).

The rest of the paper is organized as follows. In Section 2, we have obtained the recurrence
relations for the single moments of gos from the Bass diffusion model and these relations also
discussed for order statistics and record values. In Section 3, recurrence relations are presented for
product moments of gos from the Bass diffusion model. In the final section, the characterizing results
are discussed.

2. Recurrence Relations for Single Moments

Theorem 2.1 Let X be a continuous rv follows the Bass diffusion model as given in (3). For
1<r<n, j=1,2,..., the following recurrence relation is satisfied

EI:X (7’ n,m, k):| {E[Xﬁl(r n,m, k):l E|:Xj+1(r 1,n,m, k):l}
(10)
_L Jj+l _ 4l B
1+q)(j+1) {E[X (r,n,m,k—i—l)} E[X (r 1,n,m,k+l)}},
where K :%
c

Proof: From (8), we have
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E[X/(r,nm k)]—;ll), [“IFer (g, (F(o)dx. (11)

Using (6) and (11), we get

E[X (rnmk)] p 1), I (x)-

( )( 1), L), (12)

where
1) = [ IF0T g, (F(o)dx and L(x) = [ x' [F)) " g (F(x)) .

Simplifying the above integrations on integrating by parts treating x’ for integration and rest of
the integrand for differentiation, we get

L0 = o [T OF @8 () e R [ ™ F (9 e
(13)
I‘*‘1 Vr r=1 _1) © _jHr o ¥, +m+l1 r=2
L=, L[ FY £ (PO~ m [ @ £, (F ) s
(14)
Now substituting (13) and (14) in (12), we get
E[X’(rnmk)]— {EI:X’”(rnmk)] E[X’”(r lnmk)]}
— "(y D G ECOY S (F ) (15)

A+ +1) (r=DI°

<1+ql>7?1 +1) <rCr ik ¥ F@Y T f@g, (F ()

After simplification (15), we obtain result given in (10).

Special Cases
(1) Putting k=1 and m=0 in (10), the recurrence relation given in (10) reduces to the
recurrence relation for single moments of order statistics from the Bass diffusion model

E[x, )= 2D el ] g, ]

(+D
pq(n—r+l)(n—r+2) j+1 j+1
- E| X] 1 E Xr/l)Hl
(e ey (P EL ]

The above relation obtained by Pushkarna et al. (2013).
(2) Putting m = —1 in (10), the recurrence relation given in (10) reduced to the recurrence relation

for single moments of the k" record values from the Bass diffusion model

E[(X{0)' 1= Ot 1){ (XY 1= E[(XS ) 1
pak CETCXD Y] ELXS, )1y,

I+ D+
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3. Recurrence Relation for Product Moment

Theorem 3.1 Let X is a continuous rv follows the Bass diffusion model as given in (3). For
1<r<s<n-1, and i,j=1,2,...., the following recurrence relation satisfied

E[X'(r,n,m, k)X’ (s,n,m, k)]
by
( +1)

_ pgK’
(I+g)(j+D

(}/S + I)Cv—l
C(karl,m)

L (R X (r,n,m ) X7 (s,n,m, k)] — E[X' (r,n,m, k) X7 (s = 1,n,m, k)]}

(16)
{E[X (r,n,m, ) X7 (s,n,m, k+1)] —E[X'(r,n,m, k) X" (s—=1,n,m,k+1)]},

where K' =

Proof: From (9), we have

ELY' (rmm. )X (s.mm. ) = — 1),(5 T T LY f @ (F ) -

x[h, (F(3) = h, (FC) ' [FO™ f ().
Using (6) and (17), we have

i j - pC -
E[X'(r,n,m, k)X (S,n,m,k)]—mj X[FOO f(x)g " (F)), (x)dx
rqC, g
A+ =DI(s—r— 1)|J X[FOI" f(0)g,, " (FO)),(x)dx,
(18)
where
1) = [ U, (PO =, (FON ™ TF O dy,
and

1) = [V T, (FG) =, (FG) ™ [F ()T dy.

To simplifying the above integrations on integrating by parts treating x’ for integration and rest
of the integrand for differentiation, we get

1) == [y (FOD =y (FC)T F O 1)y

G+D . (19)
(S( I )J VT, (FG) ~h, ()T [FGIT™ f(0)dy,
12(x>—((7 S”)j L, (F () = b, (FCNT ™ TFOIT £ ()
0)
),

Gy LY I EO) A FEIT IO S ().

Substituting (19) and (20) in (18), we get
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E[X'(r,n,m k)X’ (s,n,m, k)]

( +1){E[X(rnmk)X”l(snmk)] E[X (r,n,m, k)X (s =1,n,m,k)]}

P47, +DC.. I 1
A+ D) =D s—r—1!o [C[ IR £ (g, (F(x)

x[h, (F(2) = h,(FCNI " FOY " f(v)dydx

pqC o -
(1+q)(J+1)(r 1)'(s—r 2)!.[ j [F()]" f(x)gl " (F(x))

X[, (F () = h, (FC) " [F)P" f(v)dyd.
After simplification (21), we obtain the required result.

@n

(k+1am)_)

Special Cases
(1) Putting k=1 and m=0 in (16), the recurrence relation given in (16) reduces to the
recurrence relations for product moments of order statistics from the Bass diffusion model
EX x7 =Pl qmxt xi - gyt xoy - PAn=s e n s+ 2)
U ) A+g)(j+D(n+1)
< {E[X,,X],.]1- E[X, X5, 1.
As obtained by Pushkarna et al. (2013).
(2) Putting m=-1 in (16), the recurrence relation given in (16) reduces to the recurrence

relations for product moments of k —th record values from the Bass diffusion model

e[ty o) = L Lok oy Tl e, )

T ey L ey el Yo )

4. Characterization

In this section, we have discussed the characterization results of the Bass diffusion model using
conditional expectation and recurrence relations for single moments of gos.

The conditional pdf of X (r,n,m,k) and X(s,n,m,k), 1<r<s<n gosis given by

fX(x,n,m,k)\ X(rnmk (y/x)

_ C [ (FO)-h,(FONI T FWI
(s—r=-DIC_, [F(x)]y”‘

f(y)7x<yam¢_1'

(22)

Theorem 4.1 Let X be a continuous rv with cdf F(x) and pdf f(x) as given in (3) and (4), then
E[e?* "m0 | X (r,n,m k)] = e A, (x) + B, (x), (23)

where

s=r

4,0 =T[=22— and B,,(x)=q(4,,-1)
=1 (7/r+l 1)

If and only if
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l—e™?™
F(x)= —, x>0,p>0,g>0.
1+ge™

Proof: From (22), we have
C

s—1

(s—r=D!C._ (m+1y""

xJ‘we”y [1—[@] ] [@] . Mdy.
x F(x) F(x) F(x)
F(y)

Substituting z = = in (24), we get
g Fx) (24), we g

E[er¥(smmb) / X(r,n,mk)=x]=

E[e”™ ™0 ) X (r,n,m k)] =

24)

C; : x s m+1\s—r—
Gor-DIC. l(m+1)Hf1 [ +qzra-z)y""d
-1

-q C’S*l J.l Z}{\.fl (1 _ Zm+l)x7rfl dZ.
(s—r=DIC._ (m+1y"" o

(25)

m+1

Substituting z"" =¢ in (25), we get

F( k=l +n—s]l"(s—r)
C (" +p) (m+1)

(s—r—D!IC._(m+1)"" r k-1 ey
(m+1)

E[e”™ ™0 ) X (ryn,m k) = x] =

F( k +n—sj1"(s—r)
C_, (m+1)

“TernIC (mry r[ k +n_r]
(m+1)

X (s,m,m,k) C —1 (ePX + (I) ! (::1111)+n7s71 s—r—1
E[e" ™m0 | X (1 n,m, k) = x] = s _ jt A-t)""dt
(s=—r=-DIC_(m+1)y~ 0

C

k
-1 Uy s—r-1
- t -6 " dt,
Ts—rnic_ (mi1y” J -9

After simplification (26), we get the necessary part. For sufficient part, from (23) and (24) we have
C

T [ e th, (F) = h, (FG)I T FOT f )y =[F@)F D, (), @27)

where D, (x)=e"A4

sir

(26)

() + B, (x).
Now differentiating (27) with respect to x, we get

CLF@" f(0) (=, arm

Tmroic e U EO) = (TG 0y
=7, alFOY " f()D,, (x) +[F()]"" D], (x)

7l FQY " f()D,, 0 (1) = 7, [F@Y (D, () +[F )] D, (x),

fO_ DLw
F(x) VralDy)r — Dy,

(28)
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After simplification (28), we get
F l-e”
£ =LEE ang py =1
I+ge™ l+ge ™

Hence the sufficient part is proved.

x>0,p>0,g>-1.

Remark: For m =-1, we have obtained the characterizing result of the Bass diffusion model for

k —th record values

PYGY )yt 1 e
Ele I Xy 1=e"4

slr

(x)+B,,,(x), k>1,

where

k s—r
A\‘/r ('x) = (ﬁj and Bs/r (x) = q(As/r - 1)

Theorem 4.2 Let X be a continuous rv as given in (3) and (4), then the following relation is satisfied

E[ X/ (r,n,m k)| = (ff’L{E[X”1 (r,n,m, k)] = E[X 7 (r = 1,n,m, k)]}
J

1
. = (29)
pq j+1 j+1
-2 B[ X rynym k+1) |- E[ X7 (= Lnm k +1) |}
(1+q)(J+1){ }
if and only if
l—e?™
F(x)=————, x>0,p>0,g>—1.
I+ge ™

Proof: The necessary part immediately follows from Theorem 2.1. Now, if the relation in (29) is
satisfied, then using (8) in (29), we get

Ut [VIF@Y 9, (Feods

_ %C{): [ FT ™ f(0)g, (F(x)dx

_p}/r—% T 7, +m s
(r—2)! .([x [F()T™" f(x)g. (F(x))dx 30)

_prqg (7, +DC
(+q) (r=D!

o (f‘i{_). [ FOr ™ £ (0g) > (F)d.

Equation (30) can be rewritten as

©

©

[¥ FT £ (x)g), (F(x))dx

+
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(j+DC,_
(r=1)!

~ pCr ; wa - I(F(x)){——[F(x)] yx

S L [YF) f(0)g), ! (F(x)dx

) Igry—’_cé—ﬁ [XF Y £ (g (F(x)dx 3D

—%%fo“ CEE) SR Y s

pPq C},71 T JHlr o 7, +m+1 r-1
———— = | X [F)]" f(0)g,, (F(x))dx.
(+q) (F—Z)!l
Now integrating the first and third terms of R.H.S of (31) and after simplification, we get
C «

(—ll)'f X F@Y ™ g (FON{S (%) = pF(x) +—=— ( ) [F(x)F}=0. (32)

Now applying a generalization of the Muntz-Szasz theorem (Hwang and Lin 1984) in (32), we
get

— pq =
S ()= pF(x)+ T
(+q) (1 )
This is the characterizing differential of the Bass diffusion model. Hence this proves that
P >
F(x)=1f, x>0,p>0,q>-1.
I+ge™
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