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Abstract

Starting with two well-known sampling designs viz., SRSWR and SRSWOR, in the usual manner,
we introduce mixture designs with desirable properties. We review the literature and develop further
results from two perspectives: Structural and Inferential. Permutation invariance of the sampling
units under both the sampling designs plays a significant role in this study.
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1. Introduction

We start with a finite labelled population of size /N and a fixed sample size of n < /N. We are all
aware of two well-known sampling designs/schemes viz., SRSW R(N,n) and SRSWOR(N,n).
Foreachk = 1,2,...,n,let Dy, y denote SRSWOR(N, k) design. Let Q.. N= N—"AFO" N,
where AF0" = AFz", evaluated at © = 0, A being the difference operator’. Further, N, is the
usual co-efficient of ¥ in the binomial expansion of (1 + 2)" where both N and k < N are posi-
tive integers. It is known [Vide Basu (1958)] that Z]ij Qk;n; ~N = 1. Moreover, it is known that a
mixture of the family of SRSWOR(N, k) Designs with mixing proportions Q.. v is identified
as SRSW R(N, n) Design. These two classical sampling designs have been studied in great detail
- both from structural perspectives and inferential perspectives. We refer to Sinha and Sen (1989) for
details and many related results.

Our purpose is to introduce some such mixtures and study their structural and inferential aspects.

2. Special Mixtures

For a fixed K' < n, define Dy.gc.p: N = Ziz{( Qkin:NSRSWOR(N; k)/ Zii{{ Qk:n:N-
Naturally, this sampling design is based on the first K components of the SRSWR mixtures with
normed mixing proportions in the truncated form. For K = n, this mixture identifies itself as
SRSW R(N,n) design. Vide Basu (1958), Korwar and Serfling (1974) and Hedayat and Sinha
(1991).

A general mixture Dy, . g:p: N= Zk 1 K wrSRSWOR(N; k)/ Zk 1 Wy, is defined as usual
with the non-negative weight functions wy, > 0, subjectto y_, wy, > 0.

Note that under SRSWOR(N; k), we provide the sample mean as an unbiased estimator of the
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population mean with variance S?[1/k—1/N]. This suggests the well-known fact: Under SRSW R
(N;n) sampling scheme, the sample mean based on distinct units in a sample is unbiased for the
population mean with variance S?[E(1/k) — 1/N]. Further to this, F(1/k) has an analytical ex-
pression given by [1"~ +27=1 4 4 (N — 1)""1]/N™. Vide Hedayat and Sinha (1991). For
higher order moments of 1/k, we refer to Sinha and Sen (1989).

3. Coherent Mixtures

An SRSW R(N,n) sampling design is easy to implement. This has been a strong practical
point in its favor. However, it fails to provide any merit towards the estimation of a finite popula-
tion mean. We denote by v the number of distinct units in a sample underlying SRSW R(N,n).
It is known that E(v) = N[1 — (1 — 1/N)"] = vo(1 — f) + (vo + 1)f where 1y is the
largest integer contained in /(). This suggests that a 2-point mixture of SRSWOR(N, 1) and
SRSWOR(N, vy + 1) designs with mixing proportions 1 — f and f would amount to the same
expected sample size as SRSW R(IN,n). For this 2-point design, the variance of the mean of units
so drawn would have the expression [ignoring the last part involving 1/N]

(1= P/ wol + F1/ (0 + 1]

Comparing this expression with [1"~1 4 27~1 4+ ..+ (N — 1)"7!]/N" makes sense and we
can possibly recommend a 2-point mixture design as against the SRSW R(N,n) design. Here are
some examples to this effect.

Example 1

(a) Consider N = 10,n = 4. It follows that E(v) = 3.44, approx. This yields vy = 3, f = 0.44
and further, E(1/v) = 0.3025 while E(1/k) = 0.2967 for the 2-point mixture.

(b) Consider N = 15,n = 5. It follows that E'(v) = 4.376, approx. This yields vy = 4, f = 0.376
and further, E(1/v) = 0.2355 while E(1/k) = 0.2312 for the 2-point mixture.

(c) Consider N = 20,n = 5. It follows that E(v) = 4.5244. This yields vy = 4, f = 0.5244.
Further, £(1/v) = 0.2262 while E(1/k) = 0.2238, for the 2-point mixture.

4. Other Comparable Mixtures

Under SRSW R(N, n) design, units are likely to appear any number of times up until n. Let us
now impose a pre-condition on the maximum number of appearances of the units in the sample. To
start with, we choose a positive integer K < n and demand that no unit should appear more than K
times in SRSW R(N,n) design. With this restriction, we denote the underlying sampling design by
the notation SRSW R(N, n; K). It is interesting to note that the *invariance principle holds for all
permutations of the units in the population and accordingly, for every possible value of the number
of distinct units in a sample [under this restriction] the sample mean based on the distinct units is an
unbiased estimator for the population mean and the conditional variance is given by S?[1/v — 1/N].
Therefore, the over-all variance of the estimate is obtained by averaging over all possible samples the
reciprocal of v. This part is a non-trivial task. Even in such a situation, we can work out a mixture of
two suitably chosen SRSWOR designs - matching the expected sample size and possessing smaller
average variance. We take up an example below.

Example 2

(a) Consider N = 10,n = 5, K = 3. We have evaluated the distribution of v, the number of
distinct units in a sample. The total number of admissible samples of size 5 is given by 99, 540.
And the decompositions are :

N[v = 2] = 900, N[v = 3] = 18000, N[ = 4] = 50,400, N[ = 5] = 30240.
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It follows that E(v) = 4.10488, F(1/v) = 0.25214. Using a 2-point mixture distribution with
vy = 4 and vy + 1 = 5, with mixing proportions (1 — 0.10488) and 0.10488 respectively, we
deduce that E'(v) remains the same while F(1/v) = 0.24475 < 0.25214.

(b) Consider N = 15,n = 5, K = 3. We have evaluated the distribution of v, the number
of distinct units in a sample. The total number of admissible samples of size 5 is given by
758310, excluding 1065 inadmissible samples. And the decompositions are :

N[v = 2] = 2100, N[v = 3] = 68250, N[ = 4] = 327600, N[v = 5] = 360360.

It follows that E(v) = 4.38, E(1/v) = 0.2344. Using a 2-point mixture distribution with
vg = 4 and vy + 1 = 5, with mixing proportions (1 — 0.38) and 0.38 respectively, we deduce
that F(v) remains the same whileE(1/v) = 0.231 < 0.2344.

(c) Consider N = 20,n = 5, K = 3. As in the above, we have evaluated the distribution of v, the
number of distinct units in a sample. The total number of admissible samples of size 5 is given
by 3198080. And the decompositions are :

N[v = 2] = 3800, N[v = 3] = 171000, N[v = 4] = 1162800, N[ = 5] = 1860480.

It follows that E(v) = 4.5259, E(1/v) = 0.2257. Using a 2-point mixture distribution with
vg = 4 and vy + 1 = 5, with mixing proportions (1 — 0.5259) and 0.5259 respectively, we
deduce that E'(v) remains the same while E(1/v) = 0.2237 < 0.2257.

5. Combinatorial Properties of SRSWR(N, n; K) Design
We start with the total count A(N, n; K) of samples underlying this sampling design.

Theorem 1 A(N,n; K) = N5V (n—1), AN —1,n—t—1,K).

Proof: Consider a particular situation where unit number say, 1 is drawn first. In the next (n — 1)
draws, unit number 1 can appear additional ¢(0 < ¢ < K — 1) times and in the remaining (n —t — 1)
draws, (N — 1) remaining units (other than the unit number 1) can appear at most K times each. This
number is A(N —1,n—t—1;K) fort =0,1,..., K — 1. Since this counting argument is invariant
with respect to the label of the unit drawn at the first attempt, we obtain the above identity.

We may deduce results for some special cases.
Case 1. A(N,K; K) = NK,
Case2. A(N,K +1; K) = NE+) _ N K =1,2,...,
Case3. A(INK+2; K) = NAN,K+1;K) — N(N —1)(K +1).

Case 1 follows by definition. Case 2 is easy to establish. We prove Case 3 below. By ’inclusion-
exclusion principle’, we deduce

K—
AN,K +2;K)=N[A(N —1,K +1;K) + Z DetAN —1,K +1—t,K)]

= N[A(N - 1,K + 1;K) +z\;K+1 ~(N=-1)F (K +1)(N-1)-1]
= N[NKT' (K +2)(N —1) — 1]
= NAN,K +1;K) — N(N — 1)(K +1)].

The above provides an explicit expression for A(N, K + 2; K) as also a recurrence relation
between A(N, K + 2; K) and A(N, K + 1; K).
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6. Inclusion Probabilities for an SRSWR(N, n; K) Design
Using the notation A(N, n; K), we deduce that, for each unit 4,
AN —1,n;K)
A(N,n; K)

T =
Furher, for any two distinct units ¢, j,

A(N,n; K) —2A(N —1,n: K)+ AN — 2,n; K)
A(N,n; K)

Tij =

For K = 2,3, it is easy to write down expressions for 7;s and m; ;s.

7. Number of Samples on Distinct units for an SRSWR(N, n; K) Design

Let A(N,n; K;v) denote the total number of samples of size n under an SRSW R(N,n; K)
design having v distinct units each. Here is a recurrence relation.

Theorem 2 A(N,n; K;v) = ZtK:lnctA(N —1,n—t;K;v—1).

Proof: Consider any particular unit say ¢, which is drawn ¢(< K) times. Therefore, in the remaining
(n —t) draws, v — 1 distinct units will be drawn out of N — 1 units. Hence the relation follows.
We also have an alternative representation for A(N,n; K; v).

(K1)
AN mKiv)=v > (n—1), AN - 1Ln—t-1;K;v—1) 1)
t=0

Consider any drawn distinct unit, say ¢. This unit may appear further in the sample ¢ more times
in the remaining (n — 1) trials (¢ = 0,1,2,, K — 1). This number is (n — 1), A(N — 1,n — ¢ —
1; K;v — 1) . Hence the representation holds.

By replacing N and n respectively by N — 1 and n — 1 in the above, it also follows that

(K-1)
AN -1Ln-1LK;v)=v Y (n=2), AN —1,n—t—2K;v—1) 2)
t=0
Further to this, we also have a relation :
A(N,n;K):ZNCVA(N,n;K;y) 3)

We now go back to A(N,n; K;v) and simplify the RHS further.

(K-1)
v Z (n—=1)c, A(IN—-1,n—t—1;K;v—1)
=0
(K-1)
:VA(N—LTL—I;K;I/—l)—‘rI/[Z (n—1), A(IN—-1,n—t—1;K;v—1)].
t=1

8. Finite Population Mean Estimation based on SRSW R(N, n; K) Design

Once a random sample of size n has been drawn according to this design, we are aware of the
restrictions in the nature and composition of the sample of size n so drawn. However, permutation
invariance of the distinct units drawn prevails and we can argue as in Sinha and Sen (1989) for
every number v of distinct units. This justifies use of the mean of distinct units as an unbiased
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estimator of the population mean with variance S?[E(1/v) — 1/N] where E[1/v] is to be computed
wrt SRSW R(N,n; K) design. Also, permutation invariance holds for the entire set of samples of
size n each, even with the restriction imposed through the parameter K. This means that the usual
mean based on all units is also unbiased for the population mean. Further to this, it follows that
the mean based on distinct units fares better than the mean based on all units. It must be noted
that not all N™ so-called "unrestricted” SRSWR samples of size n are under the purview of the
SRSW R(N,n; K) design. Accordingly, even though the mean based on all units [including repeats]
is unbiased for the population mean, its variance computation is not straightforward. We examine this
feature in a specific example below.

Before we proceed further, we note that for K = n, we have SRSW R(N, n) sampling and it is
well-known that the variance of the sample mean is o2 /m. However, for K < n, this is far from being
true. It would be interesting to work out an expression for the variance of the sample mean based on
all units. Below we make an attempt to work it out whenN = 10,7 = 5 and K = 3.

We have already analyzed the sample compositions for the total of M = 99540 samples - each
of size 5 - under SRSW R(10, 5; 3) design.

We start with the sample mean

y(s) = 1/5[2 fi(8)yi]

where f;(s) = frequency count for y; in the sample. It is known that 0 < f;(s) < K = 3 for each
combination of (3, ).

We define yf = y; — Y, Y being the population mean.

We will evaluate an explicit expression for §*(s) = 1/5[>_ fi(s)y;] by looking into each value
of v. We will work out the coefficient of y; and generalize it to the rest by invoking the invariance
principle.

Different values of v are listed below.

Case (i) : v =2, M (v) = 900, K =3

Sample frequencies are of the type : (3,2,0,0,0, .....). There are two positive frequencies viz.,
3 and 2.

Coefficient of y] will be 3 with frequency 90 and 2 also with frequency 90.

Case (ii) : v = 3, M (v) = 18000, K = 3

Sample frequencies are of the type : (a)(3,1,1,0,0,....) OR (b)(2,2,1,0,0,....)

For Type (a) : Coefficient of y] will be 3 or 1 and for Type (b) : Coefficient of y; will be 2 or 1.

The frequency counts are as follows :

Type (a): 3 with frequency 720 and 1 with frequency 1440

Type (b) : 2 with frequency 2160 and 1 with frequency 1080

Case (iii): v = 4, M(v) = 50400, K = 3

Sample frequencies are of the type : (2,1,1,1,0, ....... )

Coefficient of yj will be 2 or 1.

The frequency counts are as follows :

2 with frequency 5040 and 1 with frequency 15120

Case (iv) : v = 5, M (v) = 50400, K = 3

Sample frequencies are of the type : (1,1,1,1,1,0, ....... )

Coefficient of y7 will be 1.

The frequency count is as follows : 1 with frequency 15120.

Combining all the M = 99540 samples across all possible values of v, we now find coefficient
of y7 in the expression for > _[f1(s)y{]/5M as

[1/5 x 99540][(270 + 180) + (3 x 720 + 1440) + (2 x 2160 + 1080) + (2 x 5040 + 15120) + (15120)]

= 49770/(5 x 99540) = 1/10.
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This is true for all the NV = 10 units in the population because of permutation invariance. Hence
unbiasedness of the sample mean of all the 5 units is verified.

We will now proceed to compute an expression for the variance of the sample mean based on all
units, with repeats. This will be more involved.

We have M = 99540 samples with decompositions according to different values of v. Fur-
ther, we already know from the above, contribution to coefficient of ¥ from each type of sample
compositions.

We will now derive expressions for (i) the coefficient of 3/;2 and (ii) the coefficient of the product
y1y5 by looking at generic expressions like

S l(ays +bys + ...)% +...] for each type of composition of the samples for various values
of v. We collect the terms denoted below by 15, 75,7} and T5.

Case (i) v = 2: Sample frequency type (3, 2)
T = 10(3y; +2y3)* +10(2y{ + 3y3)?

Case (ii) v = 3 : Sample frequency types () (2,2, 1) and (b) (3,1,1)
T3(a) = [144(27 + 2y5)* + 144(2y7 +v5)* + 144(y{ +293)°):
T5(b) = [160(3y5 +v3)* + 160(y7 + 3y*2) + 160(y{ +v3)?]
Case (iii) v = 4 : Sample frequency type (2,1,1,1)
Ty = 1680(2y; + y3)2 + 1680(y7 + 2y5)% + 3360(y] + 5)?
Case (iv) v = 5: Sample frequency type (1,1,1,1,1)
T5 = 6720(y7 +y3)°

Combining all the cases and subcases, we obtain

Coefficient of y{ys = (120 + 120) + [(960 + 960 + 320) + (1152 + 576 + 576)] + (6720 +
6720 + 6720) + 13440 = 38384.

Further, by looking at the expression S1 = >" [a(yf + ...) + ... similar terms across all
samples], we readily note that the coefficient of y;2 in S2 = 3 [a(y; +...)* + ... similar terms
across all samples] is the same as that of y] in S1.

Because of permutation invariance, we may thus write

S2=49770 > y;® + 19192 yy; = (49770 — 19192) > y;*  (since » y; =0).
i i#] i i

Next note that the population variance 5? = >, y#2/9 so that S2 = 30578 x 952 = 27520252,

Hence Var(Y) = [1/(5 x 99540)][27520252] = 0.5529552.
We have observed earlier that the variance of the mean of distinct units under SRSWR (N =
10,n =5;K = 3) = E[(1/v) — 1/N]5? = (0.25214 — 0.1)5% = 0.1521452.

9. Conclusions

We conclude from this study

1. SRSW R(N = 10,n = 5) produces mean of distinct units with variance E[1/v)—1/N]S? =
0.153352.

2. SRSWR(N = 10,n = 5; K = 3) produces mean of distinct units with variance E[(1/v) —
1/N]S? = 0.1521452.

3. SRSWR(N = 10,n = 5; K = 3) produces mean of all units with variance 0.2529552.

4. Recall E = FhEy and V = Vi Ey + E1Vo. Here V corresponds to item 3 and Vi Es
corresponds to item 2.

Therefore, as a byproduct, we derive F1V, = 0.1008152.
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