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Abstract
We have proposed a general class of estimators for population mean using auxiliary variable in

simple random sampling. Our estimator contains various estimators from literature and many more
can be developed from it. The expressions for bias and mean square error(MSE) are derived. It is
found that the estimator in question is better than the other available alternatives. The Monte-Carlo
simulation is carried out in various cases to show the validity of the estimator.

Keywords: Auxiliary variable, study variable, estimator, simulation, mean squared error, effi-
ciency.

1. Introduction
In the present era, we deal with a huge amount of data where precision and accuracy are highly

required. The accuracy can be increased by reducing bias and precision is obtained by minimizing
variance. The mean square error (MSE) of an estimator θ̂ is defined asMSE(θ̂) = V ariance(θ̂)+

[Bias(θ̂)]2. In order to get a reliable result in a sampling survey, it is desirable to use an estimator
which involves minimum MSE.

There have been consistent efforts to make estimators more efficient. For the first time, Cochran
(1940) used auxiliary information to estimate the population mean by developing the ratio estimator.
Since then, the use of auxiliary information in estimation becomes a good tool to enhance the effi-
ciency of the estimators. Following Cochran (1940), Murthy (1964) proposes the product method of
estimation. Murthy(1964) also shows that whereas the ratio estimators perform better when there is
a positive correlation between study variable and auxiliary variable, the product estimators perform
better when the correlation is negative. Again Cochran (1977) suggested the regression estimator and
found it outshines both ratio and product estimators. When the regression line passes through the
origin, the efficiency of the ratio, product and regression estimators coincides.

Various known information related to auxiliary variables such as mean, variance, coefficient of
variation, coefficient of kurtosis, coefficient of skewness, correlation coefficient, regression coeffi-
cient, standard deviation, etc has been used in literature. Some of them are Sisodia and Dwivedi
(1981), Upadhyaya and Singh (1984), Kothwala and Gupta (1989), Singh and Singh (1993), Kumar
and Agarwal (1997), Singh and Tailor (2003), Kadilar and Cingi (2004), Kadilar and Cingi (2006),
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Khoshnevisan et al. (2007), Gupta and Shabbir (2008), Yan and Tian (2010), Adewara et al. (2012),
Yadav and Kadilar (2013), Yadav et al. (2017), Pal et al. (2017), Baghel and Yadav (2020) etc.

Let
∏

= {π1, π2, .., πN} be a finite populaion of size N . Let yi and xi be the ith observation
of study variable y and auxiliary variable x. The other notations are sample mean of the study
variable ȳ = 1

n

∑n
i=1 yi, sample mean of the auxiliary variable x̄ = 1

n

∑n
i=1 xi, population mean

of the study variable Ȳ = 1
N

∑N
i=1 yi, population mean of the auxiliary variable X̄ = 1

N

∑N
i=1 xi,

population variance of study variable S2
y = 1

N−1

∑N
i=1(yi − Ȳ )2, population variance of auxiliary

variable S2
x = 1

N−1

∑N
i=1(xi − X̄)2, covariance between variables

Sxy = 1
N−1

∑N
i=1(xi − X̄)(yi − Ȳ ), Cy =

Sy

Ȳ
, Cx =

Sx

X̄
, ρ = Sxy

SxSy
, βyx = Sxy

S2
x

,

Cxy = ρCxCy , Kyx = ρCy

Cx
, λ =

1

n
− 1

N
, m = X̄

Ȳ
.

2. Some Existing Estimators
We are now giving a brief review of some of the existing estimators related to the proposed

general class of estimators.
The sample mean per unit estimator ȳ, combined ratio, product and regression estimators are

classic estimators as discussed earlier. In 1991, Rao gave a difference type estimator in the search
of better efficiency. Bahl and Tuteja (1991) used the exponential function to define a new ratio
and product type estimator. Grover and Kaur (2011) proposed a difference-cum-exponential type
estimator and discussed its properties. An exponential ratio type estimator suggested by Kadilar in
2016. She showed that the optimal MSE of her proposed estimator is the same as that of the regression
estimator. The discussed estimators and their MSEs are given in Table 1.

Table 1 Some known estimators and their MSEs

Source Estimator MSE

Usual estimator T1 = ȳ λȲ 2C2
y

Ratio estimator T2 = ȳ
(
X̄
x̄

)
λȲ 2[C2

y + C2
x − 2Cxy]

Regression estimator T3 = ȳ + βyx(X̄ − x̄) λȲ 2C2
y(1− ρ2)

Rao(1991) T4 = kȳ + t(X̄ − x̄) Ȳ 2
[
1− 1

1+λC2
y(1−ρ2)

]
Bahl and Tuteja(1991) T5 = ȳ exp

(
X̄−x̄
X̄+x̄

)
λȲ 2[C2

y +
C2

x

4 − Cxy]

Grover and Kaur(2011) T6 = [kȳ + t(X̄ − x̄)] exp
(
X̄−x̄
X̄+x̄

) λȲ 2[16(1−ρ2)(4−λC2
x)C

2
y−λC2

x]

64[1+λC2
y(1−ρ2)]

Kadilar(2016) T7 = ȳ
(

x̄
X̄

)δ
exp

(
X̄−x̄
X̄+x̄

)
λȲ 2C2

y(1− ρ2)

3. Proposed Class of Estimator
There is no estimator which perform well in every situation. So its better if we have a class of

estimator that contains various estimator and also gives some efficient estimator. The focus of this
paper is to develope a class of estimators which perform efficiently for larger domain.

Motivated by Grover & Kaur (2011) and Kadilar (2016), we propose a general class of estimators
as

t(δ, α) = [kȳ + t(X̄ − x̄)]

(
X̄

x̄

)δ

expα

(
X̄ − x̄

X̄ + x̄

)
(1)

where k, t, δ, α are suitable constants.
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Generalized class of estimators t(δ, α) contains various estimators from literature for different
values of k, t, δ, α. We are giving a list of member estimators and corresponding values of k, t, δ, α
in Table 2.

Table 2 Known members of the proposed class of estimator

k t δ α Estimator Source

1 0 0 0 ȳ Usual estimator
1 0 1 0 ȳ

(
X̄
x̄

)
Ratio estimator

1 0 -1 0 ȳ
(

x̄
X̄

)
Product estimator

1 βyx 0 0 ȳ + βyx(X̄ − x̄) Regression estimator
1 t 0 0 ȳ + t(X̄ − x̄) Difference type
k t 0 0 kȳ + t(X̄ − x̄) Rao (1991)
1 0 0 1 ȳ exp

(
X̄−x̄
X̄+x̄

)
Bahl and Tuteja (1991)

1 0 0 -1 ȳ exp
(
x̄−X̄
x̄+X̄

)
Bahl and Tuteja (1991)

k t 0 1 [kȳ + t(X̄ − x̄)] exp
(
X̄−x̄
X̄+x̄

)
Grover and Kaur (2011)

1 0 -δ 1 ȳ
(

x̄
X̄

)δ
exp

(
X̄−x̄
X̄+x̄

)
Kadilar (2016)

1 0 2 0 ȳ
(
X̄
x̄

)2
Kadilar and Cingi (2003)

1 0 -2 0 ȳ
(

x̄
X̄

)2 Kadilar and Cingi (2003)
1 0 δ 0 ȳ

(
X̄
x̄

)δ
Shrivastava (1967)

k kβyx 0 0 k[ȳ + βyx(X̄ − x̄)] Bedi and Hajela (1984)
k βyx 0 0 kȳ + βyx(X̄ − x̄) Kaur (1985)
k (1− k) 0 0 kȳ + (1− k)(X̄ − x̄) Jain (1987)
1 βyx 1 0 [ȳ + βyx(X̄ − x̄)]

(
X̄
x̄

)
Kadilar and Cingi (2004)

4. Expressions for Bias and MSE
To obtain the expressions for bias and mean square error (MSE) of proposed class of estimator

t(δ, α), we have to use the error terms ey = ȳ−Ȳ
Ȳ

and ex = x̄−X̄
X̄

such that E(ey) = E(ex) = 0

and E(e2y) = λC2
y , E(e2x) = λC2

x, E(eyex) = λCxy .

Express Equation (1) in terms of error, we have

t(δ, α) = [kȲ (1 + ey) + t(X̄ − X̄(1 + ex))]

(
X̄

X̄(1 + ex)

)δ

expα

(
X̄ − X̄(1 + ex)

X̄ + X̄(1 + ex)

)
.

Expand the expression assuming |ei| < 1, i = x, y and ignoring the terms having ei, i = x, y
degree greater than two, we have

t(δ, α) = [kȲ + kȲ ey − tX̄ex]

[
1− δex +

δ(δ + 1)

2
e2x

][
1− α

2
ex +

(
1 +

α

2

)
α

4
e2x

]
or

t(δ, α) − Ȳ = (k − 1)Ȳ + kȲ ey −
[
tX̄ + kȲ

(
δ +

α

2

)]
ex − kȲ

(
δ +

α

2

)
exey

+

[(
tX̄ +

kȲ

2

)(
δ +

α

2

)
+

kȲ

2

(
δ +

α

2

)2]
e2x. (2)



Kuldeep Kumar Tiwari and Puneet Kumar 757

Taking expectation on both sides of Equation (2), we get the bias of t(δ, α) as

B(t(δ, α)) = (k − 1)Ȳ − kȲ
(
δ +

α

2

)
λCxy +

[(
tX̄ +

kȲ

2

)(
δ +

α

2

)
+

kȲ

2

(
δ +

α

2

)2]
λC2

x.

To get MSE, squaring Equation (2) on both sides and simplifying, we get

(t(δ, α) − Ȳ )2 = Ȳ 2
[
(k − 1)2 + k2e2y −

{
2k(2k − 1)

(
δ +

α

2

)
+ 2ktm

}
exey +

{
t2m2

+k(2k − 1)
(
δ +

α

2

)2
+ 2tm(2k − 1)

(
δ +

α

2

)
+ k(k − 1)

(
δ +

α

2

)}
e2x
]

(3)

where m = X̄
Ȳ

.
Taking expectation on both sides of Equation (3), we get the MSE of t(δ, α) as

MSE(t(δ, α)) = Ȳ 2
[
(k − 1)2 + k2λC2

y −
{
2k(2k − 1)

(
δ +

α

2

)
+ 2ktm

}
λCxy +

{
t2m2

+k(2k − 1)
(
δ +

α

2

)2
+ 2tm(2k − 1)

(
δ +

α

2

)
+ k(k − 1)

(
δ +

α

2

)}
λC2

x

]
or

MSE(t(δ, α)) = Ȳ 2[1 + η1k + η2k
2 + η3t+ η4t

2 + η5kt] (4)

where

η1 = −2 + 2
(
δ +

α

2

)
λCxy −

(
δ +

α

2

)2
λC2

x −
(
δ +

α

2

)
λC2

x

η2 = 1 + λC2
y − 4

(
δ +

α

2

)
λCxy + 2

(
δ +

α

2

)2
λC2

x +
(
δ +

α

2

)
λC2

x

η3 = −2m
(
δ +

α

2

)
λC2

x

η4 = λC2
xm

2

η5 = −2mλCxy − 4m
(
δ +

α

2

)2
λC2

x.

We know that “If a function f(x, y) having second order partial derivative fxx, fyy and fxy
continuous at critical point (xo, yo), then f(x, y) is minimum at (xo, yo) whenever
D = fxx(xo, yo)fyy(xo, yo)− f2

xy(xo, yo) > 0 and fxx(xo, yo) > 0”.
To get minimum MSE, differentiate Equation (4) partially with respect to t and equate to zero,

η5k + 2η4t+ η3 = 0 (5)

again, differentiate Equation (4) partially with respect to k and equate to zero,

2η2k + η5t+ η1 = 0. (6)

On solving Equations (5) and (6), we get the optimum value of k and t as

ko =
η3η5 − 2η1η4
4η2η4 − η25

, to =
η1η5 − 2η2η3
4η2η4 − η25

. (7)

Now, calculate second order partial derivatives of MSE(t(δ,α)) at (ko, to), we have

MSE(t(δ,α))tt = 2Ȳ 2η4, MSE(t(δ, α))kk = 2Ȳ 2η2, MSE(t(δ,α))tk = Ȳ 2η5.

So,
D = Ȳ 4[4η2η4 − η25 ] and MSE(t(δ, α))tt = 2Ȳ 2η4.
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Now, if Ȳ = 0 then MSE(t(δ,α)) in Equation (4) becomes zero, so no need for minimization. If
Ȳ ̸= 0, then D > 0 whenever 4η2η4 − η25 > 0. Also, for Ȳ ̸= 0, MSE(t(δ,α))tt > 0, since
η4 = λC2

xm
2 > 0 as λ is always positive and other terms, coefficient of variation Cx and m = X̄

Ȳ
are squared.

So, ko and to in Equation (7) are points of minima if their denominator term is positive. That is,
MSE(t(δ,α)) is minimum at (ko, to) if 4η2η4 − η25 > 0.

Substitute the optimum value of k and t in Equation (4), we get the minimum MSE of t(δ, α) as

MSEmin(t(δ,α)) = Ȳ 2

[
1− η21η4 + η2η

2
3 − η1η3η5

4η2η4 − η25

]
.

5. Consistency of the Proposed Class of Estimator
Let θ̂n is an estimator of θ, where n in suffix represents sample size. θ̂n is said to be a consistent

estimator of θ if
limn MSE(θ̂n) = 0.

That is, if n increases infinitely then MSE(θ̂n) approaches to zero.
Consistency is an asymptotic property and proposed class of estimator t(δ, α) is defined over

finite population. So, assume population size N is infinitely large that we can take a sample of any
size.

Since λ = 1
n − 1

N . So, if n and N increases infinitely then λ appraches to zero. Applying limit
λ → 0 in Equation (4), we have

limλ→0 MSE(t(δ, α)) = Ȳ 2(k − 1)2. (8)

So, the proposed class of estimators is not consistent except Ȳ = 0 or k = 1. We have no control
over Ȳ , but k is a constant that can take any suitable value.

Use k = 1 in Equation (8), we have

limλ→0 MSE(t(δ, α)) = 0. (9)

Equation (9) concludes that, for k = 1, the proposed class of estimators t(δ, α) generates consis-
tent estimator.

6. Efficiency Comparison
In this section, we have obtained the conditions under which the proposed class of estimators

t(δ, α) is more efficient than other considered estimators. The required condition is obtained by using
their MSEs.

To compare the efficiency of proposed class of estimators, we express the MSEs given in Table
1 in terms of η’s. we have

MSE(T1) = Ȳ 2(η6 − 1)
MSE(T2) = Ȳ 2(η6 + η7 − 2Kyxη7 − 1)
MSE(T3) = Ȳ 2(η6 − 1)(1− ρ2)
MSE(T4) = Ȳ 2

[
1− 1

1+(η6−1)(1−ρ2)

]
MSE(T5) = Ȳ 2

[
(η6 − 1) + η7

4 (1− 4Kyx)
]

MSE(T6) = Ȳ 2
[
1− 64+η7{16(η6−1)(1−ρ2)+η7}

64{ρ2+η6(1−ρ2)}
]

MSE(T7) = Ȳ 2(η6 − 1)(1− ρ2)
where η6 = 1 + λC2

y , η7 = λC2
x.

Now we have to find the inequalities MSEmin(t(δ, α)) − MSE(Ti) ≤ 0, i = 1, 2, .., 7. This
will give the condition where the proposed class of estimators is better than other referred estimators.
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MSEmin(t(δ, α))−MSE(T1) = Ȳ 2
[
1−

η21η4 + η2η23 − η1η3η5

4η2η4 − η25

]
− Ȳ 2(η6 − 1) ≤ 0

η6 +
η21η4 + η2η23 − η1η3η5

4η2η4 − η25
≥ 2

MSEmin(t(δ, α))−MSE(T2) = Ȳ 2
[
1−

η21η4 + η2η23 − η1η3η5

4η2η4 − η25

]
− Ȳ 2(η6 + η7 − 2Kyxη7 − 1) ≤ 0

η6 + η7 − 2Kyxη7 +
η21η4 + η2η23 − η1η3η5

4η2η4 − η25
≥ 2

MSEmin(t(δ, α))−MSE(T3) = Ȳ 2
[
1−

η21η4 + η2η23 − η1η3η5

4η2η4 − η25

]
− Ȳ 2(η6 − 1)(1− ρ2) ≤ 0

(η6 − 1)(1− ρ2) +
η21η4 + η2η23 − η1η3η5

4η2η4 − η25
≥ 1

MSEmin(t(δ, α))−MSE(T4) = Ȳ 2
[
1−

η21η4 + η2η23 − η1η3η5

4η2η4 − η25

]
− Ȳ 2

[
1−

1

1 + (η6 − 1)(1− ρ2)

]
≤ 0

η21η4 + η2η23 − η1η3η5

4η2η4 − η25
≥

1

1 + (η6 − 1)(1− ρ2)

MSEmin(t(δ, α))−MSE(T5) = Ȳ 2
[
1−

η21η4 + η2η23 − η1η3η5

4η2η4 − η25

]
− Ȳ 2

[
(η6 − 1) +

η7

4
(1− 4Kyx)

]
≤ 0

η6 +
η7

4
(1− 4Kyx) +

η21η4 + η2η23 − η1η3η5

4η2η4 − η25
≥ 2

MSEmin(t(δ, α))−MSE(T6) = Ȳ 2
[
1−

η21η4 + η2η23 − η1η3η5

4η2η4 − η25

]
− Ȳ 2

[
1−

64 + η7{16(η6 − 1)(1− ρ2) + η7}
64{ρ2 + η6(1− ρ2)}

]
≤ 0

η21η4 + η2η23 − η1η3η5

4η2η4 − η25
≥

64 + η7{16(η6 − 1)(1− ρ2) + η7}
64{ρ2 + η6(1− ρ2)}

MSEmin(t(δ, α))−MSE(T7) = Ȳ 2
[
1−

η21η4 + η2η23 − η1η3η5

4η2η4 − η25

]
− Ȳ 2(η6 − 1)(1− ρ2) ≤ 0

(η6 − 1)(1− ρ2) +
η21η4 + η2η23 − η1η3η5

4η2η4 − η25
≥ 1.

To show the efficiency of the proposed class of estimators numerically, we are considering four
particular cases of t(δ, α) for different choices of δ and α such as

Table 3 The value of t(δ,α)

δ α t(δ, α)

1 1 t(1,1) = [koȳ + to(X̄ − x̄)]
(

X̄
x̄

)
exp

(
X̄−x̄
X̄+x̄

)
2 1 t(2,1) = [koȳ + to(X̄ − x̄)]

(
X̄
x̄

)2

exp
(

X̄−x̄
X̄+x̄

)
1 2 t(1,2) = [koȳ + to(X̄ − x̄)]

(
X̄
x̄

)
exp 2

(
X̄−x̄
X̄+x̄

)
-1 -1 t(−1,−1) = [koȳ + to(X̄ − x̄)]

(
x̄
X̄

)
exp

(
x̄−X̄
X̄+x̄

)
In Table 3, we have randomly chosen simple combination of δ and α. It is not necessary that

the estimators in Table 3 will perform well for every population. But, for a particular population, we
can find the value of δ and α for which PRE(t(δ, α), T1) is high. Required values of δ and α for
a particular population can be found by using Hit and Trial Method or by graphing δ and α against

PRE(t(δ, α), T1). To explain it numerically, we use t(4,7) = [koȳ+ to(X̄− x̄)]
(

X̄
x̄

)4

exp 7
(

X̄−x̄
X̄+x̄

)
and t(3,3.5) = [koȳ + to(X̄ − x̄)]

(
X̄
x̄

)3

exp 3.5
(

X̄−x̄
X̄+x̄

)
in empirical study.
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7. Empirical Study
For numerical illustration of proposed class of estimators, we use the populations given in Table

4.

Table 4 Populations

Population Source N n Ȳ X̄ Cy Cx ρ

1 Khoshnevisan et al. (2007) 20 8 19.55 18.8 0.3552 0.3943 -0.9199
2 Koyuncu & Kadilar (2009) 923 180 436.4345 11440.5 1.7183 1.864 0.9543
3 Gupta & Shabbir (2008) 200 50 500 25 15 2 0.9
4 Steel & Torrie (1960) 30 8 0.6860 4.6537 0.4803 0.2295 0.1794
5 Gupta & Kothwala (1990) 400 100 6.56 36.71 0.9634 0.9932 -0.40

In Table 5, we are giving a relative comparison of estimators with usual estimator T1 = ȳ that is
computed in terms of percent relative efficiency (PRE) using Equation (10).

PRE(t, T1) =
MSE(T1)

MSE(t)
× 100. (10)

Table 5 Percent relative efficiency(PRE) of estimators with T1 = ȳ

Estimator PRE(., T1)

Population-1 Population-2 Population-3 Population-4 Population-5

T1 100 100 100 100 100
T2 23.39 940.38 128.57 94.62 34.63
T3 650.26 1119.67 526.31 103.33 119.05
T4 651.20 1120.99 863.81 105.44 119.74
T5 42.93 386.13 113.06 102.95 59.59
T6 654.07 1128.99 877.04 105.57 119.98
T7 650.26 1119.67 526.31 103.33 119.05
t(1,1) 654.22 1141.58 889.92 105.10 119.24
t(2,1) 704.38 5171.78 893.89 104.01 120.47
t(1,2) 961.15 1386.70 905.43 104.59 119.10
t(−1,−1) 938.68 4144.92 797.78 103.99 120.43

Table 5 shows that the estimators t(1, 1), t(2, 1), t(1, 2) and t(−1, −1) performs better than the
other estimators for Population- 1, 2 and 3 with sufficient gain in efficiencies. For Population- 4 and
5, the performance of all the estimators in Table 5 is almost similar. Using Hit and Trial Method,
we have found that for δ = 4 and α = 7, the proposed class of estimators performs well with
PRE(t(4, 7), T1) = 1026.45 in Population-4. While for Population-5, δ = 3 and α = 3.5 works
good with PRE(t(3, 3.5), T1) = 929.59.

8. Monte-Carlo Simulation Study
In this section, we have performed The Monte-Carlo simulation using R software to check the

validity of the proposed estimator. We have generated six different populations of size N = 1500.
The cases under which the populations are generated are given below.

Case-1a Model Y = −2− 3X + ε used where X is taken from normal distribution with mean 1.2 and
variance 1.5. Sample size n = 400.
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Case-1b Model Y = 2 + 3X + ε used where X is taken from normal distribution with mean 1.2 and
variance 1.5. Sample size n = 400.

Case-2a Model Y = −2 − 3X + ε used where X is taken from exponential distribution with rate 0.7.
Sample size n = 350.

Case-2b Model Y = 2 + 3X + ε used where X is taken from exponential distribution with rate 0.7.
Sample size n = 350.

Case-3a Model Y = −2− 3X + ε used where X is taken from uniform distribution with minimum -1
and maximum 3. Sample size n = 300.

Case-3b Model Y = 2 + 3X + ε used where X is taken from uniform distribution with minimum -1
and maximum 3. Sample size n = 300.

In all the cases, The error term ε follows the normal distribution with mean 0 and variance 1. For
all the six populations, PREs calculated using Equation (10). 100000 replications made to get better
approximation of results.

Table 6 Percent relative efficiency (PRE) of estimators with T1 = ȳ using Monte-Carlo simulation

Estimator PRE(., T1)

Case-1a Case-1b Case-2a Case-2b Case-3a Case-3b

T1 100 100 100 100 100 100
T2 292.83 292.89 386.06 386.00 205.17 205.19
T3 2019.63 2019.72 1904.40 1904.12 1299.81 1299.68
T4 2019.75 2019.84 1904.51 1904.23 1299.95 1299.83
T5 1061.77 1061.63 834.46 834.48 975.15 975.01
T6 2125.92 2126.01 1908.07 1907.79 1303.52 1303.39
T7 2119.63 2119.72 1904.40 1904.12 1299.81 1299.68

t(1,1) 2157.92 2158.01 1924.38 1924.10 1318.60 1318.46
t(2,1) 4201.29 4201.29 2703.89 2703.37 2233.36 2232.86
t(1,2) 2455.03 2455.12 2073.03 2072.70 1466.82 1466.64

t(−1,−1) 4153.76 4153.77 2693.91 2693.39 2210.30 2209.82

Simulation results in Table 6 show that the PRE values of proposed estimators are higher than
existing estimators in all cases irrespective of population distribution and sample size, which vali-
date that proposed estimators are more efficient as well as consistent in comparison with existing
estimators.

9. Conclusions
The proposed class of estimators t(δ, α) is comprehensive that it embraces many estimators sug-

gested earlier as well as can produce numerous new and efficient estimators. From empirical study
(Table 5) and simulation study (Table 6), we have shown that the proposed estimators are more ef-
ficient than usual estimator T1, classical ratio estimator T2, regression estimator T3, Rao (1991)’s
estimator T4, Bahl and Tuteja (1991)’s estimator T5, Grover and Kaur (2011)’s estimator T6 and
Kadilar (2016)’s estimators T7. Referring to the results, we find the proposed class of estimators
applicable in practice. Thus we recommend it for practical and future studies.
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Appendix

R code for simulation:

##################################

d = 1 # delta

a = 1 # alpha

##################################

L = 100000 # No. of replication

N = 1500 # Population size

n = 400 # Sample size for sample 1a& 1b

# n = 350 # Sample size for sample 2a& 2b

# n = 300 # Sample size for sample 3a& 3b

##################################

X = rnorm(N, 1.2, 1.5) # Population model-1a

Y = −2 − 3 ∗ X + rnorm(N, 0, 1)

# X = rnorm(N, 1.2, 1.5) # Population model-1b

# Y = 2 + 3 ∗ X + rnorm(N, 0, 1)

# X = rexp(N, 0.7) # Population model-2a

# Y = −2 − 3 ∗ X + rnorm(N, 0, 1)

# X = rexp(N, 0.7) # Population model-2b

# Y = 2 + 3 ∗ X + rnorm(N, 0, 1)

# X = runif(N,−1, 3) # Population model-3a

# Y = −2 − 3 ∗ X + rnorm(N, 0, 1)

# X = runif(N,−1, 3) # Population model-3b

# Y = 2 + 3 ∗ X + rnorm(N, 0, 1)

##################################

y bar vector = array(0, c(L))

x bar vector = array(0, c(L))

Sx vector = array(0, c(L))

Sy vector = array(0, c(L))

r vector = array(0, c(L))

##################################

for(i in 1:L){

set.seed(i)

x = rnorm(n, 1.2, 1.5) # sample-1a
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y = −2 − 3 ∗ x + rnorm(n, 0, 1)

# x = rnorm(n, 1.2, 1.5) # sample-1b

# y = 2 + 3 ∗ x + rnorm(n, 0, 1)

# x = rexp(n, 0.7) # sample-2a

# y = −2 − 3 ∗ x + rnorm(n, 0, 1)

# x = rexp(n, 0.7) # sample-2b

# y = 2 + 3 ∗ x + rnorm(n, 0, 1)

# x = runif(n,−1, 3) # sample-3a

# y = −2 − 3 ∗ x + rnorm(n, 0, 1)

# x = runif(n,−1, 3) # sample-3b

# y = 2 + 3 ∗ x + rnorm(n, 0, 1)

y bar vector[i] = mean(y)

x bar vector[i] = mean(x)

Sx vector[i] = sd(x)

Sy vector[i] = sd(y)

r vector[i] = cor(x, y)

}

##################################

y bar = mean(y bar vector) # sample mean of y

x bar = mean(x bar vector) # sample mean of x

Sx = mean(Sx vector) # SD of x

Sy = mean(Sy vector) # SD of y

r = mean(r vector) # rho

Cx = Sx/x bar # coefficient of variation for x

Cy = Sy/y bar # coefficient of variation for y

Cxy = r ∗ Cx ∗ Cy

K = r ∗ Cy/Cx

m = x bar/y bar

R = y bar/x bar

l = 1/n − 1/N # lambda

##################################

B1 = −2 + 2 ∗ (d + a/2) ∗ l ∗ Cxy − (d + a/2)2 ∗ l ∗ Cx2 − (d + a/2) ∗ l ∗ Cx2 # eta 1

B2 = 1 + l ∗ Cy2 − 4 ∗ (d + a/2) ∗ l ∗ Cxy + 2 ∗ (d + a/2)2 ∗ l ∗ Cx2 + (d + a/2) ∗ l ∗ Cx2 # eta 2

B3 = −2 ∗ m ∗ (d + a/2) ∗ l ∗ Cx2 # eta 3

B4 = l ∗ Cx2 ∗ m2 # eta 4

B5 = −2 ∗ m ∗ l ∗ Cxy + 4 ∗ m ∗ (d + a/2) ∗ l ∗ Cx2 # eta 5

B6 = 1 + l ∗ Cy2 # eta 6

B7 = l ∗ Cx2 # eta 7

##################################

k = (B3 ∗ B5 − 2 ∗ B1 ∗ B4)/(4 ∗ B2 ∗ B4 − B52) # k optimum

t = (B1 ∗ B5 − 2 ∗ B2 ∗ B3)/(4 ∗ B2 ∗ B4 − B52) # t optimum

##################################

V = y bar2 ∗ (B6 − 1) # variance of usual estimator

MSE T2R = y bar2 ∗ (B6 + B7 − 2 ∗ K ∗ B7 − 1) # MSE of ratio estimator

MSE T3RE = y bar2 ∗ (B6 − 1) ∗ (1 − r2) # MSE of regression estimator

MSE T4RAO = y bar2 ∗ (1 − (1/(B6 ∗ (1 − r2) + r2))) # MSE of Rao (1991) estimator

MSE T5BTR = y bar2 ∗ (B6 − 1 + (B7/4) ∗ (1 − 4 ∗ K)) # MSE of Bahl and Tuteja (1991) estimator

MSE T6GK = y bar2 ∗ (1− ((64 +B7 ∗ (16 ∗ (B6− 1) ∗ (1− r2) +B7))/(64 ∗ (B6 ∗ (1− r2) + r2)))) # MSE of Grover

and Kaur (2011)

MSE T7GOK = y bar2 ∗ (B6 − 1) ∗ (1 − r2) # MSE of Kadilar (2016) estimator

p = B12 ∗ B4 + B2 ∗ B32 − B1 ∗ B3 ∗ B5
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q = 4 ∗ B2 ∗ B4 − B52

MSE = y bar2 ∗ (1 − p/q) # MSE of proposed class of estimator

##################################

PRE1 = (V ∗ 100)/V

PRE2 = (V ∗ 100)/MSE T2R

PRE3 = (V ∗ 100)/MSE T3RE

PRE4 = (V ∗ 100)/MSE T4RAO

PRE5 = (V ∗ 100)/MSE T5BTR

PRE6 = (V ∗ 100)/MSE T6GK

PRE7 = (V ∗ 100)/MSE T7GOK

PRE8 = (V ∗ 100)/MSE

##################################
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