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Abstract

Using a large sample drawn from the population by employing a general sampling design,
Chaudhuri and Shaw (2020) used a model-assisted design-based approach in deriving asymptotically
design-unbiased estimators of finite population distribution function, the associated quantiles and their
mean square errors. Anticipating improvement in the accuracy of estimates of population distribution
function and quantiles, this paper uses two alternative techniques in revising estimator of the
distribution function; a non-linear function of five population totals. This paper presents a linear
approximation of this estimator by using Taylor series expansion neglecting the higher order terms
and uses this in deriving its approximate mean square error and the mean square error estimate.
Alternatively, Rao and Wu (1988) re-scaling bootstrap technique is also used to modify the estimator
of the population distribution function. Estimation of population distribution function using the above
two alternative techniques, the population quantiles, their standard errors and related confidence
intervals are derived. Numerical findings based on real data show gain in efficiency of estimates of
both distribution function and quantiles using the two alternative techniques.

Keywords: Bootstrap, distribution function, quantile, super-population, unequal probability sampling.

1. Introduction

Consider a finite population U = (1, N ' ) of a known number N of individuals and let
» be a real variable with values y, for individuals labelled i in U. The distribution function of y in
the population for any real number ‘ a ’ is defined as F (a), which denotes the proportion of y -values

in the population not exceeding a real number ‘a’, i.e.,

F (a)=%§lwi, (1)

Lif y,<a, . th . . .
where w; = For ¢ in [O,l]the g quantile of y is a number 6, for which,

0, otherwise.
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6,=F"(q), )
It may be noted that 6, is non-linear function as it cannot be expressed as a linear function of the
y -values. As design-based estimator for 6, cannot be derived, hence, Chaudhuri and Shaw (2020)

postulated a super-population model to propose a generalized regression (Greg) estimator for the
distribution function. The procedure of estimating finite population distribution function is briefed
below.

Consider a sample s drawn from U using an unequal probability sampling design with a pre-
assigned probability p(s) admitting positive 1* and 2™ order inclusion-probabilities 7, = Z p(s)

s 3i

and 7, = Z p(s), for j#i and i=1,2,...,N. Following the super-population model approach and

s 31,j

taking Y = ( Vi>Vaseens yN) as a random vector of y;’s, i €U, the following model is considered,
v, =px +¢,ielU, 3)

with £ being an unknown real constant, x, ’s being known real numbers which are well and positively
correlated with y;’s and ¢, ’s being independently distributed random variables with zero means and
positive standard deviations o; for i in U. Let E,,,V,, and C, denote the operators for model-based

expectation, variance and covariance, respectively and let E, and V, denote the design-based

expectation and variance operators, respectively. A Greg estimator for the distribution function F(a)

of y is
—_ 1 w. Z 1'V[x,'Q,' X,
Fla)=—<) —+T="""—— X-)> — |}, 4
( ) N {Z; ”i ZiesxizQi ( ; 7[[ ]} ( )
N
where X =) x; with a suitable choice of O, as a positive constant free of the elements of Y, e.g.,
=1
1 1 1 -7, . . . . .
—,—,—— or . From Equation (4), it may be observed that F(a) is a non-linear function of
X, xS X X,

i i i

several linear estimators. So, the design-based properties of F'(a) , using exact probability distribution

are difficult to obtain. To study the design-based features relating to the expectation, mean square
error and estimate of mean square error of the above Greg estimator, asymptotic properties relevant to
finite population were applied by Chaudhuri and Shaw (2020) following Brewer (1979) ‘model-

assisted design-based’ approach and it was found that Pf(;) is asymptotically design unbiased for

F(a). Once the distribution function of y is estimated using the large sample at hand, asymptotic

design-unbiased estimator of the g™ quantile of the distribution of y is obtained as

§=L+(q_b)
! S

where (i) L is the lower class boundary of the qth quantile class in the estimated distribution function,

L, )

(ii) b= F(L), the estimated distribution function at L, (iii) /= F(L')—F(L), with L' being the

upper-class boundary of the qth quantile-class and 1@ being the estimated distribution function at
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L'and (iv) [ =L'— L. The approximate mean square error of F/'(;) and asymptotic design unbiased
estimator for the mean square error are then derived. Using Chebychev’s inequality and neglecting
design-based bias of IF(;) for large samples, related confidence interval for F(a) are then estimated.

This assists in estimating the asymptotic and approximate confidence interval for 6, followed by

estimation of standard error of the quantile estimate 6. The two requirements of the above theory are

that the sample size should be large enough and there should be high correlation between the
explanatory variable and the variable of interest. If these conditions are satisfied, then the estimates
computed thereafter are asymptotically unbiased.

The expression FE;) is a non-linear function of different linear estimators. Following the plug-

in principle of substituting each population total in a non-linear function, by its unbiased estimator,

we anticipate that estimating N by its unbiased estimator Z— may improve the accuracy of F(a).
T,

ies 71

So, we propose an alternative estimator of F(a) as

o x 1 w; z WixiQi X,
d o 1 — =X — |}
” Ziesi 'Zes:”" ' Ziesxszi [ ,Zeslzrj (6)

i
T,

i

As 1*{(;) cannot be converted conveniently into a Horvitz Thompson (1952) estimator, hence

— %

F(a) is approximated to a linear function by using Taylor series expansion and neglecting the higher

order terms. This helps in deriving the approximate mean square error of F'(¢) and its mean square

error estimate followed by estimation of the related confidence interval. From the revised estimated
distribution function, the approximate estimators of quantiles, their standard errors and confidence
intervals are obtained. These derivations are presented explicitly in Section 2.

The bootstrap technique given by Efron (1982) is used to obtain the empirical distribution when
the original distribution of the random variable is unknown. In this technique, independent random
samples are drawn from a random sample at hand to produce an empirical distribution. Although there
is a huge literature in this area, we are interested in those in which sample selection from the population
can be performed using a general sampling scheme. In this aspect, Chaudhuri and Saha (2004) used
the bootstrap technique to evaluate the accuracy in estimation of total area under cultivation in Indian
districts by using a two-stage unequal probability sampling scheme. Rao and Wu (1988) presented re-
scaling bootstrap technique for complex survey design to find out confidence interval and mean square
error of non-linear statistic. Later, Pal (2009) extended their method for non-fixed size design. Section 3
uses Rao and Wu (1988) re-scaling bootstrap technique in presenting a further modified estimator of
F(a), its mean square error, mean square error estimate and related confidence interval. The

approximate quantile estimates, their standard errors and confidence intervals are further derived from
the estimated distribution function thereof. To examine the performance of the above two
methodologies, a numerical illustration is provided in Section 4, followed by the concluding remarks.
2. Linearization Technique

— o
Here, we express F(a) as anon-linear function of five linear estimators. Writing F(a) as,
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F(a) :t}t—:f(tl’tzs“"ts):f(L)’ ()

where

2
7 w;x; Q. 7; X, Q.rx; X; 1
tl — 1 , t2 — 1 lQl 1 , t3 — 1 Ql 1 , t4 — 1 s ts —
Zﬂ'- Z T Z T Zﬂ'- zﬂ'

ies i ies i ies i ies Vi ies Vi
are unbiased estimators of 6,,6,,0,,0,,0;, respectively, with

N N N N
— — — 2 — —
91_ anz_zwixiQiﬂngs_in Qi”i’94_ xi’HS_N’
i=1 i=1

i=1 i=1

and noting that

0+%(x-0) ,
39—:f(91,02,...,95):f(g)=9—1=F(a). (8)

5 5

We use Taylor series expansion on /() and neglect the higher order terms,
(L o (L (L
-1+ T8 o) 2 (0 TE () )
ot (-0 ot, (-0 Oty (=8

Neglecting the higher order terms it may be observed that f ( t ) is an approximate estimator of
f (Q), such that £, { f ( t )} =f (Q) The approximate variance of f ( t ) for any fixed-sample size
design, is given by

of(z)

VP{f(L)}:VP{ a,

92
_ 2 7(94_)()_91
VP{QLZK‘FX@ZWJC’Q’H’-FHZ(Q‘ X)Zx,- or _ 6 zﬁ+ o _ZL}

5 ies 7[,' 9395 ies 7[,' 93295 ies 7[1‘ 9395 ies ﬂ.i 952 ies ﬂ.i
¥,
- Vp{zj} (10)
where
% (6,-x)-4
- :ﬁ+ (X—6’4)wixiQi7ri . 0, (94 —X)xizQ,-”i B 6,x, . o, N !
l 05 93 95 03205 03 05 052 ’
2
¥ 1 L& v, Y,

Vo {f(i)}sz {;T}:F;;(”ﬂi_ﬂ”)[;_”_jJ : (1)

An asymptotic design unbiased estimator for ¥, { f(z )} is

. ~\2
. —m, ||, ¥
J v i , (12)
i< jes ﬂ.ij ﬂ.i ﬂ’j

)

where
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2

=(t,—X)—t
@ :ﬁ_i_ (X_t4)wffo,-7T,- + {t2 (t4 _X)}xizQi”i _tzi_i_ t ( ¢ ) !
[ tS t3 tS t32 tS t3 tS tS ?
_—x 1 —
PUF(a) _F(a) < v, (F(a))} > (1-a). (13)

Hence, the confidence interval for F'(a) , denoted by (%, 1?(7)) with a confidence coefficient

greater than or equal to (1—«), are
F (@) =F(a) -, F,(@)=F(a) +, (14)
where 4 =1/ \/E . The confidence interval (ﬁ(;), m) are computed for each of the classes of the

estimated distribution function. The asymptotic and approximate confidence interval for 6, is
oL U
(Hq ,Hq ), where

o~ o~ _— ~ -1
0, =F, (q). 6] =F, (q). (15)
This is followed by computation of the asymptotic and approximate estimator of standard error

of é; as given below,
(-7

2 (16)

SE(,)=

3. Re-scaling Bootstrap Technique
For a sample chosen by a complex sampling design, Rao and Wu (1988) proposed a re-scaling
bootstrap technique to compute mean square error in estimating a non-linear function of multiple (say,
k) population totals, each linear in y,’s. From the original samples, bootstrap samples are drawn in

such a way that for the special case of k£ =1, the bootstrap based expectation and the bootstrap variance
for the estimator matches in the linear case exactly to the sample based estimator and the standard
unbiased sample based variance estimator for the population total, respectively. The related confidence
intervals make allowance for the skewness in the distributions of the estimate avoiding Normality

*

assumption. Hence, we use this method to estimate the mean square error of F(a) and also estimate

*

the related confidence interval for F(a). Considering IFE;) , the Yates Grundy estimate of variance

w: .
of 4 =Z—’, is
.

ies 1

i<jes Ty T, T

()= (MJ[K_LJZ (17)

Following re-scaling method by Rao and Wu (1988), we consider all the n (n —1) pairs of units

(i, j) in the sample, such that i # j,i, j €s and select m pairs of units with probability 4; =

n(n—l)



Sanghamitra Pal and Purnima Shaw 865

with replacement. Let the selected pairs be represented by (i*, j*),i* # j. Next, we modify f to

obtain the bootstrap estimator tl* ,

A (18)

Denoting E. and V; as the bootstrap expectation and variance operators, we get

E.(t)=t, (19)
2 2
. T =7 [ we W ax, =7 \(w W,
Veltr )= L L2 = S TN = y(y). 20
el e o] =) A O R
i#jes J l J i<jes g ! J
Similarly, the revised estimators for ,, 5, t, and t5 are,
Bl J @)
; (22)
(23)
(24)
6 .
4 +—*(X—t4)
=7 t
Fla)=—23+——. (25)
Is

The above steps from (18) to (25) are replicated independently for a large number of times, (say

g —-

B =1000or 10,000 or larger) to calculate the corresponding estimates F(a)l,F(a)z,...,F(a)B.

#

—

Then, the approximate bootstrap estimator of F (a), denoted by F (a) and the bootstrap variance

estimator, denoted by v, are

B
—— 1 ——
Fla) =2, F(a),, 26)

27
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For obtaining the confidence interval for F (a), the percentile method is followed. Two values

e —

F(a), and F(a), are found such that 100a/ 2% of the values F(a)l,ﬁf(-;) F(;)B lie below
(a),

22

———

and 100a/2% of the values F(a),F(a),,..,F(a), lic above F(a),. Then,

——

F(a)

(EG)L,}*T(;)U ) forma 100(1-a)% confidence interval for F(a) with a confidence coefficient

of 100(1—a)%.
Using the large sample S, the distribution function and its related confidence interval are thus
estimated and derived. Following Chaudhuri and Shaw (2020), the asymptotic design unbiased

estimator of the qth quantile is obtained from the estimated distribution function as shown in (5).

Now, (F (a) o F (a)UJ can be computed for several classes of the estimated distribution. The

asymptotic and approximate confidence interval and standard error estimate of ¢, can be obtained

following (15) and (16), respectively.

4. Numerical Illustration

In order to examine the performances of the above two techniques described in Sections 2 and 3
in estimating the distribution function and consequently, the quantiles, we use the same variables in
the dataset used by Chaudhuri and Shaw (2020) i.e., “SaratogaHouses” (available in the package
“mosaicData” in R). The data contains N = 1728 observations on 16 variables on the characteristics
of houses in the country Saratoga in New York, USA in 2006. The variables used for our study are,
y,x and z denoting house price in 1000’s of US dollars, living area in square feet and number of

bathrooms (half bathrooms having no shower or tub), respectively. The variable y is well correlated

with x as well as with z. The observation with z,,0, = 0 i.e., no bathroom in the 1494™ house was

removed from the population vide Chaudhuri (2018) which says that a necessary and sufficient
condition for existence of an unbiased estimator for a finite population parameter using a sample

selected according to a general sampling design p(s) is z7; >0 for each i in U. To estimate the 1%,
27 and 3™ quartiles of y using known information on x, a sample of size n =190 households was

drawn by employing the Hartley and Rao (1962) sampling method in which a systematic sample by
probability proportional to size (PPS) method is used after the random arrangement of the population
units. The variable z is considered as the size measure for sampling the units from the population.
Using (2), we estimate the distribution function followed by estimation of its variance using
the linearization technique discussed in Section 2. Utilizing this estimated distribution function, the

#

qth quartile, 6/?; is then estimated using Chaudhuri and Shaw (2020), followed by F (é;) using (2),

estimate of its variance, denoted by 17; (F (é\ ) j, using (9). Then following Chaudhuri and Shaw

q

(2020), we compute confidence intervals for F (Hq) and 6’q, assuming A =2 and 3 and standard
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—~

error of ¢, denoted by SE (é; ) and estimate of coefficient of wvariation (CV) of

i

—_ VP[F(QA)j SE(@)
F(Hq) =100————, and estimated CV of 6’ 0—xs——
) 2
The above measurements are obtained for 1%, 2" and 3™ quartiles (i.e., ¢ = 1,2,3 ) and by assuming
. . 1 - .
different choices of Q; as —,—-,—— and i . To judge the efficacy of the proposed procedures,
X, X~ 7X, X

the above computations were done each time for 100 independent samples drawn from the population

data and then to examine the quality of the estimates, we calculate AE (average estimate) of F (Hq)

*

100 —— * 100

denoted by F( ) ZF( ) »AE of 6, denoted by qu =— ZH , where F(t9 ) ~and é;,-

are the estimates of F (ﬁq) and Hq, respectively, obtained from the im re-sample. Also, ACV (average

coefficient of variation) is the average of the coefficient of variation over the 100 replicates for both

*

F(é;) and é;

ARB (absolute relative bias):‘F(gq) —F(Qq) and 9q_9q|, ACP (actual coverage
| Fle) || A

percentage) for F (Qq) and 6’q is the percentage of replicates out of 100 for which the estimated CI’s

cover F' (Hq) and 6, , respectively, AL (average length) is the average length of the CI’s for F° (6’ )

100 :
and 6, over 100 replicates and AVE (average variance estimate) = ZV ( ( ) j nd
| o

)2
100 2 {SE (ﬁq )}1 were computed.

In order to check the performance of Rao and Wu’s (1988) re-scaling bootstrap technique
discussed in Section 3, we take B =1000 bootstrap samples and estimate the distribution function
followed by estimation of its variance using (19) and (20), respectively. Utilizing this estimated

distribution function, the qth quartile, é; is then estimated using Chaudhuri and Shaw (2020), followed

by F (é;) , estimate of its variance, denoted by 17; (F (é;) j, using (19) and (20), respectively.
Then, we compute confidence intervals (CI) for F (Hq ) by using the percentile method as discussed

. . . . . .
in Section 3 and then estimate the confidence interval for 6, , taking a = ? with values of 4 as 2

and 3, as taken by Chaudhuri and Shaw (2020) and then estimate standard error of é; , denoted by
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i = el
SE (ﬁq) and Estimate of CV of F (Gq) =100————, and estimated CV of

—

—~ q

6 =100——
q 0,

The performances of estimates of distribution function and quantiles obtained from the
linearization technique ( denoted as Method-1II) and re- scaling bootstrap technique ( denoted by
Method-III) vis-a-vis the performances of estimates by Chaudhuri and Shaw (2020) method, denoted
as Method-I, are demonstrated in Tables 1 and 2 below. Results show that the proposed methodologies
are more efficient than Method I in terms of improvement in ACV, ARB and AL for estimates of
distribution function. Quantile estimates obtained using Methods II and III are better than the estimates
using Method-1I in terms of ACV and AL. As compared to Method I, Method II shows improvement
in respect of ARB, ACV and AL. However, quantile estimates from Method III outperform the
quantile estimates from both Methods I and II in respect of ACV and AL.

SE(6, )

5. Conclusion

This paper, using a large sample drawn from the population using a general sampling scheme,
intends to improve Chaudhuri and Shaw (2020) Greg estimator for the finite population distribution
function of a variable and estimator of quantile of the variable. At first, it presents a modified Greg
estimator for the distribution function and finds that the estimator is a non-linear function of several
linear estimators. Then, this estimator is approximated to a linear function and using the linearization
technique, the accuracy of the alternative estimator of the distribution function is derived. Rao and
Wu (1988) re-scaling bootstrap technique is used for complex survey designs to find out confidence
interval and mean square error of non-linear statistic. The technique has been used in this paper to
assess the accuracy of the above mentioned modified estimator of the finite population distribution
function and the associated quantiles. This method is proposed as an alternative to the linearization
technique for assessing the accuracy of the estimators of distribution function and quantile. Based on
real data, it is observed that the estimates of both distribution function and quantiles obtained from the
linearization technique are relatively more efficient than those obtained from the method by Chaudhuri
and Shaw (2020), in terms of average relative bias, average coefficient of variation and average length
of the estimated confidence intervals. For quantile estimation, the re-scaling bootstrap technique
provides the most efficient estimates in comparison to the other two methods.
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Table 1 Performance of the estimates of F (Hq ) for different values of ¢ and A
ACP AL

9 6 O,  Method AE AVE ACV ARB A A
2 3 2 3
1 I 0.217 0.00132 169 0.023 99.0 100.0 0.145 0.218
— I 0.224  0.00039 8.8 0.008 86.0 94.0 0.077 0.116
i I 0.227 0.00112 14.7 0.020 100.0 100.0 0.077 0.103
| I 0.219 0.00134 16.8 0.014 98.0 99.0 0.146 0.219
- — II 0.224  0.00040 89 0.007 780 92.0 0.078 0.118
e % i I 0.223 0.00119 15.5 0.002 100.0 100.0 0.078 0.109
SN | I 0.223 0.00134 16.5 0.002 100.0 100.0 0.146 0.219
- — I 0.221 0.00039 89 0.005 80.0 95.0 0.077 0.116
% m 0219 000119 159 0014 750 1000 0.079 0.109
. I 0.221 0.00135 16.7 0.005 98.0 100.0 0.147 0.220
: I 0.220  0.00041 92 0.009 820 940 0.079 0.119
it I 0.228 0.00120 154 0.026 66.7 83.3 0.079 0.109
| I 0.503  0.00205 9.0 0.010 100.0 100.0 0.181 0.272
— II 0.504 0.00040 39 0.011 97.0 98.0 0.079 0.119
i 111 0.487 0.00149 79 0.022 667 100.0 0.086 0.122
| I 0.500 0.00205 9.1 0.002 100.0 100.0 0.181 0.271
%0 2 I 0.503  0.00040 39 0.010 98.0 100.0 0.078 0.118
w 2 ' I 0.508 0.00144 7.5 0.020 100.0 100.0 0.088 0.118
< § | I 0.498  0.00206 9.1 0.002 100.0 100.0 0.181 0.272
- — I 0.499 0.00041 4.0 0.001 950 99.0 0.080 0.120
i I 0.491 0.00150 7.9 0.016 100.0 100.0 0.089 0.124
- I 0.501 0.00208 9.1 0.004 100.0 100.0 0.182 0.273
: II 0.499  0.00040 4.0 0.001 97.0 100.0 0.079 0.118
it 111 0.512 0.00146 7.5 0.028 100.0 100.0 0.088 0.122
1 I 0.777 0.00165 52 0.001 100.0 100.0 0.162 0.244
— I 0.772  0.00041 2.6 0.007 97.0 100.0 0.080 0.119
i I 0.767 0.00103 42 0.013 100.0 100.0 0.074 0.102
| I 0.773 0.00174 54 0.005 100.0 100.0 0.167 0.250
o — I 0.770  0.00039 2.5 0.009 98.0 100.0 0.077 0.116
e § i I 0.770  0.00101 4.1 0.009 100.0 100.0 0.072 0.099
S | I 0.773 0.00168 53 0.006 100.0 100.0 0.164 0.246
o — II 0.773  0.00042 2.6 0.006 100.0 100.0 0.082 0.122
it I 0.761 0.00100 4.1 0.020 75.0 100.0 0.072 0.100
. I 0.775 0.00167 53 0.003 100.0 100.0 0.163 0.245
: I 0.774 0.00040 2.5 0.005 98.0 100.0 0.079 0.118
it I 0.777 0.00097 4.0 0.000 91.7 91.7 0.071 0.099
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Table 2 Performance of the estimates of ¢, for different values of g and 4
< ACV ACP
q 6, o) £ AE A ARB A

p= 2 3 2 3
1 I 139133.4 4.5 4.5 0.0005 98.0 100.0
— II 139421.7 3.5 3.5 0.0016 99.0 100.0
i 1 137999.8 2.4 2.2 0.0086 66.7 100.0
1 I 138915.4 4.5 4.6 0.0020 99.0 100.0
- 2 II 138610.3 34 34 0.0042 96.0 100.0
e R i 11 142487.2 2.2 2.0 0.0236 66.7 66.7
o § | I 139559.4 4.4 4.4 0.0026 99.0 100.0
- — I 139384.7 3.5 3.5 0.0013 97.0 99.0
ki 1 140356.1 2.1 2.0 0.0083 100.0 100.0
-z I 140030.0 4.4 4.5 0.0060 97.0 99.0
l I 139522.1 3.6 3.6 0.0023 98.0 98.0
it 11 142490.9 2.2 2.0 0.0236 75.0 83.3
1 I 190847.0 5.0 5.1 0.0070 95.0 99.0
— II 189737.1 3.3 34 0.0011 86.0 100.0
i 11 188930.7 2.1 1.9 0.0031 100.0 100.0
1 I 192043.9 5.1 5.1 0.0133 96.0 100.0
w - II 190443.5 3.3 34 0.0049 89.0 98.0
v > K 1 194890.6 2.4 2.3 0.0283 100.0 100.0
- | I 1886263 48 50  0.0047 96.0 99.0
- — II 189879.2 33 34 0.0019 93.0 100.0
i 1 188122.3 2.2 2.1 0.0074 75.0 83.3
. I 189402.7 5.0 5.2 0.0006 99.0 100.0
”ixi’ II 189779.2 3.3 34 0.0014 89.0 100.0
1 188207.3 2.0 1.9 0.0069 83.3 83.3
1 I 265820.2 5.4 5.6 0.0049 97.0 100.0
— II 267325.2 34 3.5 0.0008 95.0 100.0
i 11 261041.7 2.5 2.2 0.0228 333 66.7
1 I 264835.1 5.6 5.9 0.0086 96.0 100.0
o = II 266522.3 3.7 3.8 0.0022 91.0 99.0
0 § i 11 266570.4 2.4 2.3 0.0021 100.0 100.0
S S | I 269076.8 5.5 5.8 0.0073 96.0 100.0
o — II 267284.8 3.5 3.6 0.0006 95.0 100.0
i 1 268397.1 2.3 2.1 0.0048 83.3 83.3
-z I 267078.2 5.4 5.8 0.0002 97.0 100.0
l II 268263.9 3.5 3.7 0.0043 94.0 99.0
it 11 262583.0 2.2 2.0 0.0170 66.7 83.3
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Table 2 (Continued)

. AL AVE

q o, 0, £ A A
p= 2 3 2 3
| I 247402 375865 38885999.2 39885095.1
— 1 193322 29081.5 238626577 239982003
i 0 13051.8  18071.7 11094502.8 94533812
| I 252069 382876 402555347 412736211
= 1 18990.3 285559 23030807.0 23143000.8
o 8 i 0 125583 173433 9915426.0 8412446.4
s 3 1 I 244068 370985 37939595.8 38953098.6
I 19273.5  28993.5 23663302.3 23798503.3
Th 11903.8  16671.1 9022764.4 7867307.3
1 248499 377944 39276246.7 40384125.4
Lo 199122 29950.7 25249814.7 25388215.2
S it 123037 17114.1 9644582.7 8277486.5
| I 384978  59017.4 95016816.4 98317087.2
— 1 252575 387142 413241832 42895844 4
i 0 16110.5  22138.7 16308973.6 137781447
| I 38082.0  59383.4 97399871.0 99454311.0
w = 1 25382.9  39335.7 41647270.1 44252803.7
- 9 i 0 18697.0  26640.6 218954013 19801361.1
SR | I 36367.6  56258.7 84781099.0 894920013
S 251049  38603.4 405301207 42460330.0
T 166957  23352.5 17862056.3 15476258.6
L 379427 58669.8 92060660.2 970402143
Lo 24799.5  38406.4 39746087.7 42139418.0
S it 151689  21650.5 14762063.7 13393387.2
| I 572712 90001.0 209703313.6 229558665.9
— 1 368022 56471.6 86473386.3 91000329.1
i 0 25496.6  35124.9 41118752.6 34769371.0
| I 593075 933542 224194539.1 2465777341
s = 1 38887.8  60749.0 97183071.2 106561992.7
o5 i 0 257439  35965.3 41672248.6 362217307
S | I 587283  93947.9 2215072133 251407223.5
I 371311 57150.3 88823045.4 94648089.2
T 241309 338362 36726961.8 32086685.2
1 57669.8  93015.4 2109468443 245076613.1
Lo 378174  59251.0 93314579.0 102607466.9
S it 228861  31672.6 33183830.2 28221715.8
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