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Abstract
In 2014, Bergsma et al. (2014) proposed a generalized measure of association τ∗ as an extension

of widely used Kendall’s τ . Later, in testing of independence between error and covariate, under
nonparametric regression model Y = m(X) + ϵ, with unknown regression function m and obser-
vation error ϵ, test statistic tailored on τ∗ was suggested by Dhar et al. (2018). In this article, we
develop a test, constructed on further extension of τ∗, considering the ordered X and the third order
difference of Y with an motive to address the same issue of independence. We deduce the asymptotic
distributions of test statistics using the theory of degenerate U-statistics. Moreover, we unravel the
power of the proposed tests using Le Cam’s concept of contiguous alternatives. A couple of simu-
lated examples on normal and non normal distribution are furnished. Also, the performance of the
test statistics is honed through a real data analysis.

Keywords: Kendall’s τ , measures of association, asymptotic power, contiguous alternative, non-
parametric regression model

1. Introduction
Let us consider a set of n independent and identically distributed data points (Xi, Yi), i =

1(1)n; Y being the response and X the covariate. We assume that X and Y are related via nonpara-
metric regression model Y = m(x) + ϵ, where m is an unknown regression function and ϵ is the
error. To avoid the problem of identification, suppose that E(ϵ|X) = 0. Objective of this article is
to engineer a method of testing the independence of ϵ and X .

In last few years, a handful of articles tackling this issue under nonparametric regression model
have been documented in literature. Most pioneering of them is by Einmahl et al. (2008) who pro-
posed three tests based on Kolmogorov-Smirnov, Cramer-von-Mises and Anderson-Darling distances
between the estimated joint distribution of (X,Y ∗) and the product of the estimated marginal distri-
butions of X and Y ∗, where Y ∗ is adopted as the second order difference of Y . Later, Neumeyer
(2009) proposed a relevant test statistic based on a kernel estimator on L2-distance between the

conditional distribution and the unconditional distribution of the covariate X .
Apart from distance based tests, association-measures based tests too emerged in latest litera-

ture. The stepping stone in this regard is the popular Kendall’s τ which measures the association
between X and Y using the relative position label (rank) of the variables. Much later, Bergsma et al.
(2014) proposed a direct modification of τ , named τ∗, which is constructed on the four neighbouring
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triplicates of (X,Y ),

τ∗ = τ∗(X,Y ) = Ea(X1, X2, X3, X4)a(Y1, Y2, Y3, Y4),

where a(z1, z2, z3, z4) = sign(|z1− z2|+ |z3− z4| − |z1− z3| − |z2− z4|). Further, clubbing
the ideas from Einmahl et al. (2008) and Bergsma et al. (2014), Dhar et al. (2018) used τ∗, now
constructed on the second order differences of neighbouring triplets of response, as a competent test
statistic in order to checking the independence of ϵ and X .

Paving the same way, here we propose an association based test of independence constructed on
ordered X and third order differences of response variable Y . As the kernel of test statics is woven
by the dependent observations, theory of degenerate U-statistic for dependent random variables (see,
Lee (1990)) is required to be brushed up in formulating the distributions of test statistics. Keeping
in mind that one cannot observe the errors ϵi’s directly, i = 1, ..., n since the data (x1, y1),...,
(xn, yn) are based on the observations obtained from the joint distribution associated with (X,Y ),
we need to choose Y values trickily so that the effect of m will be canceled out under the smoothness
assumption of m. Further, to study the quality of the proposed test, power of the test is investigated
under contiguous alternatives(see, Lehmann et al. (2005)).

The remainder of the article is outlined as follows. Section 2 discusses on the development of
test statistics and some pertinent issues. Section 3 demonstrates the asymptotic distribution of the
test statistics and asymptotic power under contiguous alternatives. A pair of finite sample simulated
examples, designed on both normal and non normal alternative respectively, is placed in Section
4. Also, to incite readers’ interest this very section includes a real data analysis performed by the
proposed tests. Finally, Section 5 concludes this article with some general discussions indicating
towards future explorations.

2. Developing the Test Statistics
For nonparametric regression model Y = m(X) + ϵ, we would like to test

H0 : X ⊥⊥ ϵ(⇔ FX,ϵ = GXHϵ) against H1 : X ̸⊥⊥ ϵ(⇔ FX,ϵ ̸= GXHϵ),

where FX,ϵ being the joint distribution function of X and ϵ, Hϵ and GX the marginal distribution
functions of ϵ and X respectively. Let x(1) ≤ x(2)... ≤ x(n) be the order statistics, sorted through
the increasing values of X , obtained from a random sample (x1, y1), (x2, y2),...,(xn, yn). Also,
y(1),...,y(n) are the induced order statistics of Y , i.e., Y -values corresponding to the ordered X-
values.

Under this setting, three test statistics Tn,1, Tn,2 and Tn,3 are proposed on the observations x(i)
and the third forward difference of y(i), say y∗(i). So, y∗(i) := y(i+1) − 3y(i) + 3y(i−1) − y(i−2),
i = 1, ..., n. In order to define all the quantities properly, we assume that y(−1) = y(0) = y(1).
Also, y(n+1) = y(n), which results y∗(1) = y(2), y

∗
(2) = 2y(1) − 3y(2) + y(3) and y∗(n) =

−y(n−2) + 3y(n−1) − 2y(n). Then, we define

Tn,1 =
1(
n
2

) ∑
1≤i<j≤n

sign(x(i) − x(j))(y
∗
(i) − y∗

(j)) (1)

Tn,2 =
1(
n
4

) ∑
1≤i<j<k<l≤n

a(x(i), x(j), x(k), x(l))a(y
∗
(i), y

∗
(j), y

∗
(k), y

∗
(l)) (2)

Tn,3 =
1(
n
4

) ∑
1≤i<j<k<l≤n

1

4
h(x(i), x(j), x(k), x(l))h(y

∗
(i), y

∗
(j), y

∗
(k), y

∗
(l)) (3)

where sign(x) = x
|x| when x ̸= 0 and =0 otherwise, a(z1, z2, z3, z4) = sign(|z1 − z2|+ |z3 − z4| −

|z1 − z3| − |z2 − z4|), and h(z1, z2, z3, z4) = (|z1 − z2|+ |z3 − z4| − |z1 − z3| − |z2 − z4|). Note
further that Tn,1, Tn,2 and Tn,3 are three separate measures of association. All three Tn,1, Tn,3 and
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Tn,3 can handle occurrences of ties in explanatory variable (see Bergsma et al. (2014)). Tacitly, Tn,1

is the sample Kendall’s τ while Tn,2 is our proposed statistic stemming from Bergsma’s τ∗ and Tn,3

is the statistic motivated from Dhar et al. (2018).
For the unordered (X,Y ), the population versions of Tn,1, Tn,2 and Tn,3 are τ1 = Esign

{
(X1−

X2)(Y1 − Y3)
}

, τ2 = Ea(x1, x2, x3, x4)a(y1, y2, y3, y4) and
τ3 = 1

4Eh(x1, x2, x3, x4)h(y1, y2, y3, y4), respectively, where (X1, Y1), (X2, Y2), (X3, Y3) and
(X4, Y4) are independent replications of (X,Y ). Also, the formulations of the Ti’s are such that
Ti = 0, i = 1, 2, 3 if X ⊥⊥ Y . Actually, T2(X,Y ) = T3(X,Y ) = 0 iff X ⊥⊥ Y (see Bergsma et al.
(2014)).

Next, let us delve in the rationale of constructing y∗, i.e., the third order differences of Y ’s. Since
X ⊥⊥ ϵ ⇒ X ⊥⊥ g(ϵ) for any proper function g, we may consider the appropriate differences of y(i)’s,
which accredits us to cancel out the effect of m’s when m is a sufficiently smooth function. As a con-
sequence of the smoothness of m, one can approximate Tn,i(X(j), Y

∗
(j)) by Tn,i(X(j), ϵ

∗
j ) for suffi-

ciently large n, where ϵ∗j = ϵj+1−3ϵj+3ϵj−1−ϵj−2 := g(ϵj), i = 1, 2, 3 and j = 1, · · · , n. Instead
of looking at y∗(i), the usual first difference (y(i)−y(i−1)) (or the slope (y(i)−y(i−1))/(x(i)−x(i−1))),
can also serve as an approximation of (ϵ(i) − ϵ(i−1)) (or the slope (ϵ(i) − ϵ(i−1))/(x(i) − x(i−1)))
having negligible third moment. But the third moment of the difference between two nearly identical
ϵi’s is close to zero as the first order differences are symmetrically distributed. So the test based on
the first order differences will be an analogous one to any nonparametric test of homoscedasticity (see
also the discussion in Einmahl et al. (2008)). Instead of first difference, choosing the third difference
of Y(i) turns our test more general over the existent tests of homoscedasticity. To be more thorough,
let us provide an explanation why it is so.

In literature, test of homoscedasticity states H∗
0 : E(ϵ2i |X = x) = σ2 for all x against H∗

1 :
all possible alternatives (see Goldfeld (1965) for basic study of test of homoscedasticity). But it
does not ensure anything about the higher order moments. In our case, we want to detect not only
the conditional error distributions with constant variance but also the varying higher order moments.
Einmahl et al. (2008) already worked on this testing problem of homoscedasticity with varying third
order moment using second difference of Y ’s. Motivated by the similar spirit, we tackle the same
situation with third difference of Y(i)’s. In order to detect ϵi’s varying fourth moment we take a
linear combination of the form ay(i−2) + by(i−1) + cy(i) + dy(i+1); a, b, c, d ∈ R. We would like
to maximize the fourth order moment of this linear combination keeping variance fixed and third
moment zero. Hence, the problem boils down to maximizing the forth order moment subject to three
constraints— a + b + c + d = 0, a2 + b2 + c2 + d2 = k(a constant) and a3 + b3 + c3 + d3 = 0.
For the second constraint, without loss of generality one might take k = 1. The constraint, evolved
due to third moment (which might be either positive or negative), is also assumed as 0 for the sake of
computational ease. The technique of discrete optimization leads us to obtain the values of a, b, c, d
as a = 1, b = −3, c = 3 and d = −1. Thus the linear combination y(i−2) − 3y(i−1) + 3y(i) − y(i+1)

has the highest conditional fourth order moment among all possible choice of a, b, c and d.
So, our proposed test can detect dependence between X and ϵ through the kurtosis of conditional

distribution when the conditional variance of (ϵ|X = x) is fixed on all x .

3. Asymptotic Power Study Considering Contiguous Alternatives
Next, we are going to inspect the power of the proposed tests under contiguous alternatives. In

order to do so, we determine the asymptotic distributions of the proposed test statistics Tn,1, Tn,2 and
Tn,3 under the null hypothesis and contiguous alternatives. As a corner stone to study the asymptotic
powers based under contiguous (or, local) alternatives (see in Hajek et al., 1999, p.249), the theory of
contiguity needs a brief level of familiarity.

Suppose we have a sequence of measurable spaces (Ωn,Fn) where Ωn is the sequence of sample
spaces and Fn is the sequence of sigma fields generated by the classes of subsets of Ωn under some
desirable properties (see in Sokol et al., 2013, Chapter 1). Let Pn and Qn be two probability measures
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defined on (Ωn,Fn). Qn is said to be contiguous with respect to Pn if Pn(An) → 0 ⇒ Qn(An) → 0
as n → ∞, for every measurable sequence of events An ∈ Fn. Symbolically, we denote Qn ▹ Pn.

Le Cam proposed three lemmas which describe contiguity in terms of the asymptotic behaviour
of the likelihood ratios between Pn and Qn(e.g., see Hajek et al. (1999)). Le Cam’s First Lemma is
stated as follows.

Lemma 1 Qn is contiguous with respect to Pn if log Qn

Pn
asymptotically follows a Gaussian distribu-

tion with mean -σ
2

2 and variance σ2 under Pn, where σ > 0 is a constant.

Proof: See (Hajek et al., 1999, p.253), for the detailed proof.
Now for null hypothesis H0 : X ⊥⊥ ϵ(⇔ FX,ϵ = GXHϵ) under nonparametric model Y =

m(X) + ϵ where Fϵ,x is the joint distribution of (ϵ,X) and Gϵ and HX the marginal distributions of
ϵ and X respectively, let us construct a sequence of alternatives

Hn : Fn;X,ϵ = (1− γ√
n
)GXHϵ +

γ√
n
K, (4)

where γ > 0, n = 1, 2, ..., and K being a proper distribution function. It is to be noted that An

is a sequence of sets which is changing over n along with its sigma field Fn. So, the definition of
contiguity can not directly affirm that Fn;X,ϵ is contiguous with respect to FX,ϵ.

Therefore, in Theorem 1 below, evolved from Le Cam’s first lemma, we would establish that the
sequence of alternatives Hn will be contiguous under some conditions. Let us assume the following
conditions before stating the theorem.

Assumption 1 1. fX,ϵ(x, e) > 0 for all x and e, where fX,ϵ is the joint probability density
function of (X, ϵ).

2. EY∼FX,ϵ
( k(Y )
fX,ϵ(Y ) − 1)2 < ∞ where k(.) is the proper probability density function.

Theorem 1 Under Assumption 1, the sequence of alternatives Hn defined by (4) forms a contiguous
sequence.

Proof: Our objective is to show Fn;X,ϵ ▹ FX,ϵ where ▹ denotes contiguity relation. Assume fn;X,ϵ

and fX,ϵ being the joint probability density functions associated with Fn;X,ϵ and FX,ϵ respectively.
To establish contiguity between these two sequences, it is enough to show that Ln, the logarithm of
the likelihood ratio of fn;X,ϵ and fX,ϵ, is asymptotically normal with mean −σ2

2 and variance σ2,
where σ2 is a positive constant. Now moment generating function of Vn;X,ϵ = log

fn;X,ϵ

fX,ϵ
can be

proved to be approximately equal to exp((− 1
2
γ2

n M2)t + (γ
2

n M2)
t2

2 ) (detailed derivation would be
found in Appendix II).

Clearly, the above is the moment generating function of a Gaussian distribution with mean
− γ2

2nM2 and variance γ2

n M2. Thus, log fn;X,ϵ

fX,ϵ

asym∼ N(− γ2

2nM2,
γ2

n M2).
Therefore, by Le Cam’s first lemma, Fn;X,ϵ ▹ FX,ϵ.
Note that for simplicity of writing, we drop the random variable Y from the expression of the condi-
tion in subsequent places.

It is worth mentioning that EfX,ϵ
(log k

fX,ϵ
) captures dissimilarity between two densities fϵ,k and

k. The larger values of (1 − k
fX,ϵ

) indicate that k and fX,ϵ are dissimilar, i.e., in either way round,
X and ϵ are more statistically dependent through k. Summing up, Theorem 1 substantiates that the
sequence of alternatives Hn will be contiguous with respect to H0. In order to explore the asymptotic
behaviors of Tn,1, Tn,2 and Tn,3 (given in (1), (2) and (3), respectively) under H0 next we present
Proposition 1 with the following assumptions.

Assumption 2 1. X1, ..., Xn are i.i.d. random variables with common distribution function HX .
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2. Y1, ..., Yn satisfy the model Yi = m(Xi) + ϵi, i = 1, ..., n, where the unknown function m has
a bounded derivative, the random error ϵis are i.i.d with bounded probability density function,
and E(ϵi|Xi) = 0 for all i = 1, ..., n.

Proposition 1 Under Assumption 2, we have Tn,i
P→ 0 for i = 1, 2, 3 as n → ∞ when H0 is true.

To prove the Proposition 1, we refer two important results from the article the spacings around
the order statistics (Nagaraja et al. (2015)). The following result unravels about the limiting joint
distributions of uniform spacings from GX .

Result 1 For any fixed j, n(X(k+j+1)−X(k+j))
d
= n(U(k+j+1)−U(k+j))

[
G−1(U(k+j+1))−G−1(U(k+j))

U(k+j+1)−U(k+j)

]
where d

= means distributionally identical.

In contrast to the last one, the next result demonstrates about the convergence of[
G−1(U(k+j+1))−G−1(U(k+j))

U(k+j+1)−U(k+j)

]
to a non-zero constant in probability.

Result 2 If G′ (first derivative of G) is positive, finite and continuous, then

G−1(U(k+j+1))−G−1(U(k+j))

U(k+j+1) − U(k+j)

a.s→ 1

G′(xp)
≡ 1

g(xp)
.

Here U1, ..., Un are i.i.d. U(0,1) random variables, and U(1), ..., U(n) are the corresponding
order statistics. The factor n(U(k+j+1) − U(k+j)) converges to 0 almost surely due to (Smirnov ,
1944, Theorem 3) , stating that a central order statistic, X(k), 1 ≤ k ≤ n (if k

n → p as n → ∞,
then X(k) is called a central order statistic) converges almost surely to xp, i.e. X(k)

a.s→ xp if xp is an
unique solution of G(x) = p, where X(i) is the ith order statistic of the random variables X1,...,Xn.
Using these two results, the proof of Proposition 1 could be shaped up. The proof of this proposition
is a lengthy one. (see Appendix II for the elaborate proof).

The main overtone of Proposition 1 is that it can be devised in checking whether the evidence
obtained from the data favours H0. Moreover, in order to carry out the tests based on Tn,i, i = 1, 2, 3,
one needs to know approximated distributions of Tn,i’s. Clearly, Tn,1, Tn,2 and Tn,3 are 2-dependent
U-statistics. In addition to it, one needs to know the order of degeneracy of each Tn,1, Tn,2 and Tn,3

for deriving the asymptotic distributions. To incite readers’ interest, let us recapitulate the definition
of U-statistic and its order of degeneracy in a nutshell.

Definition 1 For a given data set χ =
{
X1, ..., Xn

}
, Un = 1

(n
m)

∑
1≤i1<...<im

k(xi1 , ..., xin) is said

to be a U-statistic of order m with kernel k(·) having the order of degeneracy l if

EXl+1,...,Xmk(x1, ..., xl, Xl+1, ..., Xm) = 0, (5)

for all x1, ..., xl.

Moreover, the collection of the random variables χ∗ =
{
X1, ..., Xn

}
will be called m-dependent

random variables if Xb and Xa are independent for all b − a > m(a, b = 1, ..., n;m ≥ 1) and the
corresponding U-statistic is said to be the m-dependent U-statistic. From an intuitive hunch, it is clear
that Tn,1 has order of degeneracy 0. Also, the following lemma affirms that the asymptotic order of
degeneracy for both Tn,2 and Tn,3 is 1.

Lemma 2 Under Assumption 2, E[Tn,2|X(i) = x, Y ∗
(i) = y] → 0 and E[Tn,3|X(i) = x, Y ∗

(i) =

y] → 0 for all i = 1, ..., n as n → ∞ under H0, where x,y are fixed constants.

Proof: Recalling the proof of Proposition 1, and arguing in a similar way, we have
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E[Tn,2|X(i) = x, Y ∗
(i) = y]− 1

(n4)

∑
1≤i<j<k<l≤n

E[{a(x,X(j), X(k), X(l))}E{a(ϵ, ϵ∗(j), ϵ
∗
(k), ϵ

∗
(l))}]

−→ 0, where ϵ∗(p) = ϵ(p−2) − 3ϵ(p−1) + 3ϵ(p) − ϵ(p+1) and ϵ is a fixed value of ϵ∗(i). Note that,
E[a(ϵ, ϵ∗(j), ϵ

∗
(k), ϵ

∗
(l))] = 0 ∀ ϵ unless j, k, l ∈ A∗, where A∗ = {(j, k, l) : P{j−2, j−1, j, j+1} =

P{k − 2, k − 1, k, k + 1} = P{l − 2, l − 1, l, l + 1}}, P being the class of all permutations. The
construction of the set A∗ justifies that the number of elements in A∗ is finite and independent of n.
Hence, E[Tn,2|X(i) = x, Y ∗

(i) = y] −→ 0 as n → ∞ ∀ x, y. Since Tn,3 is based on sign function,
reasoning in a similar way, one can show that E[Tn,3|X(i) = x, Y ∗

(i) = y] −→ 0 as n → ∞ ∀ x, y.
Lemma 2 marks that Tn,2 = Op(

1
n ) and Tn,3 = Op(

1
n ), which can be established through

the asymptotic theory of 2-dependent U-statistic, having order of degeneracy 1 whereas Tn,1 =
Op(1/

√
n) since it has the order of degeneracy 0 (Lee (1990)). Next, in Theorem 2, 3 and 4 we

would explore the asymptotic distributions of Tn,1, Tn,2 and Tn,3 under a sequence of contiguous
alternative Hn.

Theorem 2 If Assumptions 1 and 2 hold true, then under Hn defined by (4),
√
n
{
Tn,1 − E(Tn,1)

}
converges weakly to a Gaussian distribution with mean µ1 and variance σ2, where

µ1 = 2γ

∫ ∞

−∞

∫ ∞

−∞

[
2

∫ x

−∞

∫ y

−∞
dGX(u) dH∗(v) + 2

∫ ∞

x

∫ ∞

y

dGX(u) dH∗(v)− 1

]
dK(x, y)

σ2
1 =

∫ ∞

−∞

∫ ∞

−∞

[
2

∫ x

−∞

∫ y

−∞
dGX(u) dH∗(v) + 2

∫ ∞

x

∫ ∞

y

dGX(u) dH∗(v)− 1

]2

dK(x, y)

Here, H∗ is the distribution function of (ϵ1 − 3ϵ2 + 3ϵ3 − ϵ4).

Proof: To prove this theorem, we take cue to Le Cam’s Third Lemma stated as below.

Lemma 3 Let {Xn} ∈ Rd be a sequence of random vectors. Then, the sequence of measures Qn

is contiguous with respect to the sequence of measures Pn if (Xn, log
dQn

dPn
) converges weakly under

Pn, to a random vector in Rd+1 associated with (d + 1)-dimensional normal distribution with the

location parameter µ∗ and the dispersion parameter Σ∗, where µ∗ =

[
µ

−σ2

2

]
and Σ∗ =

[
Σ τ
τT σ2

]
.

Then, {Xn} converges weakly to a random vector in Rd which follows d-dimensional normal distri-
bution with the location parameter µ+ τ and the dispersion parameter Σ under Qn.

For the proof of this lemma, readers may check on (Van Der Vaart , 1998, page 90). Using this
lemma, the proof of the asymptotic distribution of Tn,1 can be settled down as follows. Define

Ln = ln

n∏
i=1

fn;X,ϵ(zi)

fX,ϵ(zi)

=

n∑
i=1

ln

[
(1− γ√

n
)fX,ϵ(zi) +

γ√
n
k(zi)

fX,ϵ(zi)

]

= ln

[
1 +

γ√
n

{
k(zi)

fX,ϵ(zi)
− 1

}]
=

γ√
n

n∑
i=1

{m(zi)− 1} − γ2

2n

n∑
i=1

{m(zi)− 1}2

[1 + ainγ{m(zi)−1}√
n

]2
,

where m(zi) =
k(zi)

fX,ϵ(zi)
, and ain ∈ (0, 1) with probability 1.

We have already mentioned that Tn,1 is a 2-dependent U statistic with the order of degeneracy 1.
By Lemma 2 and by the expansion of Ln, the joint distribution of (

√
n{Tn,1 −E(Tn,1)}, Ln/

√
n) is
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asymptotically bivariate normal. The asymptotic covariance between
√
n{Tn,1 − E(Tn,1)} and Ln

is

2γ√
n
EfX,ϵ

[

n∑
i=1

E(sign{(X −X(i))(Y − Y ∗
(i))}|X,Y )× { k(zi)

fX,ϵ(zi)
− 1}]

= 2γEkE[sign{(X −X1)(Y − (ϵ1 − 3ϵ2 + 3ϵ3 − ϵ4))}|X,Y ]

(∵ 2EfX,ϵ
E[sign{(X −X(i))(Y − Y ∗

(i))}|X,Y ] = 0, max
i∈{1,...,n}

|x(i) − x(i−1)| = op(1).)

= 2γ

∫ ∞

−∞

∫ ∞

−∞
[2

∫ x

−∞

∫ y

−∞
dGX(u) dH∗(v) + 2

∫ ∞

x

∫ ∞

y

dGX(u) dH∗(v)− 1] dK(x, y).

Now, through the direct application of Le Cam’s third lemma and the asymptotic distribution
of a non-degenerate 2-dependent U-statistic(see Lee (1990) and Bradley (2005) for the relation-
ship between β-mixing and m-dependent random variables), one can establish that under contiguous
alternatives Hn,

√
n{Tn,1 − E(Tn,1)} converges weakly to a Gaussian distribution with mean

µ1 = 2γ

∫ ∞

−∞

∫ ∞

−∞
[2

∫ x

−∞

∫ y

−∞
dGX(u) dH∗(v) + 2

∫ ∞

x

∫ ∞

y

dGX(u) dH∗(v)− 1] dK(x, y)

and variance

σ2
1 =

∫ ∞

−∞

∫ ∞

−∞
[2

∫ x

−∞

∫ y

−∞
dGX(u) dH∗(v)+2

∫ ∞

x

∫ ∞

y

dGX(u) dH∗(v)−1]2 dHϵ(y) dGX(x).

Hence, the proof is complete.
The next theorem about the asymptotic distribution of Tn,2 under Hn can be designed similarly.

Theorem 3 Under the Assumptions 1 and 2, for Hn defined by (4), n
{
Tn,2 − E(Tn,2)

}
converges

weakly to
∑∞

i=1 λi

{
(Zi + ai)

2 − 1
}

, where Zi’s are the i.i.d. N(0, 1) and λi are the eigenvalues
associated with the function l(x, y), defined as

l(x, y) = E[sign(|X(1)−X(2)|+ |X(3)−X(4)|−|X(1)−X(3)|−|X(2)−X(4)|)×sign(|Y ∗
(1)−

Y ∗
(2)|+ |Y ∗

(3) − Y ∗
(4)| − |Y ∗

(1) −X∗
(3)| − |Y ∗

(2) − Y ∗
(4)|)|X(1) = x, Y ∗

(1) = y].

Here (X1, Y1), (X2, Y2), (X3, Y3) and (X4, Y4) are i.i.d. bivariate random vectors, X(i) is the
ith order statistic of the random variables X1,X2,X3,X4; Y ∗

(i) = Y(i+1) − 3Y(i) + 3Y(i−1) − Y(i−2),
i = 3, 4, ..., (n − 1), where Y(i) is the Y -value corresponding to X(i), (x, y) is the realized value of
(X(1), Y(1)), and

ai = γ

∫
(
k

f
− 1)gi(x)gi(y)fX,Y (x, y) dxdy.

Here gi(x) and gi(y) are such that∫ ∞

−∞

∫ ∞

−∞
l(x, y)

4∏
i=2

gk(Xi)gk(Yi) d(

4∏
i=2

FXi,Yi
(x, y)) = λkgk(x)gk(y),

for all (x, y). Proof of this theorem is due to (Gregory , 1977, Theorem 2.1). The detailed proof of
this theorem is included in Appendix II.

Theorem 4 Under Assumption 1 and Assumption 2 for Hn defined by 4, n
{
Tn,3 − E(Tn,3)

}
con-

verges weakly to
∑∞

i=1 λ
∗
i

{
(Z∗

i + a∗i )
2 − 1

}
, where Zi’s are the i.i.d. N(0, 1) and λi are the eigen-

values associated with the function l∗(x, y), defined as
l∗(x, y) = E[sign(|X(1)−X(2)|+|X(3)−X(4)|−|X(1)−X(3)|−|X(2)−X(4)|)×sign(|Y ∗

(1)−
Y ∗
(2)|+ |Y ∗

(3) − Y ∗
(4)| − |Y ∗

(1) −X∗
(3)| − |Y ∗

(2) − Y ∗
(4)|)|X(1) = x, Y ∗

(1) = y].
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Here (X1, Y1), (X2, Y2), (X3, Y3) and (X4, Y4) are i.i.d. bivariate random vectors, X(i) is the
ith order statistic of the random variables X1,X2,X3,X4; Y ∗

(i) = Y(i+1) − 3Y(i) + 3Y(i−1) − Y(i−2),
i = 3, 4, ..., (n − 1), where Y(i) is the Y -value corresponding to X(i), (x, y) is the realized value of
(X(1), Y(1)), and

a∗i = γ

∫
(
k

f
− 1)g∗i (x)g

∗
i (y)fX,Y (x, y) dx dy.

Here g∗i (x) and g∗i (y) are such that∫ ∞

−∞

∫ ∞

−∞
l(x, y)

4∏
i=2

g∗k(Xi)g
∗
k(Yi) d(

4∏
i=2

FXi,Yi(x, y)) = λkg
∗
k(x)g

∗
k(y),

for all (x, y). Proof of this theorem is shifted to Appendix II section.
Theorems 3 and 4 enable us to compute the asymptotic power of the tests based on Tn,2 and

Tn,3 under Hn. In this context, note that under H0, n
{
Tn,2 − E(Tn,2)

}
and n

{
Tn,3 − E(Tn,3)

}
converge weakly to

∑∞
i=1 λi

{
Z2
i − 1

}
and

∑∞
i=1 λ

∗
i

{
Z∗
i
2 − 1

}
, respectively, which follows from

the assertions in Theorems 3 and 4 since both ai = a∗i = 0 if γ = 0 (i.e., when H0 is true).
The corresponding asymptotic critical values (denote those are as c2,α and c3,α, respectively) can be
obtained from (1 − α)-th quantile of the distributions described at the beginning of this paragraph.
However, it is difficult to derive the explicit expression of the quantiles of the distribution since the
distribution involves the infinite sum of the weighted chi-squared distribution, where weights are the
eigenvalues of the kernels associated with Tn,2(or, Tn,3). In order to beat the problem of infinitely
many eigenvalues one can approximate the kernel function at n1 × n1 many marginal quantile points
and compute the eigenvalues of n1 × n1 finite dimensional kernel matrix.

4. Simulation Study and Real Data Analysis
In this section we investigate the performance of the tests based on Tn,1, Tn,2 and Tn,3 for finite

sample simulation study and also for a real life data structure. In section 4.1, we execute a simulation
study on a couple of distributions (normal and non-normal) to compare among the finite sample power
of these three association based statistic. In contrast to section 4.1, section 4.2 deals with a real data
analysis. The entire analysis is carried out through R programming. The related R codes are available
on request with the corresponding author.

4.1. Finite sample simulation study
In this section, sample size is deliberately chosen large(say for example; 100/150/200) since

we are interested in power based on asymptotic distribution (readers might be interested to study the
power for small sample size but that would only lose the flavour of asymptotic theory).

The overall fixture of experiment is analogous to that described in Einmahl et al. (2008)’s, except
the choice of regression function m(x). Instead of the quadratic regression function, here we consider
cubic equation just to have a parity with the test statistics which are constructed on third difference
of Y ∗. Also, along with the power of proposed test statistics Tn,1, Tn,2 and Tn,3, the same due to
Einmahl et al. (2008) tests are added herewith as a prospective tool of comparative study. Einmahl et
al. (2008) considered three statistics rooted from Kolmogorov-Smirnov’s statistic (KS), Cramer-von
Mises statistic (CM) and Anderson-Darling statistic (AD). For the sake of brevity, we report the result
of first two of them only here. Let us first define Fn(x, y) =

1
n

∑n
i=1 I{x(i) ≤ x, y(i) ≤ y} where

I(.) being the indicator function. The forms of KS and CM statistics under Einmahl et al. (2008)’s
paper are

Tn,KS =
√
n supx,y|Fn(x, y)− F̂X(x)ĜY (y)|

Tn,CM = n

∫ ∫
(Fn(x, y)− F̂X(x)ĜY (y))

2 d ˆF (x)d ˆG(y)
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where F̂X(x) = Fn(x,∞) and ˆG(y) = Fn(∞, y).
The simulation study begins with the consideration that the covariate X follows U(0, 1) and

m(x) = x − .5x2 − .9x3. The null model corresponds to a normal error term with zero mean and
standard deviation equal to 0.1, i.e. ϵ ∼ N(0, .12). Under alternative hypothesis we consider two
cases of following conditional distributions of ϵ given the value of X = x.

H1,A : (ϵ/X = x) ∼ N(0,
1 + ax

100
), a > 0 (a is variance-controlling parameter)

H1,B : (ϵ/X = x)
D
=

Wx − rx
10
√
2rx

, whereWx ∼ χ2
rx , rx =

1

bx

Along with Tn,1, Tn,2, Tn,3 for every individual value of x and y, based on the proposed regression
function, we compute Tn,KS and Tn,CM as well using numerical integration. The computations of
power due to these five competitors, viz, Tn,1, Tn,2, Tn,3, Tn,KS and Tn,CM are executed by R3.5.3.

The stepwise algorithms of performing the asymptotic test under above-mentioned null and al-
ternative hypothesis are mentioned below for better clarity.

1. Under H0 we first generate a data (x1, y1), · · · , (xn, yn) from the regression model where xi’s
are coming from U(0, 1) and errors ϵ’s from N(0, .12).

2. Considering the regression function as m(x) = x − .5x2 − .9x3 and ϵ on the model yi =
m(xi) + ϵi next we generate yis.

3. We estimate the error ϵ̂i = yi − m̂(xi) where m̂ is well-known Nadaraya-Watson estimator
(Nadaraya (1964)), using Epanechnikov kernel.

4. To have estimated errors around 0, compute centered error,i.e.,ϵ̂i,cent = ϵ̂i − 1
n

∑n
i=1 ϵ̂i.

5. Let F ∗
n be the empirical distribution function of centered errors. Using the empirical distri-

bution function of centered ϵ̂i,cent we generate 200 many bootstrap sets of resample of ϵ̂i,cent
with size n = 100. Here bootstrap sample (B) (viz.200) is taken as par the rule of thumb (Efron
, 1993, p. 50) where it is suggested that a choice of bootstrap replications (B) ≥ 200 would
give a reasonable value of standard error of an estimate.

6. So each bootstrap replication consists 100 ϵ̂i,cent. Using original sample of covariates x1, x2, · · · , xn

and regression model we now obtain 200 sets of 100 bootstrap responses y∗i = m̂(x) + ϵ̂i,cent.

7. Next from each bootstrap sample we calculate the test statistics using their functional expres-
sions and (1 − α)-th quantile bootstrap distribution of the test statistic is considered as the
estimated critical value.

8. To generate the bivariate data {(x(i), y
∗
(i)) : i = 1, . . . , n} under the alternative hypothesis

where ϵ ∼ N(0, 1+ax
100 ), a ∈ R, first we store the observations on X as already chosen from

U(0, 1) (Step 1) under H0. Next, to obtain ϵ1, ϵ2, . . ., ϵn from N(0, 1+axi

100 ) for fixed quantity a,
we plug-in those X observations, thereby having N(0, 1+ax1

100 ), N(0, 1+ax2

100 ), . . ., N(0, 1+axn

100 )
respectively. For instance, when a = 1, we generate ϵ1, ϵ2, . . ., ϵn from N(0, 1+ 1.x

100 ) upon the
random sample x1, x2, . . ., xn of X .

9. Subsequently, we also get m(x1), m(x2), . . ., m(xn) using the regression function m(x) =
x− .5x2 − .9x3. Hence y1, y2, . . ., yn can be generated by the relation y = m(x) + ϵ.

10. Repeat the steps 4, 5, 6 and 7 with this new frameworks of X and Y .

11. Calculate the test statistics and other two competitors TKS and TCM for this sample under each
set of 200 bootstrap replications.
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12. Finally we need to count the number of times the calculated test statistics exceeding the critical
point and then divide it by number of bootstrap replications (200). That will be the value of the
bootstrap power for a = 1.

13. In a similar fashion, fixing a = 2, 3, . . . , 10, one can evaluate the bootstrap powers using the
aforementioned steps. Then for each a, one can obtain the corresponding bootstrap power

Exactly same procedure is carried out for the second example taking different values of b, n =
200 and B = 200, thereafter calculating out power for each bx. For both of the distribution power
graphs are furnished here. Since the second example deals with Chi-square distribution–a positively
skewed distribution, required sample size to authenticate the asymptotic power is higher than sample
size (100) taken up in example one. The powers of five statistics for various values of a and b are
reported in Table 2 and Table 3 in the Appendix I.
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Figure 1 Power for Example 1 for varying values of a
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Figure 2 Power for Example 2 for varying values of b

Figure 1 delineates that for a cubic regression function the proposed statistic Tn,2 performs the
best against different values of a. In fact for n = 100 and substantially large bootstrap sample
(B=200), power of the test due to Tn,2 shoots almost close to 1 as a becomes larger. Also, Tn,CM

performs neck to neck with Tn,2. Noticeably, for smaller values of a all five statistics show up with
poor power in detecting the underlying cubic relationship between y and x which is quite usual as
in nonparametric regression the assumptions are far less restrictive and lower values of a indicate
less dependence between ϵ and X . In fact, not the underlying distribution but it is a which actually
probes the difference between null and alternative hypotheses. Loosely speaking, more the value of
a clearer the discrimination between null and alternative hypothesis is. That’s why for larger value of
a, power increases. The same reasoning can be employed on the second example too. In contrast to
the first example, based on normal distribution, the second one on Chi-square distribution (positively
skewed) requires higher values of b to attain significant power. Figure 2 affirms that TCM keeps hold
of superiority in power with that of Tn2 lagging just a little behind of it. Naturally, larger the values
of the skewness parameter b closer will be the power to 1.

4.2. Real data analysis
In real data analysis part we consider a popular data set, Airfoil Self Noise data which is avail-

able in the University of California, Irvine at UCI Machine Learning Repository Data Set page
(http://archive.ics.uci.edu/ml/datasets/Airfoil+Self-Noise). This data consists of 1503 instances, each
with 6 attributes obtained from a series of aerodynamic and acoustic tests of two and three-dimensional
airfoil blade sections conducted in an anechoic wind tunnel. The bunch of attributes consist of five
independent variables,viz, frequency (in hertzs), angle of attack (in degrees), chord length (in me-
ters), free-stream velocity (in meters per second), suction side displacement thickness (in meters) and
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one dependent variable – scaled sound pressure level (in decibels). In our study we adopt only one
regressor, viz. frequency(X) and scaled sound pressure level as regressand (Y). Scatter plot (Figure
3) of frequency vs. scaled sound pressure level shows that data is almost free of outliers.

Figure 3 Scatter Plots on frequency vs scaled sound pressure

Under a set-up of nonparametric regression Y = m(X) + ϵ we would like to test if X is
independent of ϵ. We first compute the value of Tn,i, i = 1, 2, 3 on the given data. Those Tn,i are
taken as the critical points to compute p-value. Next, we generate 200 bootstrap resamples from the
data and in each resample we find an estimate of Tn,i. Let us name the estimate for kth sample as

T k
n,i. Then the estimate of p-value is

number of Tk
n,i>Tn,i

500 . Since Tn,1, Tn,2 and Tn,3 are U statistics,
the critical value obtained by the bootstrap method is asymptotically valid for the critical value done
by asymptotic distribution of Tn,1, Tn,2 and Tn,3 (Bickel , 1981, Sec. 3).

We report the p-values due to the statistics Tn,i constructed on taking second difference of Y as
well as the third difference of Y for a comparative perspective.

Table 1 Table for P-values in Airfoil self noise data set

Test Stats P-value for statistic on P-value for statistic on
third order difference second order difference

Tn1 .420 .396
Tn2 .498 .521
Tn3 .567 .611

So having the knowledge on independence between covariate and errors under nonparametric
set up enables us for further statistical exposition. In this real data analysis, due to large sample size,
one can directly execute the tests based on the asymptotic distributions Tn,1,Tn,2 and Tn,3.

5. Conclusion
This article delivers a method of testing the independence between regressor and the error under

nonparametric regression model Y = m(X) + ϵ. The proposed test statistics are based on differ-
ence of ordered covariate and third difference on induced ordered response. Among these three, first
two are the functions of the rank or the positions of the observations whereas third one is distance
based. Quite intuitively, the first two statistics will be more robust against the presence of extreme
observations while the third one succumbs to the presence of outliers. To fathom on robustness of
these statistics one can derive the influence curve or break down points of Tn,1, Tn,2 and Tn,3 against
outliers.
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An intrinsic idea can be inculcated on higher order differences of Y(i) in test statistics construc-
tion. In fact, any higher order odd moments can be maximized by the L-moments (see, e.g., Hosking
(1990)), which follows from the combinatorial arguments and the expectation of the different power
of the order statistics. The optimal choice of the order of the moment and the investigation on the
new versions of Tn,1, Tn,2 and Tn,3 could be a potential concern for future research. Moreover, the
proposed test might also be auditioned as a tool of measuring independence in some hard core real
data analysis too. Besides, in case of more than one regressor, choice of association based test statistic
regarding test of independence might be of prospective interest for future study.
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Appendix I

Table 2 Finite sample power of different tests over different values of a at 5% level of significance
for Example 1

n a Tn,1 Tn,2 Tn,3 TKS TCM

100 0 .046 .051 .043 .038 .039
1 .181 .163 .37 .33 .39
2 .25 .34 .41 .39 .42

2.5 .28 .54 .59 .43 .49
3 .38 .69 .62 .50 .58
5 .49 .85 .81 .61 .78
6 .55 .92 .91 .73 .88
8 .62 .98 .95 .76 .92

Table 3 Finite sample power of different tests over different values of b at 5% level of significance
for Example 1

n b Tn,1 Tn,2 Tn,3 TKS TCM

200 0 .048 .049 .051 .044 .0.047
1 .056 .08 .082 .058 .39

2.5 .08 .081 .085 .079 .42
5 .32 .39 .41 .31 .49
7 .46 .55 .54 .39 .58
9 .6 .77 .73 .62 .78

10 .62 .82 .78 .65 .88
11 .64 .94 .89 .73 .96

Appendix II

Proof of Theorem 1: Let’s define

Vn;X,ϵ = log
fn;X,ϵ

fX,ϵ

We have to prove that Vn;X,ϵ
a∼ N(., .) with some parameters. Let the moment generating function

of Vn;X,ϵ is MVn;X,ϵ
(t). Now,

MVn;X,ϵ
(t) = E[exp(log(

fn;X,ϵ

fX,ϵ
)t)]

=E[
fn;X,ϵ

fX,ϵ
]t

=E[
(1− γ√

n
)fX,ϵ+

γ√
n
k

fX,ϵ
]t

=1− tγ√
n
E(1− k

fX,ϵ
) + t(t−1)

2
γ2

n E(1− k
fX,ϵ

)2 + o( 1n )

=1+ t(t−1)
2

γ2

n M2+o( 1n ) where M2 = E(1− k
fX,ϵ

)2 being the mean square contingency of fϵ,k
and k.

=exp(log(1 + t(t−1)
2

γ2

n M2 + o( 1n ))) ignoring the terms involving higher order to n−1

≈ exp(log(1 + t(t−1)
2

γ2

n M2))

=exp( t(t−1)
2

γ2

n M2 − 1
2 (

t(t−1)
2

γ2

n M2)
2 + ...)

=exp( t(t−1)
2

γ2

n M2 + o( 1n ))
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≈ exp((− 1
2
γ2

n M2)t+ (γ
2

n M2)
t2

2 ) (∵ E(1− k
fX,ϵ

) = 0 and E(1− k
fX,ϵ

)2 < ∞). Note that for
simplicity of writing, we drop the random variable Y from the expression of the condition in subse-
quent places.

Proof of Proposition 1:
Let us start with Tn,1. We would like to show that as n → ∞, Tn,1 approaches towards 0. Lets define
Aij for all i, j as Aij = sign(X(i) −X(j))(Y

∗
(i) − Y ∗

(j)).
Then

Tn,1 =
1(
n
2

) ∑
1≤i<j≤n

Aij .

Now, all possible values taken by Aij are −1, 0,+1. Suppose aij be the value of Aij . Then, aij’s are
interpreted as

aij =


1, if (X(i) −X(j))(Y

∗
(i) − Y ∗

(j)) > 0

−1, if (X(i) −X(j))(Y
∗
(i) − Y ∗

(j)) < 0

0, if (X(i) −X(j))(Y
∗
(i) − Y ∗

(j)) = 0.

Define two probabilities as follows.
pc = P [(X(i) −X(j))(Y

∗
(i) − Y ∗

(j)) > 0] and pd = P [(X(i) −X(j))(Y
∗
(i) − Y ∗

(j)) < 0].
Then H0 : pc = pd ⇔ τ ′ = 0, where τ ′ is Kendall’s Tau based on the bivariate random sample from
the joint distribution of X and Y , defined as τ

′
= pc − pd. The marginal probability distribution of

Aij is given by

fAij (aij) =


pc, if aij = 1

pd, if aij = −1

(1− pc − pd), if aij = 0

∴ E(Aij) = 1× pc + (−1)× pd + 0× (1− pc − pd) = pc − pd = τ ′,∀i < j.
So, ⇒ E(Tn,1) =

1

(n2)
×

(
n
2

)
× τ ′ = τ ′. Under H0, τ ′ = 0, which implies that E(Tn,1) = 0, and

E(A2
ij) = pc + pd ⇒ V ar(Aij) = pc + pd = 2pc. Next, the joint distribution of (Aij , Aik), j ̸= k

is given by

fAij ,Aik
(aij , aik) =



pcc, if aij = aik = 1

pdd, if aij = aik = −1

pcd, if aij = 1, aik = −1 or aij = −1, aik = 1

(1− pcc − pdd − 2pcd), if aij = 0, aik = −1, 0, 1 or aik = 0, aij = −1, 0, 1

0, otherwise

for all i < j, i < k, j ̸= k, i = 1, ..., n and some quantities pcc, pdd and pcd such that 0 ≤
pcc, pdd, pcd ≤ 1.

E(AijAik) =

n∑
i=1

n∑
j,k=1

1≤i<j ̸=k≤n

aijaikP (Aij = aij , Aik = aik)

= pcc + pdd − 2pcd

⇒ cov(Aij , Aik) = E(AijAik)− E(Aij)E(Aik) = pcc + pdd − 2pcd under H0.
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Using the marginal distribution of Aij and the joint distribution of (Aij , Aik)

E(AijAik) =
1(
n
2

)2 [ n∑
i=1

n∑
j=1

1≤i<j≤n

V ar(Aij) +

n∑
i=1

n∑
j=1

i ̸=h

n∑
h=1

n∑
k=1

j ̸=k

cov(Aij , Ahk)]

=
1(
n
2

)2 [(n2
)
V ar(Aij) +

n−1∑
i=1

n∑
j=i+1

n∑
k=i+1

j ̸=k

cov(Aij , Aik)

+

n∑
j=2

j−1∑
i=1

j−1∑
k=1

i ̸=k

cov(Aij , Akj) +

n∑
j=2

j−1∑
i=1

n∑
k=j+1

i ̸=k

cov(Aij , Ajk)

+

n−1∑
i=2

n∑
j=i+1

n∑
k=1

j ̸=k

cov(Aij , Aki)]

=
1(
n
2

)2 [(n2
)
V ar(Aij) + 2

(
n

3

)
cov(Aij , Aik) + 2

(
n

3

)
cov(Aij , Aik)

+

(
n

3

)
cov(Aij , Aik) +

(
n

3

)
cov(Aij , Aik)] [since A′

ijs are identical,

cov(Aij , Aik) = cov(Aij , Akj) = cov(Aij , Ajk) = cov(Aij , Aki)]

=
V ar(Aij)(

n
2

) + 6×
(
n
3

)(
n
2

)2 × cov(Aij , Aik)

=
2pc(
n
2

) + 4× n(n− 1)(n− 2)

n2(n− 1)2
× (pcc + pdd − 2pcd)

=
4pc

n(n− 1)
+ 4× (n− 2)

n(n− 1)
× (pcc + pdd − 2pcd) −→ 0 as n → ∞

Therefore, Tn,1
P→ 0. Next we prove Tn,2

P→ 0 as n → ∞. Note that, Y ∗
(p) is the third order difference

for induced order variable Y(p).

Y ∗
(p) = Y(p−2) − 3Y(p−1) + 3Y(p) − Y(p+1)

= (Y(p−2) − Y(p−1))− 2(Y(p−1) − Y(p)) + (Y(p) − Y(p+1)), p = i, j, k, l. (6)

We assumed that m is a smooth function, hence m(r)(x) exists for all r = 1, 2, ..., and sup
x

m(r)(x) <

∞. Also, by mean value theorem (since m(.) is differentiable)

Y(p−2) − Y(p−1) = m(X(p−2)) + ϵ(p−2) −m(X(p−1)) + ϵ(p−1)

= m′(ξp−2,p−1)(X(p−2) −X(p−1)) + (ϵ(p−2) − ϵ(p−1)),

where ξp−2,p−1 is a point betweenX(p−2) and X(p−1).

= m′(ξp−2,p−1)op(1) + (ϵ(p−2) − ϵ(p−1))

Similarly,

Y(p−1)−Y(p) = m′(ξp−1,p)op(1)+(ϵ(p−1)−ϵ(p)), where ξp−1,pis a point between X(p−1) and X(p).

Then, equation (3.2) boils down to
Y ∗
(p) = (m′(ξp−2,p−1)− 2m′(ξp−1,p) +m′(ξp,p+1))op(1) + ϵ∗(p)
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⇒ Y ∗
(p) − ϵ∗(p)

P−→ 0 for all p = i, j, k, l. So

Tn,2
P−→ 1(

n
4

) ∑
1≤i<j<k<l≤n

a(X(i), X(j), X(k), X(l))a(ϵ
∗
(i), ϵ

∗
(j), ϵ

∗
(k), ϵ

∗
(l)).

Again, E[ 1

(n4)

∑
1≤i<j<k<l≤n

a(X(i), X(j), X(k), X(l))a(ϵ
∗
(i), ϵ

∗
(j), ϵ

∗
(k), ϵ

∗
(l))]

= 1

(n4)

∑
1≤i<j<k<l≤n

E[a(X(i), X(j), X(k), X(l))a(ϵ
∗
(i), ϵ

∗
(j), ϵ

∗
(k), ϵ

∗
(l))]

= 1

(n4)

∑
1≤i<j<k<l≤n

E[a(X(i), X(j), X(k), X(l))] × E[a(ϵ∗(i), ϵ
∗
(j), ϵ

∗
(k), ϵ

∗
(l))] (since X is independent

of ϵ under H0). Note that, ϵ(1), ..., ϵ(n) are i.i.d. random variables from Gϵ. Hence,

E[a(ϵ∗(i), ϵ
∗
(j), ϵ

∗
(k), ϵ

∗
(l))] = 0, unless (i, j, k, l) ∈ A,

where A = {(i, j, k, l) : P(i−2, i−1, i, i+1) = P(j−2, j−1, j, j+1) = P(k−2, k−1, k, k+1) =
P(l−2, l−1, l, l+1)}, P denoting the class of all permutations. It follows from the construction of the
set A that the number of elements in it is finite and independent of n, and consequently card(A)

n −→ 0
as n → ∞, where card(A) denotes the number of elements in A. Therefore we conclude that,
E[ 1

(n4)

∑
1≤i<j<k<l≤n

a(X(i), X(j), X(k), X(l))a(Y
∗
(i), Y

∗
(j), Y

∗
(k), Y

∗
(l))] −→ 0, as n → ∞. Arguing in

similar way we conclude that,
E[ 1

(n4)

∑
1≤i<j<k<l≤n

a(X(i), X(j), X(k), X(l))a(Y
∗
(i), Y

∗
(j), Y

∗
(k), Y

∗
(l))]

2 −→ 0, as

n → ∞, i.e., variance converges to 0 as n increases.
Therefore, 1

(n4)

∑
1≤i<j<k<l≤n

a(X(i), X(j), X(k), X(l))a(Y
∗
(i), Y

∗
(j), Y

∗
(k), Y

∗
(l))

P−→ 0 ⇒ Tn,2
P−→ 0.

Further, to prove Tn,3
P−→ 0, we use Result 1, Result 2 and Lemma 1. From Result 2 and Lemma 1,

and using Slutsky’s Theorem, we obtain

G−1(U(k+j+1))−G−1(U(k+j))

U(k+j+1) − U(k+j)

P−→ 1

G′(xp)
≡ 1

g(xp)
and

(n(U(k+j+1) − U(k+j)))
d−→ Z, where Z ∼ exp(1)

⇒ n(X(k+j+1) −X(k+j))
d−→ 1

g(xp)
Z. (7)

Thus, for 1 ≤ i < j < k < l ≤ n,

h(X(i), X(j), X(k), X(l))× h(Y ∗
(i), Y

∗
(j), Y

∗
(k), Y

∗
(l))

= (|X(i) −X(j)|+ |X(k) −X(l)| − |X(i) −X(k)| − |X(j) −X(l)|)
×(|Y ∗

(i) − Y ∗
(j)|+ |Y ∗

(k) − Y ∗
(l)| − |Y ∗

(i) − Y ∗
(k)| − |Y ∗

(j) − Y ∗
(l)|)

= (|X(i) −X(j)| × |Y ∗
(i) − Y ∗

(j)|+ |X(i) −X(j)| × |Y ∗
(k) − Y ∗

(l)|
− |X(i) −X(j)| × |Y ∗

(i) − Y ∗
(k)| − |X(i) −X(j)| × |Y ∗

(j) − Y ∗
(l)|)

+(|X(k) −X(l)| × |Y ∗
(i) − Y ∗

(j)|+ |X(k) −X(l)| × |Y ∗
(k) − Y ∗

(l)|
−|X(k) −X(l)| × |Y ∗

(i) − Y ∗
(k)| − |X(k) −X(l)| × |Y ∗

(j) − Y ∗
(l)|)

−(|X(i) −X(k)| × |Y ∗
(i) − Y ∗

(j)|+ |X(i) −X(k)| × |Y ∗
(k) − Y ∗

(l)|
−|X(i) −X(k)| × |Y ∗

(i) − Y ∗
(k)| − |X(i) −X(k)| × |Y ∗

(j) − Y ∗
(l)|)

−(|X(j) −X(l)| × |Y ∗
(i) − Y ∗

(j)|+ |X(j) −X(l)| × |Y ∗
(k) − Y ∗

(l)|
−|X(j) −X(l)| × |Y ∗

(i) − Y ∗
(k)| − |X(j) −X(l)| × |Y ∗

(j) − Y ∗
(l)|).
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Tacitly to say,

|X(i) −X(j)| = |X(i) −X(i+1) +X(i+1) −X(i+2) + ...+X(j+1) −X(j)|
≤ |X(i) −X(i+1)|+ |X(i+1) −X(i+2)|+ ...+ |X(j−1) −X(j)|

and

|Y ∗
(i) − Y ∗

(j)| = |(Y(i−2) − 3Y(i−1) + 3Y(i) − Y(i+1))− (Y(j−2) − 3Y(j−1) + 3Y(j) − Y(j+1))|
= |(Y(i−2) − Y(i−1))− 2(Y(i−1) − Y(i)) + (Y(i) − Y(i+1))

−(Y(j−2) − Y(j−1)) + 2(Y(j−1) − Y(j))− (Y(j) − Y(j+1))|
≤ |Y(i−2) − Y(i−1)|+ 2|Y(i−1) − Y(i)|+ |Y(i) − Y(i+1)|

+|Y(j−2) − Y(j−1)|+ 2|Y(j−1) − Y(j)|+ |Y(j) − Y(j+1)|
≤ |m(X(i−2))−m(X(i−1))|+ |ϵ(i−2) − ϵ(i−1)|+ 2|m(X(i−1))−m(X(i))|

+2|ϵ(i−1) − ϵ(i)|+ |m(X(i))−m(X(i+1))|+ |ϵ(i) − ϵ(i+1)|
+|m(X(j−2))−m(X(j−1))|+ |ϵ(j−2) − ϵ(j−1)|+ 2|m(X(j−1))−m(X(j))|
+2|ϵ(j−1) − ϵ(j)|+ |m(X(j))−m(X(j+1))|+ |ϵ(j) − ϵ(j+1)|

m being a smooth function. Using Mean value theorem, we get m(X(p))−m(X(p+1)) = m′(ξp,p+1)|X(p)−
X(p+1)|, p = i− 2, i− 1, i, j − 2, j − 1, j, where ξp,p+1 is a point between X(p) and X(p+1).
Therefore,

|Y ∗
(i) − Y ∗

(j)| ≤ |m′(ξi−2,i−1)||X(i−2) −X(i−1)|+ |ϵ(i−2) − ϵ(i−1)|
+2|m′(ξi−1,i)||X(i−1) −X(i)|+ 2|ϵ(i−1) − ϵ(i)|
+|m′(ξi,i+1)||X(i) −X(i+1)|+ |ϵ(i) − ϵ(i+1)|
+|m′(ξj−2,j−1)||X(j−2) −X(j−1)|+ |ϵ(j−2) − ϵ(j−1)|
+2|m′(ξj−1,j)||X(j−1) −X(j)|+ 2|ϵ(j−1) − ϵ(j)|
+|m′(ξj,j+1)||X(j) −X(j+1)|+ |ϵ(j) − ϵ(j+1)|

implying

E|Y ∗
(i) − Y ∗

(j)| ≤ |m′(ξi−2,i−1)E|X(i−2) −X(i−1)|+ E|ϵ(i−2) − ϵ(i−1)|
+2|m′(ξi−1,i)|E|X(i−1) −X(i)|+ 2E|ϵ(i−1) − ϵ(i)|
+|m′(ξi,i+1)|E|X(i) −X(i+1)|+ E|ϵ(i) − ϵ(i+1)|
+|m′(ξj−2,j−1)|E|X(j−2) −X(j−1)|+ E|ϵ(j−2) − ϵ(j−1)|
+2|m′(ξj−1,j)|E|X(j−1) −X(j)|+ 2E|ϵ(j−1) − ϵ(j)|
+|m′(ξj,j+1)|E|X(j) −X(j+1)|+ E|ϵ(j) − ϵ(j+1)|.

We derive the expectation to find the asymptotic mean and variance of Tn,3. Let’s start with
E|X(i) − X(j)||Y ∗

(i) − Y ∗
(j)|. The rest of the terms will be derived in similar fashion as we handle

the calculation of E|X(i) −X(j)||Y ∗
(i) − Y ∗

(j)|. Before derivation, we separately calculate the expec-
tations of the terms in h(X(i), X(j), X(k), X(l)) × h(Y ∗

(i), Y
∗
(j), Y

∗
(k), Y

∗
(l)) followed by E(Tn,3) and

V ar(Tn,3). There would be four types of terms depending on i, j in E|X(i) − X(j)||Y ∗
(i) − Y ∗

(j)|.
Using equation (7),

1. E|X(a+1) −X(a)| ∀a
=E(X(a+1) −X(a))

= 1
nE(n(X(a+1) −X(a)))

∵ n(X(a+1) −X(a))
d→ 1

g(xp)
Z, where a

n → p as n → ∞, Z ∼ Exp(1).
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∴ E(n(X(a+1) −X(a))) −→ E[ 1
g(xp)

Z] = 1
g(xp)

E(Z) = 1
g(xp)

.
Then, E[|X(a+1) −X(a)|] = 1

ng(xp)
−→ 0 as n → ∞.

2. E(X(a+1) −X(a))
2 ∀a

= 1
n2E(n(X(a+1) −X(a)))

2

−→ 1
n2 × 1

(g(xp))2
× E(Z2) = 2

n2(g(xp))2
−→ 0 as n → ∞

3. E(X(a+1) −X(a))(X(b+1) −X(b)), where a < b

= 1
n2E[n(X(a+1) −X(a))× n(X(b+1) −X(b))]

= 1
n2E[n(X(a+1) −X(a))]× E[n(X(b+1) −X(b))] (using Lemma 1)

−→ E( 1
g(xp)

Za)E( 1
g(xq)

Zb), where a
n → p, b

n → q as n → ∞
= 1
n2g(xp)g(xq)

× E(Za)× E(Zb), where Za, Zb ∼ Exp(1)

= 1
n2g(xp)g(xq)

−→ 0 as n → ∞.

4. EX,ϵ(X(a+1) −X(a))|ϵ(t+1) − ϵ(t)| ∀t
=EX(X(a+1) −X(a))× Eϵ|ϵ(t+1) − ϵ(t)| (since under null hypothesis, X ⊥⊥ ϵ)
Now, EX(X(a+1) −X(a)) −→ 0 as n → ∞, and, Eϵ|ϵ(t+1) − ϵ(t)| < ∞.
∴ EX,ϵ(X(a+1) −X(a))|ϵ(t+1) − ϵ(t)| −→ 0 as n → ∞.

All the terms computed above converge to 0. As a whole it implies that
E(h(X(i), X(j), X(k), X(l))× h(Y ∗

(i), Y
∗
(j), Y

∗
(k), Y

∗
(l))) converge to 0. Hence,

E(Tn,3) → 0 as n → ∞. In similar manner, we can prove that E(T 2
n,3) → 0 as n → ∞. Thus

Tn,3
P−→ 0.

Proof of Theorem 3
By applying Lemma 2 and Lemma 3, n(Tn,2 − E(Tn,2)) converges weakly to

∞∑
i=1

λi(Z
2
i − 1) under

H0, where λi’s are the eigenvalues associated with l(x, y), and Zi’s are the iid N(0, 1) random
variables. Further, the sequence of densities (call it by qn )associated with Hn is dominated by the

density p0 associated with H0, along with Radon-Nikodym derivative
dqn
dp0

= 1 + n− 1
2hn, where

hn = γ( kf − 1) ∈ L2(p0) (L2 being the second order normed space) since Ef (
k
f − 1)2 < ∞, which

is already taken care in the theorem. Hence, by Gregory (1977), n(Tn,2−E(Tn,2)) converges weakly

to
∞∑
i=1

λi{(Zi + ai)
2 − 1} under Hn, where λi, Zi and ai’s are as defined before. Thus the proof.

Proof of Theorem 4
By Lemma 2, we conclude that n(Tn,3 − E(Tn,3)) converges weakly to

∞∑
i=1

λ∗
i (Z

∗2

i − 1) under

H0, where λ∗
i ’s are the eigenvalues corresponding to l∗(x, y), and Z∗

i ’s are the iid N(0, 1) random
variables, which is evident from Lemma 1. Arguing similarly as in the proof of the asymptotic
distribution of Tn,2, we conclude that n

{
Tn,3 − E(Tn,3)

}
converges weakly to

∑∞
i=1 λ

∗
i

{
(Z∗

i +

a∗i )
2 − 1

}
under Hn, where λ∗

i , Z
∗
i and a∗i ’s are as defined before. This completes the proof.
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