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Abstract

Loss reserving models has been in majority very sensitive to long payment delay of incurred
claims, the insurance company is not able to, precisely, forecast the amount or the delay which a claim
need to be settled definitively. Therefore, this existing contrast between claim development patterns
called for the idea of implementing clustering techniques in order to extract patterns of development
claims through the set of information aggregated in the run off triangle. The aim of this paper is to
shed the light on the way of eliciting the multiple features of development pattern for IBNR claims
using Wards agglomerative clustering algorithm.

Keywords: Run-off triangle, claim development patterns, agglomerative hierarchical clustering,
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1. Introduction

The actually paid amount in a given development year is a complex result of numerous factors
including the uncertain outcomes and costs of medical diagnoses and treatments, and of court pro-
ceedings or settlement negotiations. None of these factors can be easily forecast. Consequently, even
at an aggregate level, attempts of predicting future claim payments are imprecise.

Stability of the claim payment or settlement pattern is a widely used assumption. Yet, practically
speaking, this ideal is rarely realised.Usually, the insurance company is not able to immediately settle
a claim. As long as the claim remains unsettled, establishing an accurate reserve would be a difficult
task.

The reporting of a claim can take several years; especially in liability insurance where it can
take many years to be reported and other several years until the total degree of a claim is known
and settled. Usually, injury claims tend to take longer time than property claims to be settled, which
would lead to a short tail in the run-off triangle for property damage, and a medium or a long tail for
liability or injury claims,see Bornhuetter and Ferguson (1972)for farther information.

Therefore, this existing contrast between claim development patterns called for the idea of im-
plementing data clustering techniques.The aim of clustering is to put the elements in a set so that they
are grouped in clusters, each cluster contains very similar elements and is preferably highly hetero-
geneous from the elements grouped in the other clusters. Using these techniques on aggregated Data
with different tails in the run off triangle lead to extract patterns of development claims. For a survey
of clustering techniques, see Duda et al. (2001), Hastie et al. (2009) and Ward and Joe (1963). Char-
pentier and Pigeon (2016), Holler (1999) among many others researchers used clustering techniques
in loss reserving. One such significant study was carried out by Kremer (2000) who combined, using
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the euclidian distances, link ratio with cluster analysis to calculate the similarity of the development
of the i-th accident year with relevant previous ones.

The aim of this paper is to shed the light on the way of eliciting the multiple features of settlement
pattern in a design matrix through the aggregated data set in the run-off triangle.

2. Overview of Agglomerative Hierarchical Clustering

As a data mining and an unsupervised learning tool in machine learning, clustering has been
widely studied across many disciplines due to its numerous areas of application such as biology,
social sciences, business intelligence and marketing.

Clustering is described as the process of creating similar groups or clusters, each cluster is char-
acteristically distinct from one another, and the objects within each one are similar to each other.
Methods and algorithms have been developed, and several books and survey articles have been ded-
icated to clustering methods including Hartigan (1975), Kaufman and Rousseeuw (1990) and Jain
(2010).

It can be challenging to identify a relevant categorization of clustering methods since these
categories may overlap because of the solid boundary between them. The main ones are partitioning
methods, hierarchical methods, density-based methods and grid-based methods.

As the second method of clustering, while partitioning methods meet the essential clustering
requirement of organizing a set of objects into several exclusive groups, hierarchical methods seek to
partition the data into groups at different levels to build a hierarchy of clusters which can be displayed
using a dendrogram. Depending on whether this hierarchical representation is created in top-down,
splitting big clusters into smaller ones, or in bottom-up grouping small clusters into larger ones, these
hierarchical approaches are called divisive and agglomerative clusterings, respectively. The focus
in this paper is agglomerative methods, farther details on divisive methods are available in Hartigan
(1975).

The agglomerative approach starts with the single observation clusters and successively merges
the closest pairs of clusters. Then, the distances between this new cluster and the other unchanged
clusters are updated forming smaller numbers of clusters that contain more observations; this pro-
cedure is iterated based on a similarity strategy until the desired cluster structure is obtained or a
stopping criterion is met. The basic algorithm is straightforward:

Algorithm 1 Agglomerative hierarchical clustering algorithm.

1: Start with each point in a cluster of its own
2: Compute and update the proximity matrix
3: Repeat

a: Merge the closest two clusters.

b: Update the proximity matrix

Until the stopping criteria are met

The definition of distance proximity is the crucial process of the algorithm; the formed clusters
set at each step is updated along with merging nearest clusters. The choice in terms of how the
clusters may be merged is determined through the proximity matrix by a linkage criterion, which is a
function of the pairwise distances between clusters. A variety of linkage methods are possible such
as single linkage, complete linkage, median, average linkage, centroid and Ward’s method, which
provide different tradeoffs between quality and efficiency.

Comparative researches of Kuiper and Fisher (1975), Blashfield (1976) and Everitt and Hands
(2010) among others give rise to Ward’s agglomerative clustering mostly when the group proportions
were approximately equal, that does not preclude that other distance measures are appropriate when
different conditions are considered.
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3. Claim Development Patterns via Agglomerative Clustering Algorithm

The basically input is the standard run-off triangle of cumulated payments of claims with 1,..., [
accident years, 1,...,.J development years with J < I and k = 1,..., K; contracts with claims in
the insurance portfolio for each accident year ¢ given in the set

T ={(i,kj)1<i<I 1<k<K;j<I—i+l}, ey

S = (Sik,j); <I k<K <] is the mat.rix form of the cumulated payments of claims from accident year
i, contract k and development year j.

Weset T, Si = > o, Sike = (quﬂ Sik 1y s Dop<k, Si7k7j> , if we had a complete data
set, it would be easy to find characteristic development patterns simply by dividing the cumulative
development patterns

Siki . .
ik = (§ik,j) <y Where & = 57]]:?], 1 <ILE<K;,j<J and Sipg>0.
- ik,

However we have to deal with the index set T .

Theorem 1

o The Claim development patterns in the run-off triangle is characterised by the matrix = defined
by:
- IXL
== (fj7£)1gng,e:1,..,L e R @)

whose L columns represent characteristic cumulative development patterns, L < J, for all
< Lwehave 0 <& <& <...<E&50=1and0 < & 4 forat least one £ < L.

o The recursive g implemented to extract the matrix = is the following :

(1) Initialisation
For each subinterval [1,2, ..., j] of the whole set of development years {1,..., J} we
regard the reduced index set

TY = {(i,k)| k< K;, 1<i<I+1-j}. 3)

We start with j = 2 and T'®, to get the repartition Z*(T®).
(2) The aggregation step

For a subset TY, we construct a repartition Z*(T9) representing the clusters of the
development patterns within T'9 for this subinterval.

(3) The refinement step
In the refinement step, we construct for each TV # ()

T9 e {RNT #£0|ReZ* (T ")} = Z* (T ")NTY, )
a repartition Z*(T9) of the subinterval [1,2, ..., j] according to step 1 and set
RN = U B (TD). )

0ATeR*(TU-VNT

So, ZP is a repartition of T which refines the repartition 2“7~ on TP,

(4) Finally, the repartition Z” for the whole development interval [1,2, ..., J| determines
our final matrix 2 as the set of barycenters of the development patterns in each index set
of the repartition 7.
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Proof:

The main problem lies in the fact that intrinsically the data for future years are missing. If we
had complete data, we could apply a standard method of cluster analysis. It is our intention in the
following procedure to incorporate as much information available in the given data as possible. The
way out chosen of this dilemma is an iterative procedure where the two steps (2) and (3) alternate
recursively, until the system converges to a stable situation. We proceed by the following recursive
clustering method:

Step 1:

We assume that to each index (4, k) € from the reduced set 7%’ of the subinterval [1,2, ..., j]

we have associated a cumulative development pattern

@) _ (¢ @ i w @ @ _
ik = ( k1o zk]) eR? with 0<&%, <...<&% =1 (©)

For subsets R C 7%, the barycenter pattern of R is given by

) ) 1 .
& = (- €0 with €, = T ST e, v < @)

(i,k)ER

where | R| is the cardinality of R. (Here, we assume that every development pattern has the same
weight; otherwise one has to use a weighted barycenter.) So, & 9 is the barycenter pattern of the
whole index set T .The cumulative development patterns need to be normalized to last available
data in the index set T’ in a preliminary step

Sik,j
Cing = b (8)

Sk, I+1—j
The initial operation in step 1 is the determination of the reduced set 7¥) given by (3) for j = 2
T® = {(i,k)| k< K;, 1<i<I—1}.

To set the partition Z(T®) , we need to move to the next step .
Step 2:

A repartition £ of T'9 is a set of no-empty subsets R C T, where each index (i, k) € T
appears exactly in one subset of Z?), TV = UR, where U denotes the union of disjoint sets. The
finest and the coarsest repartitions are resp.

Rrmin(T) {{(Z, k)}‘(z, k) e T(”} resp.
%maw(T(j)) = {T(J‘)}_ (9)

The main operation in step (1) is the recursive aggregation, it consists in merging the two closest
subsets R; and R, of a repartition 7'’ based on the distance measure d(Ry, Rz).

Lemma 1 The distance d(Ry, Ra) between two disjoint subsets Ry and Ry of T is measured by
the inertia of the dipole consisting of their barycenters with the corresponding weights:

d(Ry, Ry) := | R ||€5) — %iURQH + |Ro|||€52) — %IURQH (10)
with the Euclidian norm ||-|| in RI. Sometimes, this distance is also called Ward distance and
defined as
R1| | Rs|
e R = T st - €

IRy U R,
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Proof: To see the equivalence between the two formulas it suffices to remember that

| R | Ra|

(4) — (J) (J)
SRiuR |R1 U Ry |’E |R1 U Ry |§
d(R1,Ry) = Rl |6 = €2 m, |+ | Bal 165 — €20, |I”
| R | Ra ? |Ra| | Ra|
= |R‘€(1) |R UR|£(])7|R URlé(J) +|R| 5(])7‘R UR|§(J) |R1UR2|
Rol . |Re| Bil o IR o
— R i) J R i) _ J
[l IR, UR2|§ |R URs \5 +| 2 |R1UR |§ |R1UR2|£
_ |R1‘ |R2 (J) m |R2| |R1 (J) (J)
_ |R1‘ |R2 () (y)
- |R UR | Hg ||

Now we come to the aggregation procedure, let Z # X0, (T9) and take Ry, Ro € ZY,
R1 # Rs, as one pair of closest elements in Z:

. /
{R1, Ro} € arg oL d(R, R'). (1D

The aggregated repartition <7 (#) of £ is then

o (#9) = {R € 7

R # Ry, R’#Rz}u{RluRz}. (12)

(Here, it is not of importance that R, and Ry may not be uniquely determined.) Obviously, one
has %|T(I]) |71 (e@min(T(”)) = %mam (T(j))-
To measure the effectiveness of an aggregation step, one generally uses the increase of the rela-

tive intra-partition inertia, defined in the following way: For a repartition 2 of T'¥), the intra-inertia
of Z9 is given by

L@ = Y e e[ =0 (13)
ReZ (i,k)ER
while the inter-inertia of a repartition is
2
znter Z ‘R| HE(J) (J) 1) (14’)

Rex

as a generalization. Obviously, Zintra (Zimin (T)) = Linter (Zmax(TP)) = 0 for all T # (.
Lemma 2 From Huygens Theorem, for any repartition % of T we have the identity:
Iintra (%(T(j) )) + Iinter (%(T<]>)) = Iint'r‘a (%mam (T(j))) = Iinter (%mzn (T(j) )) . (15)

Proof: Indeed, replacing in §’; @) for simplicity the double index (7, k) by £ and dropping the super-

2
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script 7, one easily checks that:

Lintra (%(T)) + Linter (‘@(T))

= 3 (IRI ler —€nl®+ 3 g — ¢all®)

ReZ LeR
= DRI lgrl® + X IR €nll* =2 Y IRl (r.r)
RER REZ REZR
+ 2 (Xl + X lerl® — 2 (€r.6n) )
ReZ#Z (€R LER LeT
= D IRIEr]® =2 Y IRIEr.Er) + Y D NIl + D IRIIIER]
ReZ Rez ReZ leR ReZz
=23 S @ er) + DD llal’
REZ L€R REZ LER
1
= |T|llérl* =2 ) IR <£T, & Z§e> + > &l
Rez LER LeT
+ 3 (186l =2 Y (6e:€r) + Bl x])
REZX (ER
= [TlHerl® =230 > (e &)+ l&l?
REZLER €T
1
+ > (IRlIgrl* ~21R] <R| Z@,sR> + Rl ¢l )
RER LeR
= Slerl?=2Y (ere + Nl + S0 (IR] erl® - 2 6n.r) + Rl grl)
LeT eT eT REZ
= Z €0 — &xll” + Z IR| [|¢r — &Rl
T REZX
= Iinter (%min(T))-
Lemma 3 A consequence of (15) is the increase of the intra-partition inertia by aggregation.
Iintra(%(%(j))) > Iintra('@(j)) (16)

Proof: {R;, R,} isapartition of the subset R1 U Ry, in other terms, taking the repartition Z(T) =
{R1, R2} involves Zimaxz({R1, R2}) = Ry U Ry. According to (15) we have

Iintra (Rl U RZ) = Iintra ({Rla RQ}) + Iinter ({Rh R2}) . (17)
Using(17) with the notation of the aggregated partition </ (%#“) in (12).
Iintra (d('@(n))) Iintra( {R/ € r%| R, 7£ Rl» R/ 7£ RZ)})) + Iintra (Rl U RZ)

= Iintra( {R/ S ‘%’ RI 7& R17R/ 7& RQ)})) +Iintra ({Rh RQ})
+Iinter ({Rh RZ})

= Iintra( {R/ S %’ R/ 7& RlvR/ 7& R2)})) +Iintra ({Rh RZ})
+Iinter ({Rla RZ})

= Tintra(#9) + Tinter ({R1, F2}) 2 Tiira ()
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Pointing out that a repartition % of 7Y’ is a set of no-empty subsets R C %, where each
index (7, k) appears exactly in one subset R; € Z, the third equality stems from

{Re V| R #Ri,R # Ry)} N{R1, Ry} =

So, the aggregation step increases the intra-repartition inertia exactly by the inter-repartition inertia
of the two aggregated sets.

For the criterion which repartition & of T'¥) should finally be chosen, the relative intra-repartition
inertia R1 defined as

Iintra (%(T(J)))

<1 18
Iintra({T(j)}) - ( )

RI(Z(T)) =

is very useful.

In the aim of keeping our final matrix = very simple, we choose at level of the subinterval
[1,...,7] as optimal repartition Z*(T?) in the following way:

(recall that 7|7 |71 (%, (TD)) = Roraa(TD) = {TO})

(T} it RI(7 |77 122(2(T9))) € (0.95,1],
B = W\T@H(%(Tm)) if RI(o/|IT1=2((T9))) € (0.9,0.95), (19)
o|T?|-3 (Z(T9)) else

The repartition 2 (T') represents the clusters of the development patterns within 7" for the
subinterval [1,2, ..., j].

Step 3:

The refinement step purpose is to maximise the information included in the recursion because
every time j proceed in [1,2, ..., J], less partitions R; are available in the repartition Z(T) .

At the end of the step 3, a repartition Z*(T“~") is set, To each index (i, k) € (T'¥) we associate
from the repartition %2 (T'V~") the cumulative development pattern &/~ = ( el k1)
on subinterval [1,...,7 — 1] via

o ¥ Y min (755“”"_1 , 1) forl<v<j—1
=1 o , 0)
1 forv =7

according to
T ¢ {Rﬁ T + @’ Re %*(T“‘“)} = Z*(TV-")NTY

(The min-operator only serves to insure that the cumulative development patterns are increasing,
even if the cumulative payments are not).

Applying step 3 to T and the associated development patterns, we get first Z(7) by (19)
and then 29 by (5).
Step 4:

Having thus constructed the partition ) with |%#”’| = L and an enumeration

Z"" ={Ry,..., R},

we find the matrix Z := (fﬁ

) according to (20):
)<<t

= ER - @1)

This ends the construction of the design matrix.
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4. Implementation and Results

To implement the approach steps in practice, a dataset accident claims extracted from a leading
automobile insurance company ( labeled "CAAR”) has been collected in the run-off triangle within a
time period of 7 calendar years between 2006 and 2012 with I = 7 accident year , k; = 5 contracts
for each accident year ¢ and J = 7 development years given in the Table 1.

Table 1 Cumulated run-off triangle data between 2006 and 2012

i k; |Ri,k ‘ ]
1 2 3 4 5 6 7
72
1 1 I 1001 2956 | 3624 4189 4536 4684 4784
2 1 837 1756 1833 1883 2257 2699 2929
3 1 1187 2310 | 3054 3739 4086 6921 4324
4 1 1011 1275 1528 1850 2392 3145 3445
5 1 1500 2400 | 2600 2650 3024 3924 5444
2 1 1 1113 2103 | 2774 3422 3844 4194
2 1 625 789 912 1183 1355 1505
3 1 1254 2232 | 3033 3654 3992 4292
4 1 1331 1662 1936 2256 2890 3296
5 1 1500 2000 | 2123 2394 2566 3456
3 1 1 1265 2433 | 3334 3878 4328
2 1 803 918 1009 1165 1290
3 1 1176 2241 3120 3654 4418
4 1 1528 1831 2067 2574 2574
5 1 1803 2518 | 2839 2995 3120
4 1 1 1490 2573 | 3280 3930
2 1 532 739 906 1026
3 1 1387 2588 | 3642 4542
4 1 1300 1579 1916 2145
5 1 1700 2500 | 2967 3187
5 1 1 1725 3161 4361
2 1 914 1179 1379
3 1 1289 2274 | 3024
4 1 232 701 971
5 1 2014 2614 | 3414
6 1 1 1889 3489
2 1 734 1484
3 1 1795 3395
4 1 1627 2353
5 1 2000 2750
7 1 1 1300
2 1 1100
3 1 980
4 1 1230
5 1 1300

Once the dataset is summarized in the appropriate run-off triangle format, it is ready to feed into
the clustering algorithm.

1. Initialisation

We start with j = 2 and T'®® than the data in this set are normalized to last available data.

2. The aggregation step

Each contract (4, k;) of the set T is considered as a single cluster R; j.Using the algorithm
(2) implemented in R code,the distances between all cluster |R; ;| are calculated and the two
closest clusters are removed and replaced by their barycenter The operation is than repeated
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until the repartition 2*(T®) for T®is established.

21033 1
Z*(T®)=| 14| 055 1 (22)
14078 1

3. The refinement step

The refinement step ensure to incorporate the results of Z2*(T'®) in T because the more data
available, the more reliable the results.

T® e {RNT #0| Re #*(T?)} = #(T?)NT™. (23)

Table 2 Cumulated run-off triangle data refined by Z2*(T®)

i ki |Rigl j
1 2 3 4 5 6 7
7(3)
1 1 1 1001 2989,89 3657,89 4222,89 4569,89 4717,89 4817,89
2 1 837 1514,65 1591,65 1641,65 2015,65 2457,65 2687,65
3 1 1187 2148,02 2892,02 3577,02 3924,02 4060,02 4162,02
4 1 1011 1282,53 1535,53 1857,53 2399,53 3152,53 3452,53
5 1 1500 2714,44 2914.,44 2964,44 3338,44 4238,44 5758,44
1
2 1 1 1113 2014,11 2685,11 3333,11 3755,11 4105,11
2 1 625 792,86 915,86 1186,86 1358,86 1508,86
3 1 1254 2269,27 3070,27 3691,27 4029,27 4329,27
4 1 1331 1688.,48 1962,48 2282,48 2916,48 3322,48
5 1 1500 1902,87 2025,87 2296,87 2468,87 3358,87
1
3 1 1 1265 2289,17 3190,17 3734,17 4184,17
2 1 803 1018,67 1109,67 1265,67 1390,67
3 1 1176 2128,12 3007,12 3705,12 4305,12
4 1 1528 1938,39 2174,39 2441,39 2681,39
5 1 1803 2287,25 2608,25 2764,25 2889,25
1
4 1 1 1490 2696,34 3403,34 4053,34
2 1 532 674,88 841,88 961,88
3 1 1387 2509,95 3563,95 4463,95
4 1 1300 1649,15 1986,15 2215,15
5 1 1700 2156,58 2623,58 2843,58
5 1 1 1725 3121,60 4321,60
2 1 914 1159,48 1359,48
3 1 1289 2332,60 3082,60
4 1 232 692,96 962,96
5 1 2014  2554,92 3354,92

Then, the two steps (2) and (3) alternate recursively forming smaller numbers of clusters until

the repartition Z“™ for the whole development interval [1, 2, . .., 7] determines our final matrix
= given by (24) and presented by Figure (1) as the set of barycenters of the development
patterns,

0,27 0,37 0,42 0,48 0,58 0,73 1
E=%"7=1|0,22 0,51 0,67 0,79 0,93 0,98 1 |. 24)
0,34 0,46 0,52 0,60 0,72 0,90 1
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Figure 1 Characteristic of development patterns

Algorithm 2 Agglomerative hierarchical clustering algorithm.

1: 1=35;)=7;
2: C¢—read.csv(’cummatrix h=0.CSV” ,header=FALSE,sep=";",dec=",") > the input: the

R A A

11:

13:

14:

cumulated run-off triangle matrix for h=0
h=0 >forh=0j5=2and T(j) =T(2)
R+ rep(0, h + 2)
S<—function(i,j)
for(l in 2:(h+3))R[1-1]<—(P[j,1]-P[i,1])2;sum(R) > choose the level of the matrix T:
M < C[1:((I-5)-(h*5)),1:(h+3)]
P + matrix(data = 0, nrow = ((I-5)-(h*5)) , ncol = (h+3))
for (i in 1:((I-5)-(h*5)))
for (j in 1:(h+3))
if (j==1)P[i,j]«-M[i,]]
elseP[i,j]«—M[i,jI/M[i,h+3] > The function s for the choice of the repartition R(T(j))
for (s in 1:(I-8-(h*5)) )
W < matrix(data = 0, nrow = I[-4-s-(h*5), ncol = I-5-(h*5))
> W is the distance proximity matrix
for (j in 1:29)
if (j¢<—==I-5-s-(h*5))
for (iin (j+1):(I-4-s-(h*5))) W[i,jl< P[j,11*P[i,11/(P[j,1]+P[i,11)*S(,j)
unique(sort(W))[2] > Min of matrix W:
N<—which(W == unique(sort(W))[2], arr.ind = TRUE) > The Position of min distance in the
matrix W
Q < rep(0, h+3)
for (rin 1:(h+3))
if (r==1)Q[r]«+-P[N[1,1],1]+P[N[1,2],1]
else
if (r==h+3)Q([r]«+1
elseQ[r]«—(P[N[1,1],r]+P[N[1,2].r])/2 > replace the deleted clusters by their barycenter :

: P<—P[-N[1,1].]

P+P[-N[1,2],] > delete the two lines of distance min:
P+rbind(P,Q)
print(P)
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5. Conclusion

Insurance companies have to build claim provisions in order to fulfill outstanding claim settle-
ments which present by far the most important line on the passive side of the balance sheet.

Given the high dimensional insurance business data and the changes that which the insurance
companies are going through since the introduction of the directive solvency II in Europe. The need
for a good understanding of buried patterns is proved before business strategies are put into action
because not only a mean estimate of the outstanding claims matters, but also the cash flow of the
settlements and their distributions.

In this paper, a recursive agglomerative procedure has been implemented through the dataset
summarized in the IBNR run-off triangle to identify the potential characteristics of claim development
patterns which permits taking into account settlement distribution in loss reserving models without
the need of an external volume measure.
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