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Abstract

In this paper, we consider a general class of estimators for estimating the population mean in two-
phase successive sampling in the presence of non-response and measurement errors. The expression
of the biases and mean squared errors (MSE’s) have been derived under the first degree of approxi-
mation. To check the performance, the proposed estimators are compared with the estimators under
the complete response situation. A simulation study was carried out to evaluate the results. On the
basis of the available results, appropriate recommendations have been made to the researchers.
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1. Introduction

In sample surveys, it is assumed that all the information is available, i.e., a complete response
was observed from all the selected units in the sample, which is actually not correct. The reason
for incomplete responses may be due to non-response, which is a very common problem in most of
the surveys. To tackle this problem, Hansen and Hurwitz (1946) suggested a technique by simply
drawing a sub-sample from the non-respondents group and then estimating it. Further, this technique
was extended by Cochran (1977), Khare and Srivastava (1997), Singh and Kumar (2008), Singh and
Kumar (2009b), Singh and Kumar (2010), Kumar et al. (2011), Chaudhary et al. (2015) and among
others. Besides non-response, measurement error is also a serious concern because of incomplete
information in sample surveys. Measurement error occurs when the information provided by the
respondents is not true, and it also includes observational error, instrumental error, respondent er-
ror, etc. Various researchers studied measurement error like Fuller (1995), Wang (2002), Singh and
Karpe (2009), Sharma and Singh (2013), etc. The problem of non-response and measurement errors
may creep into surveys at the same time. If these errors are small and negligible, then they can be
ignored, but if they are not negligible, then they create a problem. A very limited number of studies
are available where the interaction of both non-response and measurement errors are studied jointly.
Azeem (2014), Kumar et al. (2018) proposed a class of estimators for estimating the population mean
in the presence of both non-response and measurement errors in case of stratified random sampling
by utilizing two auxiliary variables which are highly correlated with the variables under study. Fur-
thermore, Azeem and Hanif (2017) and Zahid and Shabbir (2018) have also studied the effects of
both non-response and measurement errors on estimating the population mean. Kumar and Sharma
(2020) also studied the joint effects of non-response and measurement errors using a double sampling
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scheme. In the present paper, we study the joint effects of non-response and measurement errors of
population mean in two-phase successive sampling.

2. Sampling and Notations Used

Consider a finite population of size N, which has been sampled over two occasions. Let x and
y be the study variables on the first and second occasions, respectively, with non-response and mea-
surement errors assumed on both occasions. Let z be an auxiliary variable with unknown population
mean and has positive correlation with variables x(y) on the first (second) occasions, respectively. To
estimate the population mean of auxiliary variable z, a preliminary simple random sample without
replacement (SRSWOR) S/ of n' units is drawn on the first occasion and information on z is col-

lected. Further, a second-phase sample of size n (n < n/) is drawn from the first phase (preliminary)
sample units by the method of SRSWOR and the information on the study variable x is collected.
A random sub sample of size m is retained (matched) from the second-phase sample selected on the
first occasion for its use on the current occasion. A preliminary sample of size i is drawn from the
non-sampled units of the population by the method of SRSWOR and information on z is collected to
estimate the population mean of auxiliary variable z on the current occasion. Then, a second-phase
sample of size u = (n—m) = nq(u < u') (u = n) is drawn from the first phase sample and the infor-
mation on study variable y is collected. Complete response studies rarely available in practice, many
survey studies suffers from the presence of non-response and measurement errors simultaneously. For
non-response, dividing the population into two classes, in the first class those who respond and in the
second class those who do not respond and the size of these two classes are N| and N,, respectively.
Again from sample units n; units respond and 7, units do not respond. Similarly, from unmatched
and matched portion u; and m units respond and u, and m; units do not respond, respectively. Again
a sub-sample of size nyy (= "f ,k > 1) units are drawn from the non-respondents class of the sample
units, where k is inverse sampling ratio. Similarly, u, (= "f,k > 1) and myp (= %,k > 1) units are
drawn from the non-respondents class of the unmatched and matched portion of the sample, respec-
tively. Also, we consider the presence of measurement error along with the non-response associated
with the sample units i.e. V; = x; — X; , U; = y; — Y; ; for both occasions, which are random in nature
with mean zero and population variance S and S7. Here we use the following notations

x(y): the study variables on the first (second) occasion.

Ux (Uy): the population mean of study variables on the first (second) occasion.

Uz: the population mean of auxiliary variable z.

Myms Myus Mams Hoxns Hzn and piy,: the sample means of the variables y, x and z, respectively
based on respective sample size shown in their subscripts.

uy (p,): the sample means of auxiliary variable based on sample of size n and i, respec-
tively.

Pyx, Pyz and py;: the population correlation coefficients between the variables shown in their
subscripts.

S)ZC, S§ and Sf: the population variances of the variables x, y and z, respectively.

Pims B, (s f17,): the sample means of the respective variables based on non-response
and measurement errors in the second phase sample of size u, m and n on first (second) occasions,
respectively.

3. The Proposed Class of Estimators

Inspired by G. N. Singh and et al. (2017), a class of estimators, say é* of the population mean
Uy of the study variable y on the current (second) occasion when the population mean of auxiliary
variable z is unknown has been proposed. The proposed class of estimators é* is a convex linear
combination of two distinct classes of estimators é,j‘ and é,j‘, are defined as

E =9l +(1-0)E; (1)
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where ¢ (0 < ¢ < 1) is an unknown scalar (constant) to be estimated by the minimization of the mean
square error of the estimator é *.

The class of estimators E; is based on the current sample S, of size u drawn on the current
occasion, and the class of estimators é,,’; is based on the sample S,, of size m drawn on matched
portion of both occasions.

A class of estimators é; which is based on unmatched sample of size u units drawn on current
occasion as

é; =F (ﬂ;m”zua/-‘zu/ ) (2
We consider the composite function F'( /fty*u, J T ;,Lzu/) as one to one function of [ft;fu, Mz, and g r such
that
9F(ﬂ;mﬂzu,#m’)

- =1 3
I,

(W .Mz Hz)

F(uy, Uz, uz) = ty =

and satisfy the following regularity conditions

(i) Anything chosen in samples, ( By Mz uzu/) assume values in closed convex subspace R* of three-
dimensional real space containing the point (uy, tz, Uz).

(ii) The function F(fly,, Lz, 'uzul) is continuous and bounded in R>.

(iii) The first and second partial derivative of F (1}, lzu, ”zu’) exist, continuous and bounded in R>.

The estimator é,j is very wide in the sense for any parametric function, F(fy,, tzu, /.Lzu/) satis-
fying above regularity conditions with F(uy, Uz, llz) = Uy to give an estimator of ty. Such as, the
following ratio, product and exponential type estimators of fy are the members of the classes &.

A~k ﬂzul ~s Mz A~k A~k ("lzuliﬂw)
nh=u, o = Uy, 3=y, + o (W 1+ — Uy ),t4a = Uy, — ),
P T g B kg = Hauhota = By exP((uzu' + uzu))

Ak (l’lZu - l'Lzul) ~x [ Mz \ 2 Ak Mz \ 93
15 = “yuexp ( (,uzu + ,uzu’) ) N lJ'yu (uzul ) i = :uyu 2— (‘uw/ ) )

nox I lJ’Zu’ ok IJ/ZM/ ‘LLZH, 2
3= [, o =, | os—— 4 (1 — ot )

8 =Hy L, +(x4(,uzu—uzu,)} 9= H, [ 5 Lo ( 5)('112“)

2
o= B, o6 1+ (1— ) (1) ],mﬂ;;

un

/
u u u

o7+ (1 —ay) qu]’
u

otz + (1 — o)Ly

u

- [ . | oo, (1= Qo)
1y = [y, a8+(1—a8)5z,]’t13:“yul - :

where ;(i = 1,2,3,...,9) are suitably chosen constants so that the mean square errors of the above
estimators may be minimum.
Similarly, for matched portion on current occasion, we propose another class of estimators &

€ = G s s e 1L )- @)

For any chosen sample, é,f, = G5 5 55 Bz ,uzn/) assume values in closed, bounded con-
vex subspace R> of five-dimensional real space containing the point (Ly, L, ly, Uz, lz), Where
G55 D s Bons 1, ) is @ composite function (fy,, 5, A, Men, M,y ), such that

IG(s s Bl s 1,1 )
i

G(uy, bx, Ux, Uz, hz) = ty = =1 5)

(Ky s x ,Mx 51z, 1z
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and satisfy the following regularity conditions that are similar to those given for function F ({1, tzu, K, )

in Eqn. (3). Following are the members of the classes é,jl as

o B B e
S1 :I'Lym ﬂin 'uzzn = o 'ain 'uZ"l , 83 = o 'ax;n f?
xm n xm Fzp xXn n
~ ok A~k A~k My A~k 'a*n*ﬁ;m ‘uzn/
S4:[u~n+b1(u -0 )}i,Ss:u exp(ﬁ)*’
o o o Hzn o My +nuxm Hzn
~ % A% Ak M, — Hen A% :a*nina)ﬁcﬁm ”Zn/i‘u“m
= [ e (212 s e (Bl b
m n o l'LGl + Hzn o Hyn + Hm ‘uzn/ + Hzn

|:ﬁ:n +b3(1, — l»tzn)] 59 = fLin + by {ﬁ;n

zn

fy
_ “ym

B R b+

1y *
Hym

L + b6(.um’ — Uen)]’

S10 = ﬂ;m +bs [(ﬂ;n - :a;m) +b4(.uzn - .uzn’)] 811 = ﬁ)*m [

N
Ak .u'Zn Ak

S12 :ﬂ;m+b7 |:y'xn _.uxm:|aetc'

’
n

where b;(i = 1,2,3,...,7) are suitably chosen constants.
To obtain the bias and mean square errors of proposed class of estimators £* and & are derived
up to first order of approximation such that

cw _ Wilyuy by, oy P Hymy M2y,

U » Fym )

u m
~s My Fmalhmy, Ay Ny + 12 tyny,,
xm T m »ixn T n ’

Lym . — Lym . — Lym — 1 yin2
iy Ljm 1 Vo Momy = 5 Xiy X Mony = 57 Xy Xk Mywgy = 32 X2 Vs

mpp _ 1 2
Zr=1 Xrs Honyy = o Zs=1 K-

_ 1 yu
where Ly, = - Xl Vis Hymy

_ 1 mpp _ 1
Hymy, = mpy Zr:ly ry My, =

Mpp

Again, here
Py = My + @5, A, = My + @5, g, = Px + OFy, L5 = Hx + @ o = Hz(1+€1),
W =Hz(1+ &), o = pz(1+ &), 1 = pz(1+ &),

05, = Jo (Ot Q). 0 = T (O + Q). Oy = o (O + OV ), 05y = = (Oun + Oyn),

Oy = Xy (Y = py), @m = =X (= py), 0 = = XL (X = ix),
O = ﬁz?:l (Xi* *“X)’ Oyy = ﬁﬂ":l Ui, oym = ﬁzlmzl U, O = ﬁﬂ-’; N
Ovi= LTI VLU = i,V = (- X),

such that
E(w;u) = E(w)*m) = E((D;m) = E(w;n) =0;

E(o;,) = upB* E(0},)° = ppb", E(a},)* = IRE", E(a},)* = tze"=E (0}, 05,).
E(@;,,0},) = ty ix D*, E(0},0%,) = fty xd”.

Also, E(g)=0;i=1,2,...,4.

E(e))? = CL E(8)? = /,C2 = E(e18), E(&3)% = fC2, E(&4)? = f C2 = E(&384),
E(a);fue]) = LZfZPyszCZv E((O;u&‘z) = ,%Zfépyzcycm

(@}3) = 2= [P Cor E(0384) = 2 f Py.C,Cs

(03,83) = 1 fPC:Ce = E(0},83),

( )

/
Wyn€4) = J?f Px:CiC; = E(@},€4),

o

t



44 Thailand Statistician, 2024; 22(1): 40-49

where, 0 ZWz(k— 1),W2 =N2/N,
L= fi=G=3) f=G=a)h o= G f =G —w)

B = {fZ(C ? +CU2) + f,’(Cf(z) +C2 )}, b* = {fl(cy2+CU2) + %(CyZ(z) "‘C[Z/(z))}’
E*={fi(C2+C*) + S,(C)%(z) +C2 et ={f(C 2+Cv%) + %(C)%(z) +C12/(2))},
D = {fl (p)XCVC + ,?,(p)x C )} = {f(p}xc C )+ g(Pyx(z)Cy(z)Cx(z))}

4. Bias and Mean Square Error

The class of estimators ’g'A,;‘ express in term of expected values, we expand F (fl,, Uz, L,/ ) about
the point (Uy, Uz, z) in third order of Taylor’s series expansion and we have

F (g Mas ey ) = F (Wy s Mz, Mz) + (fy, — Hy )A1 + (B — Hz)A2 + (1, — Hz)A3
1 A~k Ak
+ 3 { (g — ty )*Art + (e — tz) Az + (W, — 1z)*Ass + 2(fag, — py)

(Mau — pz)Ar2 +2(fy, — py ) (M, — Hz)A13 + 2(Ha — Mz) (L, — Hz)A23 }

1 J J J 3
7~ (5, — I x u 5, ! ’ F (L, Y us /
+ 6{<uyu Hr)> At (Meu = Hz) 5 =+ Wy = Hz) 5 } (Bus My By ) +
where

aF(ﬂ;m“zua”zu’) Ay = 3F(ﬂ;w.uzmlim/) Ay = aF(ﬂ;uauzuauzu’)

o ol ou’
Hyu (W Mz Hz) He (W uz.Hz) Hau (W Mz Uz)
and (Ay1,A2,A33,A12,A13,A23) are the second derivative of F(,ﬁ;‘u, Uz [Jw/) at point (Uy, Uz, Uz).

A=

Under the mentioned conditions of F (i, tzu, ,uzu/) in Eqn. (3), it is noted that

2
F(Qyy, Heus ) = Wy = A1 = landAyy = WF(:&;WMZMNZM’) =0.
e (K \Hz,1z)

The population mean uy of the auxiliary variable z is unknown, so we have impose the con-
straints as

Then, the expression of é; up to the first order approximation is shown as

& = F (st ) = By + @)A1+ HizAo e — &)

1
+ 3 {M22(812A22 + 3433 +2€18423) + 20 bz (1412 + 82A13)} (6)

Similarly, the expression of E,’:, up to the first order approximation are derived as

gr;l; = G(ﬂ;nna;mvﬂ;n7uZﬂ7uzn’) = Uy + w;mjl + (w;:m - w;n)jz +‘U.Z(£3 - 84)j4
1 N : . :
+ E{( )22+ (@5,)% 33+ 2( 05, 05,) 23 + z” (€3 jaa + €7 jss + 2634 jas)
+ 2(mymwx )]12 + z(w;mw;n)jw + Z“Z(w;m83jl4 + w;m84j15)

+ 2z (0,3 24 + 0}, €4 o5 + OF, €3 34 + @ £4J35)} @)
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where G(ﬂ;’mﬂ;mﬂ;mﬂzm“m’) =W =ji=1

. 9G(I~1;m7ﬂfm7ﬂ;ml~lzn,ﬂzn')
2 i ’
(Ly ,pix s kix Pz 1z
. aG(%*vmv#;mvﬂﬁn,szl«lm’)
B I, ’
(Hy i s 1ix Pz 1z
. aG(“;mhu;mv“;na“znaﬂzn')
o Lz ’
(Hy s s 1ix Pz 1z)
j aG(“;mv s s e, “an)
5= 7
0
Han (Hy s s 1ix Pz pz)

Here, we imposed the constraints jo = —j3, js = —js and (j22, j33, a4, 55, 235 J45, J125 7135 J145
J15, J24, J25, J34, j35) are the second-order partial derivatives of G(,a;fm, D Wans ‘uzn/) at the point

(Hy, lx, Mx Mz, Uz).- R
Taking expectations on both sides of Eqns. (6) and (7), we obtain the bias and MSE of (§*) upto
the first order of approximation as

B(E") = ¢B(&;) + (1 - 9)B(&;)
MSE(E) = ¢°MSE(§;) + (1 - ¢)°MSE(&})

where B(E}) = E(&} — py) = Lu3C2{ A + f5(As3 +2423)} + .G, Co (oA + frA13).
R X 1 ,
B(E;) = E(&y — ) = 5 [ME{E o2 €' jas +2€" s} + WZCH{Fjaa + f (s +2as) )]

+ Uy ux {D* 1o+ d* 13} + Py CCol fira+ f 1s)
+ pCeCo{ f (jaa + ja) + f (s + jas)}

MSE(E)) = E(&; —wy)? = m3AIB + u2A3(fo — £2)C2 +2A142(f2 — £5)Py:CyC: ®)
MSE (&) = E(&) — py)? = ud jib" + 13 3(E* — ") + 12 j3(f — f)C?
+2j1jopy ux (D" —d¥) +2j1j4(f—f )Py:CyC: ©)

The estimator é; and é,;; are based on two independent samples of size u and m respectively,
therefore the covariance has been ignored, i.e. C(§F, &%) = 0.

To obtain the minimum MSE of éj and é,j;, we differentiate Eqns. (8) and (9) with respect to Az,
Jj2 and j4 and equating to zero, respectively, we get

Cy 1 . . [,Ly(D*—d*)
= —pp2— =jjand jp= -1
pyz Cz ”% J4 J2 ,LlX(E* —6*)

Substitute the value of Ay, j, and j4 in Eqns. (8) and (9), then we get the minimum mean square
error of the proposed estimators &* as

MSE(E*)in = 0°MSE (&) —¢)’MSE(£ (10)

min ( )mm

where

py(D* —d*)* 1

. 1 / . . /
MSE(& )mm Pp)?z(fZ_]%)C)% and MSE(ém)min :“l%b - (E* _e*) Ppyzz(f_f )Cy2
yA yA
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The minimum MSE of é* in (10) is depending on unknown constant ‘¢’, then we differentiate it w.r.t
‘¢’and equating to zero, we obtained the optimum value of ‘¢’as

A

MSE(&YZ)mm
MSE(éu*)mm +MSE(§r:;)min

(Popt =
After substituting the optimum value of ¢, in (10), we get the optimum mean square error of the

class of estimators &* as

MSE(E))
MSE (&)

min

MSE (") opt =

MSE( Artl)min
+MSE (&,

min min

5. Efficiency Comparisons

To check the performance of the proposed class of estimators é * in the presence of non-response
and measurement errors, we compare it with complete response situations. The percent relative effi-
ciency of the proposed estimators are calculated with respect to complete response estimator 7, which
is defined as

T=YT+ (1—y)T,

where T, = Uy, Tn = @um and y(0 < y < 1) is an unknown scalar to be determined by the

"X
minimization of mean square error of the estimator 7.
The minimum mean square error of the estimator 7 up to the first order approximations is ob-

tained as
V(t,).MSE(t,)

V(1) +MSE(t,)’

where V(1,) = uj 2G>, MSE(t,) = uf[fiG* — fH*], G* = (C? +C? —2p,,C,C,) and H* = (C? —
20 CyCx). R
Thus, the percent relative efficiency E, of the proposed class of estimators &* with respect to the

estimator 7 are given as
MSE(T)mir
PRE(E) = ﬂ x 100.
MSE(E*)opt

MSE(T)mm =

6. Simulation Study

For numerical analysis, we have simulated the theoretical result using R software. For this we
generate an artificial population of size N = 2000 from normal distribution by Z = rnorm(N, 15,8),
Y =1+43*Z+rnorm(N,0,1) and X = 1 +2.5*Z+ rnorm(N,0, 1). Further on first occasion, a random
sample of 700 units is selected for first phase and then another random sample of 450 units is selected
from first phase units. Again on second occasion, a random sample of 550 units for first phase and
then we take different sample size from first phase units on second occasion and similarly, we take
different sample size for matched portion. Also, there is a measurement error having mean 0 and
standard deviation 3 employed. The percent relative efficiency (PREs) of proposed estimators with
respect to complete response for different values of m,u,q and k. The results are shown in Tables 1
and 2, respectively.

It is envisaged from Table 1 that for m > u, the value of PRE decreases with the increases in
the value of ‘k’. Also, the PRE decreases with the increases in the sjze of matched units ‘m’and
unmatched units ‘w’with m > u. For m > u, the proposed estimator ‘£*’performs better in case of
higher non-response rate. Similar pattern of the performance of the proposed estimator ‘é*’in term
of having PRE is found for different values of ‘g’and ‘k’in Table 2 as Table 1 under the condition
m < u. But for m < u, the PRE’s are less as compared to case of m > u.
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Table 1 PRE (E) of estimator &* with respect to estimator 7, when m > u

q=03
m u k=2 k=3 k=4 k=5
10 5 137.1248 129.3899 122.5450 116.3239
11 7 131.6873 124.2591 117.6856 111.7110
129 128.0486 120.8257 114.4340 108.6239
13 11 1254397 1183641 112.1028 106.4103
q=0.5
m u k=2 k=3 k=4 k=5
10 5 137.0650 129.3284 122.4771 116.2279
11 7 131.6216 124.1923 117.6131 111.6119
129 1279778 120.7541 114.3572 108.5214
13 11 125.3641 118.2880 112.0218 106.3042
q=0.7
m u k=2 k=3 k=4 k=5
10 5 137.1110 129.3843 122.5536 116.3236
11 7 131.6713 124.2512 117.6917 111.7085
129 127.0309 120.8161 114.4383 108.6195
13 11 1254205 118.3529 112.1058 106.4042
q=0.9
m u k=2 k=3 k=4 k=5
10 5 137.0227 129.2977 122.4401 116.3315
11 7 131.5842 124.1657 117.5804 111.7145
129 1279433 120.7300 114.3270 108.6241
13 11 1253315 1182654 111.9932 106.4076

Table 2 PRE (E) of estimator £* with respect to estimator 7, when m < u

q=0.3
m u k=2 k=3 k=4 k=5
6 9 1146629 108.1936 102.4649 97.2825
7 11 113.8522 107.4288 101.7409 96.5937
8 13 113.2726 106.8820 101.2235 96.1010
9 15 112.8352 106.4694 100.8331 95.7290
q=0.5
m u k=2 k=3 k=4 k=5
6 9 114.6545 108.1818 102.4478 97.2449
7 11 113.8378 107.4113 101.7183  96.5507
8 13 113.2525 106.8592 101.7183 96.0528
9 15 112.8097 106.4414 100.8002 95.6757
q=0.7
m u k=2 k=3 k=4 k=5
6 9 114.6620 108.1965 102.4698 97.2939
7 11 113.8496 107.4302 101.7451 96.6034
8 13 113.2683 106.8820 101.2270 96.1090
9 15 112.8294 106.4681 100.8361 95.7354
g=09
m u k=2 k=3 k=4 k=5
6 9 1146380 108.1780 102.4368 97.3039
7 11 113.8213 107.4071 101.7071 96.6124
8 13 113.2359 106.8544 101.1840 96.1172
9 15 1127928 106.4361 100.7882 95.7428
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Further, it is observed from Table 2 that the PRE’s are less efficient for k = 5 with respect to complete
response estimator ‘7’.

7. Conclusion

In the present paper, we have suggested a general class of estimators for estimating the pop-
ulation mean of the study variables in successive sampling when the population mean of auxiliary
variable is not known in current occasion. The properties of the proposed estimator ‘€*’has been
studied to the first degree of approximation. We have compared the efficiency of the proposed esti-
mator with respect to the complete response estimator. Simulation study also carried out to support
the theoretical results, which shows that the proposed estimator ‘€*’is highly efficient for higher re-
sponse rates. It is also observed that the proposed estimator out performed in terms of PRE when
m > u and smaller values of ‘q’as compared to m < u. So, we conclude the presence of non-response
and measurement errors are heavily affecting estimators and the proposed general class of estimators
are recommended for use when non-response and measurement errors occur in successive sampling
surveys.
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