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Abstract

In this article, we have proposed a new continuous model called Modified Topp-Leone distribu-
tion. One of the main features of this model is that it has only one parameter but contains varieties
of shapes for density and hazard rate functions. We have discussed its various impressive properties
like heavy-tailed behavior, mode, moments, quantile, median, skewness, kurtosis, moment generating
function, mean deviation, various inequality measures, mean residual life, expected inactivity time
function, weighted moments, entropies, and various other important reliability characteristics includ-
ing stress-strength reliability, hazard rate, survival function, stochastic ordering, and order statistics.
The parameter estimation of the proposed model is discussed in the classical and Bayesian paradigm.
In classical point estimation, we have used the method of maximum likelihood, ordinary and weighted
least squares, Cramer-Von-Mises, and the method of maximum product of spacings. The asymptotic
distribution of the maximum likelihood estimator is also provided and it is used to develop the asymp-
totic confidence interval. In Bayesian estimation, we have used informative and non-informative pri-
ors under symmetric and asymmetric loss functions to obtain the Bayes estimator of the unknown
parameter. The highest posterior density interval of the parameter is also obtained. An extensive
simulation study is presented to the assessment of the different estimation procedures. In the end,
three real datasets are examined to show the utility of the proposed model in the real world.

Keywords: Least squares estimation, lifetime data, maximum likelihood estimation, maximum
product of spacings, Topp-Leone distribution

1. Introduction

Lifetime data modelling is important in a variety of applied fields, including biomedical, reliabil-
ity engineering, economics, and actuarial science. In view of this, an enormous amount of attention in
statistical literature is given to lifetime distributions and their applicability to real-world occurrences.
The continuous lifetime distributions have evolved rapidly during the previous few decades. Gupta
and Kundu (1999) introduced generalized exponential distribution to provide more flexibility over
baseline exponential distribution. This model has decreasing and unimodal shapes for the density
function and its hazard rate can take increasing and decreasing shapes. Nadarajah and Kotz (2006)
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proposed beta exponential distribution by using the beta-G class. Its density can have decreasing and
unimodal shapes whereas the hazard rate can exhibit decreasing and increasing shapes. Nadarajah et
al. (2011) developed Nadarajah-Haghighi distribution to model increasing, decreasing, and constant
hazard rate function (HRF). Bidram et al. (2013) presented new generalized exponential geomet-
ric distribution. They showed that this new generalization of the generalized exponential geometric
model can be used to fit increasing, decreasing or bathtub (BT) shaped failure rate. Chaubey and
Zhang (2015) pioneered exponentiated Chen distribution with increasing and BT shapes hazard func-
tion. Ekhosuehi and Opone (2018) coined three-parameter generalized Lindley distribution and they
have illustrated that the proposed model is useful to model increasing and decreasing failure rates.
Choudhary et al. (2021) developed new extended modified Weibull distribution with increasing, de-
creasing and BT shaped hazard function. El-Morshedy et al. (2021) derived type I half-logistic odd
Weibull-G family and discussed its usefulness in the engineering field. Recently, Tyagi et al. (2022)
proposed power xgamma distribution with applications to cancer data.

Inverted (inverse) distributions are another type of distribution that has been proposed in the
literature by employing inverse transformations to well-known random variables (RVs). Such dis-
tributions have distinct features of density and hazard rate shape, and they may also be used to the
(lifetime) phenomena, which the non-inverted distribution cannot study correctly. For further infor-
mation on the concept, theory and discussion about inverted distributions, one can refer to Keller
and Kamath (1982), Sheikh et al. (1987), and Lehmann and Shaffer (2012). There are well-known
univariate continuous inverted models in the existing literature, for example, inverted Rayleigh dis-
tribution proposed by Voda (1972); inverted Weibull distribution introduced by Keller and Kamath
(1982); inverted gamma model pioneered by Lin et al. (1989); inverted Lindley distribution devel-
oped by Sharma et al. (2015); inverted power Lindley by Barco et al. (2017), and inverted Nadarajah-
Haghighi distribution invented by Tahir et al. (2018), and the references cited therein.

Topp and Leone (1955) introduced the Topp-Leone (TL) distribution and described how it might
be used to represent the lifetime data. After a long silence, Nadarajah and Kotz (2003) show that even
with a single parameter it can produce a U-shaped hazard rate. The data from human populations may
be effectively modelled using lifetime distributions with a U-shaped hazard rate. This is attributed
to high newborn mortality rates (due to diseases and birth abnormalities), a nearly constant death
rate until the thirties, and a high death rate thereafter. The same patterns may be seen in certain
manufactured goods as well. The TL distribution, unlike the lognormal and gamma distributions, has
a closed-form distribution function and a HRFE. The TL distribution’s enticing properties have lately
piqued academics’ interest, prompting them to examine it for modelling and predicting lifetime data.
Some of the recent studies concerning the TL model and its modifications can be found in the works
of Al-Zahrani and Alshomrani (2012), Genc (2013), Bayoud (2015), Reyad and Othman (2017), and
Sharma (2018). Recently, Chesneau et al. (2021) proposed an extended TL family of distributions as
an alternative to beta and Kumaraswamy type distributions and Ikechukwu et al. (2021) developed
Type I TL generalized power Ishita distribution.

Although the TL distribution with one parameter produces a U-shaped hazard rate, it is not
much flexible due to the domain restriction of RV X to (0, 1). Therefore, in many fields including
lifetime data analysis, it is not widely applicable. Such limitations motivate us to develop a new
form of TL distribution. Therefore, in this article, by using an inverse transformation of type ¥ =
X /(1 —X), we have proposed a new type of TL distribution, the so-called Modified Topp-Leone
(MTL) distribution. The main objectives of proposing the MTL distribution using the transformation
Y = X/(1 — X) are as follows:

e With this transformation, our primary goal is to broaden the domain of the RV while keeping
the same number of parameters, so that a greater variety of data can be studied.

e For mathematical and computational ease, our aim is to invent a distribution whose various
distribution characteristics, including probability density function (PDF), cumulative density
function (CDF), stress-strength reliability (SSR), etc., have nice closed-form expressions. Such
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qualities are rarely observed in well-known existing models.

e To design a model whose PDF and HRF may take on multiple forms for different values of the
parameter, allowing us to fit a broad variety of real data from different fields.

e Another important objective of this article is to construct a model that can consistently produce
better fits than other developed continuous distributions using the same baseline model and
other popular continuous distributions available in the existing literature.

The rest of the structure of this article is as follows. In Section 2, the MTL distribution is presented.
Section 3 contains various important statistical properties of the proposed model. In Section 4, vari-
ous classical point estimators as well as asymptotic confidence intervals (ACIs) have been discussed.
Section 5 deals with the Bayesian estimation under informative and non-informative priors with dif-
ferent loss functions. The highest posterior density (HPD) intervals are also provided in Section 5. A
comprehensive simulation study is presented to access the behavior of different estimation techniques
in Section 6. In Section 7, three real data examples are used to show the practicability of the proposed
model to study real-world phenomena. In the end, some concluding remarks are given in Section 8.

2. Modified Topp-Leone Distribution
The PDF and CDF of continuous TL distribution are as follows:

flz,a) =2a(1 —2)2z —2)* H0<z < 1,a >0, (1)
F(z) =2z —2%)%0< 2z <1,a>0. )

An RV Y is said to follow MTL distribution if we use the transformation Y = X/(1 — X),
where X has TL distribution with PDF (1). The PDF of RV Y can be written as

fly,0) =2a(1+y) 22y +3*)* 10 <y < o0, 3)

where o > 0 is a shape parameter responsible for the different shapes of density in (3). The limiting
behavior of the PDF can be obtained as:

2, a=1
lim f(y) =0 and lim f(y)=<¢ 0; a>1
ymreo v=0 o0o; a<l
The CDF corresponding to the PDF can be written as
2 +y? )
Fiy)= [ 2272 ) y>0.a>0. )
(1+y)

Figure 1 presents the different shapes of PDF and CDF of MTL distribution. From this figure,
we can easily observe that the density of the MTL model can be decreasing and unimodal (rightly
skewed). Also, we have noticed that as we increase the value of «, the shape of the PDF rapidly
changes from reversed-J to upside-down bathtub-shaped. For large values of «, the shape of the CDF
gradually increases towards 1 compared to smaller values of a.

3. Statistical Properties
3.1. Heavy-tailed behavior

The tails of heavy-tailed distributions are not exponentially bounded, implying that they have
longer tails than the exponential distribution. Mathematically, a distribution with CDF F(y) is said
to be heavy-tailed, if the following equation holds,

lim exp(ky)[1 — F(y)] = o0; & > 0.
Yy—00
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Figure 1 The various shapes of PDF and CDF of MTL distribution for different values of o

Using the above equation for the CDF of MTL distribution, we get

lim exp(ky)[l — F(y)] = lim exp(xy) ()™= 2y+y?)”

: = 0.
y—00 y—>00 (1+y)? }

Hence, we can say that the MTL distribution is heavy-tailed. Also from Figure 1 (left panel), we
can easily observe that the proposed model has a heavy-tailed (right-tailed) curve.

3.2. Mode
The mode of a probability distribution is the point at which the PDF attains its maximum value.
The mode of MTL distribution can be obtained by solving the following equation
01 -1 2 1 -1
og f _«a 20+ n Q —0
oy Y 1+y 2+y

Now, by solving the above equation for ¢, we can get the mode of the MTL distribution as

1
Mode:—1+§\/6a+3;a>1. 5)

Hence, MTL distribution is a unimodal distribution. For some specific values of the parameter,
Table 1 lists descriptive statistics of the MTL distribution, including mode. This table concludes that
the mode increases as the value of « increases.

Table 1 Descriptive statistics of MTL distribution for some choices of parameter «

« Mean Median Mode MD(u) MD(m) Skewness Kurtosis
0.5 05707 0.1547 - 0.6613  0.1075  0.4910 1.7855
1.5 13561 0.6439 0.1547 1.2537 03417 0.3558 1.6156
2.5 19452 1.0321 04142 1.6492 04890 0.3342 1.5956
35 24361 1.3592 0.6329 19671 0.6029  0.3257 1.5879
5.5 32521 1.9060 1.0000 2.4836 0.7832 0.3185 1.5813

3.3. Quantiles, median, skewness and kurtosis
One method to specify a probability distribution is to use the quantile function (QF). In both

statistical applications and Monte Carlo techniques, it is a frequently used statistical tool. The QF of
the MTL distribution, denoted by ()(u), can be derived by inverting the CDF (4) as follows:

Qu)=—-1+1—-u/")"V20<u<1, (6)



76 Thailand Statistician, 2025; 23(1): 72-96

where U follows Uniform distribution with support (0, 1). Particularly, the first quartile ()1, the
second quartile ()> (or median), and the third quartile ()3 can be obtained easily by putting 0.25,
0.50, and 0.75, respectively.

Kenney and Keeping (1962) and Moors (1988) provided the famous expressions for skewness
and kurtosis based on the quantiles. One of the most notable characteristics of these measures is that
they are less influenced by outliers and may be computed even for distributions without moments.
The expression of skewness (Sk) by Kenney and Keeping (1962) is given by

Q(3) +Q(3) —2Q(3)
Q) -Qz)
The Moors kurtosis proposed by Moors (1988) can be presented as
Q(F) - Q(3) +Q(F) — Q(§)
Q(}) - Q(3) '
Using Equation (6) in the above expressions, one can easily obtain the Sk and Ku for the MTL

distribution. For some specific values of the parameter, Table 1 shows the median, skewness, and
kurtosis of the MTL distribution. We can infer from this table that

Sk =

Ku =

e Median increases as the value of « increases.
e Skewness and kurtosis decrease as we increase the value of a.
e From the calculated values of the measure of symmetry, we can say that the MTL distribution

is positively skewed.

3.4. Moments and moment generating function

The moments of a probability distribution are important for measuring its different properties
such as mean, variance, skewness, kurtosis, and so on. The ** row moment, say (.., of the MTL
distribution can be obtained as

M«:E[Y’"]:/O y" fy, a)dy

.y 0 yaJrT’fl(Q + y)()‘_ld
= 2a+1 Y
0 (1+vy)
—1

©y 0 )
=2« ) dy.
0 (1+4vy)

If |s| < 1 and d is a real non-integer, then we have

(1+s)d_Z:°_0<;.i)sj. )

If d is a positive integer, the above equation reduces to the binomial expansion. Using the above
power-series in (7), i1/, can be written as

© oo at+r—1
/ a—1 Y
W, =2« ( . ) / s —dy
r J_ZO ] 0 (1 + y)OH- +J
Finally, the expression for the r*" row moment of MTL distribution is
- a—1
/4:20‘2( ; )B(a+r,2+j—r);r:1,2,..., 8)

=0
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where B(a, b) is the Beta function with parameters a and b . From Equation (8), it is observable that
the rt" row moment exists if 2 + 7 > r . In particular, the mean of the MTL distribution can be
obtained by putting » = 1 in Equation (8) as

,u’le(Y):2aZ< ozj—l )B(a+1,j+1). )
=0

Unfortunately, MTL distribution does not have finite moments of order greater than or equal to
two due to the condition 2 + 5 > r;r = 2,3, ....

Table 1 includes the mean of the MTL distribution for some choices of the parameter «. This
table shows that as the value of « is increased, the mean increases as well.

The moment generating function (MGF) of the MTL distribution can be obtained as

e} a—1 ) a—1
My (t) = E[e?] = 2a / ety%
0 (1+y)
e tk 0 yk+a71 24y a—1
~2ay o Cro) 4,
k=0~ V0 (1+y)
Using power-series (7), My (t) becomes
M(t)—zaiiﬁ a1 Bla+k,2+j—k) (10)

Here, it is observable that the MGF (10) holds when 2 + j > k.

3.5. Mean deviation

The average absolute deviations from the mean and the median are known as the mean deviation
about the mean and the mean deviation about the median. These tools are critical for capturing
the spread of a population from a central point (like mean, median or mode). If p = E[X] and
M represents the mean and median, respectively, then mean deviation about the mean (denoted by
M D(y)) and mean deviation about the median (symbolized by M D(m)) can be defined as

MD(u) = Ely — | = / ly— ul F(y)dy
and -
MD(m) = E|y —m| = / ly — m| £ (y)dy,

respectively. The above measures can be calculated by the following expressions:

Ely—dl=[) (6 —y)fw)dy + [{° (y — 8)f(y)dy

=2[7 (0~ y)fw)dy =2 {6F©) ~ J7 yf )y} b

where § = p or M. Now, in the case of MTL distribution, consider

5 d atl-1 a—1
Y (2+7v)
I= dy =2 dy. 12

/0 yf )y CV/O (1 +y)2a+1 Y (12)
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Using power-series (7), expression (12) becomes

g e a—1 g yoti-t
I= / yf(y)dy = QO‘Z < j ) / otz %
0 j=0 0 (

1+vy)

z

By transforming y = {Z;

in the above integral, we get

= a—1 .
I:2ajz_:o( ; )B(a/(1+5),a+1,g+1),

where B(d/(1+ 9),a,b) is the incomplete Beta function. Therefore, using the final value of I in
Equation (11), we get the required measures for MTL distribution as

M) =2 [uF ) =203 (° 71 ) B+ a1+ 1)
=0

and

MD(m) =2 mF(m)—QaZ( O‘j_.l )B(m/(1+m),a+17j+1)
j=0

In Table 1, we have calculated M D (1) and M D(m) for some selected values of the unknown
parameter . As the value of « increases, so does the value of M D(p) and M D(m). It also confirms
the theoretical finding that M D(m) is less than M D(p).

3.6. Inequality measures of MTL distribution

Inequality measures are frequently employed in the socio-economic science to investigate the
distribution of income and wealth. The most widely used inequality measures in the literature are
Lorenz (Lorenz, 1905), Bonferroni (Bonferroni, 1930), and Zenga (Zenga, 2007) curves. These three
curves have the common property that they can be described using only the population mean and the
means of specific subgroups. The significant use of inequality curves is that they may be used to
establish various orderings that allow for inequality-based comparisons of distributions. Such com-
parisons within the same model enable an understanding of how inequality is affected by distribution
parameters. In this segment, we develop Lorenz, Bonferroni, and Zenga curves for MTL distribution.

The Lorenz, Bonferroni, and Zenga curves are presented, respectively, by

Jo 2f(z)d= i i i
L(F(y)="2""=F(y).5, B(F(y)=%, and A(y)=1- -+,
(F(y)) m ( )u (F(y)) m () e
where ji = it ;ng)dz = EYFS(Z()Y) and pt = fylj{z((z))dz = E(Y);?(/;”(Y) are the lower and upper

means, respectively. In the case of MTL distribution, we have

B Y o Y patl=l(gy ya—1

oo

a—1 .
A (7)) P e
=

and - -
1 200 za+lfl 2+Z a—1
“+:1—F<y>/y Zf(z)dZ:s(y)/y .
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Using power-series (7), the above expression becomes
[ a—1 o
+ 2 — a+1-—1
e () [
1 Yy

By putting z = -, we get

1—u’
< /0 Yty i
W= SQ%Z( j )/O 14+ 2)" e
j=0
_ 2y (a1 B(1 1):5+1 1
sl (1/(y+ 1)+ La+1).
=0

S (7 ) B/ pat it
Aply;a) =1- —7 - :
Fo S (7 ) B0/ Lat )

7=0

3.7. Mean residual life function

The mean residual life (MRL) function is used extensively in a wide variety of areas, includ-
ing reliability engineering, survival analysis, and biomedical research since it represents the ageing
mechanism. It is well known that the MRL function characterizes the distribution function F' uniquely
since it contains all of the model’s information. Let 7" be an RV with distribution function F' and if
E[T] < oo, then the MRL function of 7', symbolized by m(t) can be defined by

1 oo
t)=E(T —-tT>t) = ——— —t du.
m(t) = BT~ 4T > 1) = 15 [ (w0
If Y has MTL distribution with parameter « , then the MRL function of Y is

m(y) =E(Y —y|Y >y)

B )bt rna)]

=0

3.8. Expected inactivity time function

The expected inactivity time function or mean past life function (MPL) can be explained as the
expectation of the conditional RV (¢t — T|T < t) i.e., expected time elapsed from the failure of a
component given that its lifetime is less than or equal to time ¢. As with the MRL function, the MPL
function has applications in a wide variety of areas, including reliability theory and survival analysis,
actuarial research, and forensic science. Symbolically, MPL function is defined as

m*(t) = B(t — T|T < t) = Ftt) /0 (t — u) f(u)du.
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In the case of proposed distribution, the MPL function can be obtained as
m*(y) = E(y - Y[Y <y)

e () (e

=0

)—tB<1 y,ag+2>}

3.9. Probability weighted moment

The probability-weighted moments (PWMs) are the generalization of the ordinary moments and
may be derived for any probability distribution whose conventional moment exist. Typically, the
PWM technique is used in the estimation of unknown parameter of a probability distribution that has
a closed-form for the inverse CDF. If the RV Y follows MTL distribution then the PWM is given by

Nr,s = E [YTFS(yvO‘)]
- /0 yTF* (y, ) f (y)dy

—2a /OO yrrestamlg 4 gyt
0 (1 + y)2a3+2(x+1

dy.

Using power-series (7), 7, s becomes

as+a— 1 [e’e} yr+as+a71
s = 20 ( )/ arar -
Z 0 (1_|_y) +a+j+2
Hence,
s =2 Z(as—l—a )B(as—i—a—i—r,Q—i—j—r).

If we put s = 0 in 7, s we get the expression for 7"

24+j5>r.

row moment. Also, 7, s exist when

3.10. Entropy

In information theory, the entropy of an RV is the average level of information, surprise, or
uncertainty contained in the possible outcomes of that variable. One of the important entropy is
Rnyi entropy (RE) (Renyi, 1961). It is a crucial measure of complexity and uncertainty and is used in
many fields including problems identification in statistics, statistical inference, physics, econometrics,
and pattern recognition in computer science. For the MTL distribution, the RE can be defined as

(p>0,p#1)
plog [/OOO fp(y)dy]

1 oo, pa—p 2+ pa—p
= log (2a)p/ Y ( QEQ)JFP dy
L—p 0 (1+y)

Using power series (7) and proceeding with the simple steps of integration we get,

Ir(p)

o0

1 o — .
In(p) = = tox |20 S (270 ) Bloa—p+ 130+ 1)
=0

The above expression of RE for MTL distribution exists when 3p 4+ j > land p(1 —«a) < 1.
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A famous entropy called Shannon entropy (ShE) can be obtained as a particular case of RE as
p — 1, where ShE = —FEJlog f(y; «)] . Another important entropy in the literature is w-entropy and
it is defined as

H,(Y)= " L 1 log (1 - /000 fw(y)dy) , w>0andw # 1.

Therefore, in the case of the proposed distribution, the w-entropy is

1 = -
Ho(Y) = —— log 1—(2a)wz< “O‘j v )B(wa—w+1,3w+j—1)
j=0

3.11. Stress-strength reliability (SSR)

Suppose the RV Y be the strength of a system subjected to stress Ya, given that Y; and Y5
are stochastically independent RVs, then the parameter R = P[Y2 < Yi] is called SSR. The SSR
parameter has a wide range of applications in reliability theory, particularly in engineering concepts
such as various structures, ageing of concrete pressure vessels, static fatigue of ceramic components,
fatigue failure of aircraft structures, and the deterioration of rocket motors, etc. Because of the broader
scope of SSR, a significant amount of work has been done in recent years on the study of SSR
parameter (Goel and Singh, 2020). In the context of the proposed model if Y7 ~ MTL(c;) and
Y2 ~ MTL(as2) distributions, then SSR is

R=P[Y; <Y] = / PlYs < Y1|Y1 =y fv, (y1)din
0

— /O Fy, (y1) fvi (y1)dy

=2 /°° yr o2 4yttt
o (1 +y1)2((x1+o¢2)+1

dyl .

Hence, the SSR parameter is given by

aq
(651 + (65)

We can further explore the estimation of SSR parameter R using different techniques (Goel and
Singh, 2020).

3.12. Stochastic dominance
Stochastic ordering is a vital means of assessing comparable behavior in reliability theory and

other disciplines. Suppose Y and Z be two RVs with respective CDFs, survival functions (SFs), and
PDFs, as Fy (y), Fz(z), Sy (y) =1 — Fy(y), Sz(z) =1 — Fz(2), fy(y) and fz(z). The RVY is
said to be smaller than Z in the

1. Stochastic order (indicated by Y < Z) if Sy (y) < Sz(y) for all y;

2. Hazard rate order (indicated by Y <,,.Z) if Sy (y)/Sz(y) is decreasing in y > 0;

3. Likelihood ratio order (indicated by Y <;,.2) if fy (y)/fz(y) is decreasing in y > 0;

4. Reversed hazard rate order (indicated by Y <,,,.Z) if Fy (y)/Fz(y) is decreasing in y > 0.
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From Shaked and Shanthikumar (2007), the stochastic orders in (a)-(d) are linked and have the fol-
lowing implications:

(Y<mZ) < (Y<1,Z) = (Y < Z) = (Y < 2).

The following theorem shows that the MTL distributions are ordered with respect to the strongest
likelihood ratio ordering.

Theorem 1 Suppose Y ~ MTL(«y) and Z ~ MTL(«s). If a1 < g, then Y <;.Z.

Proof: Firstly, the density ratio

fY(yval)

P = (g )T )

Taking log on both sides we get

IOg <fY(ya al)

=\ —a2)%0 ? a; —og)lo .
fﬂ%aﬁ)( )log(2y +y7) + 2( )log(1 + y)

If oy < a2, we have % log (gg;’g;;) = (2§f1_1{)a§2$) < 0, this implies that ggzg;g is decreasing
in y and therefore Y <;,.Z.

3.13. Order statistics

In many areas of statistical theory and practice, order statistics (OSts) play a key role, thus their
study becomes vital for a newly formed distribution. Let Y7, Y5, ..., Y;, be a random sample from the
MTL distribution, and Y(l) < Y(Q) <. < Y(n) be the corresponding OSts. The PDF of uth OSts is
widely known as the following:

I (y) =

Pﬂ

E@?iEIT (7" ) et (13

Using Equations (3) and (4) in (13), we have

(o) ot y?)"
(1 + y)2a(u+j)+1 .

M |

9w () = (14)

Blu,n —u+1) nfqul

One interesting point that should be noted from Equation (14) is that the PDF of u!* OSts can
be written as the finite mixture of the MTL distribution.

Particularly, the PDF of the smallest OSts Y(;y = min(Y7, Y5, ..., ¥3,) can be obtained by putting
u = 1 in Equation (14) as

n—1 a(l+j)—1
(n—1Y\ (2y+v*)
9 (y) = 2nay (—UJ( - ) AT
a = Iyt

Moreover, the PDF of the largest OSts Y,y = max(Y7, Ya, ..., Y;,) can be derived by substituting
u = n in Equation (14) as
2y +y>)"
(1 + y)ZnaJrl ?

that means if Yy; k = 1,2, ..., n are independently and identically distributed (IID) RVs from MTL
() distribution, then maximum (Y}, ) also follows MTL distribution with parameter n«. This property
is very important to analyze the reliability characteristics of parallel systems.

9(n) (y) = 2n«a
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3.14. Survival and hazard rate functions
The SF and HRF of the MTL distribution are respectively given by

2% +42\
S(y)zl—((ly_:—yy)z> sy >0,a >0,

T — f(y) _ 2a(1 +y)_2a_1(2y+y2)@—1. -
(y) Sy) 41— ((2y+y2>(1+y)_2)a > 0,00 >

Figure 2 depicts various plots of SF and HRF of the proposed model. From the HRF plot, it
is easily visible that the HRF of the MTL distribution can be decreasing, increasing followed by
decreasing, upside-down bathtub shaped, and it approaches towards 0 as y gets larger. Numerically,
the limiting behavior of the HRF can be stated as

2, a=1

lim r(y) =0 and limr(y)=<¢ 0; a>1

yTreo y=0 0o, a<l
SF Plot HRF plot
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Figure 2 The various shapes of SF and HRF of MTL distribution for different values of «

4. Classical Estimation

In this section, we perform the point and interval estimation of the unknown parameter of MTL
distribution through the different important classical methods.

4.1. Method of maximum likelihood estimation
The method of maximum likelihood is one of the most often used classical point estimation
techniques. The maximum likelihood (ML) estimate is the point in the parameter space that maxi-
mizes the likelihood function. Its logic is both intuitive and adaptable, and as a result, it has become
a dominating approach to statistical inference.
Let y1,y2, ..., yn be a random sample of size n from MTL distribution with parameter «, then
the likelihood function can be written as
)a 1

s5)

n_n < yz 2 + Yi
L( =2" H 2a+1
1=1
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The corresponding log-likelihood (LL) function is

log L =nlog2+nloga+ (a—1) (Z:l logyﬁ—z log(2 + y; )

—@a+U§:¢J%O+ﬂﬁ. (16)
By setting the LL equation algg L equals to zero, the ML estimator of « can be obtained as
n -1
a=n[}" tog{+u) fuz+u}] a”n

It is interesting to observe that the ML estimator of « in Equation (17) has closed-form expression.
Also, the ML estimator & of « is consistent and asymptotically normal with \/n (Gap, — ) —

N(0,(7()), here () is
(@) = B (= s log f(;0)) = 5.

Therefore, the 100 x (1 — 7)% ACI for the parameter « is

R [0}
a+ Z'y/Q%a

where Z. /5 is the upper 7/2 quantile of the standard normal distribution and ¢ is an estimate of «
given in Equation (17).

4.2. Method of ordinary and weighted least squares estimation
Here, we present the regression-based estimation methods for estimating the model parameter.
These approaches are known as the ordinary least squares (OLS) and the weighted least squares
(WLS) estimation, and they were first suggested by Swain et al. (1988). The OLS and WLS estimators
depend on the combination of the non-parametric and parametric distribution functions.
Let Y1, Y5, ..., Y, be a random sample from the CDF F'(-) in (4), and suppose Y1., < Ya., <
. < Y., be the corresponding ordered values. Then, the OLS estimator of «, say &ors can be

achieved by minimizing
n

Vi =3 [Pl - ]

i=1

with respect to a.. Evenly, &o s can be determined by solving
n

}:Pm%ma%—Qi]ﬂ%ma)=&

= n+1

2yi:n + y2 : 2yzn + 92
Winia) = | ———3 | log| ——3|. (18)
(1 + yi:n)2 (1 + yi:n)2

The WLS estimator ayy s of o can be found by minimizing

" (n+1)*(n+2 i 17
E WF@mm) }-
~ iln—i+1) n+1

where

The estimator dyy 1,5 can also be obtained by simplifying the following equation

Z w |:F (yi:n; Ol) -

i(n—i+1)

ﬂ—‘rlj| g(yi:n; a) =0.
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4.3. Method of Cramer-Von-Mises estimation

The method of minimum distance estimates the unknown parameter by minimizing the distance
between the theoretical and empirical cumulative functions. Here, we use the Cramer-von-Mises type
minimum distance estimator due to the empirical evidence that the bias of the estimator is smaller than
the other minimum distance estimators (Macdonald, 1971). The Cramer-von-Mises (CVM) estimator,
say, oy s of the parameter « is obtained by minimizing the following function with respect to the
parameter c,

1 i 2 — 112
a®ﬂ%+ZFwWW—%}-
=1

The estimator &uoyp can also be derived by simplifying the following non-linear equation

n

P 2n
where £(y;.,; @) is given in Equation (18).

4.4. Method of maximum product of spacings estimation

For estimating the unknown parameters of continuous univariate distributions, Cheng and Amin
(1979) developed the maximum product spacing (MPS) method as an alternative to the method of
maximum likelihood. Ranneby (1984) separately developed this approach as an approximation to the
KullbackLeibler measure of information. Cheng and Amin (1983) demonstrated that this approach is
equally efficient as the method of maximum likelihood and consistent under more general conditions,
which motivate our choice.

Using the same notations mentioned in Section 4.2, define the uniform spacings of a random
sample from MTL distribution as

Dz(a) :F(yi:n;a)_F(yiflzn;a)7 1= 1727"'7”7

n+1
where F' (yo.n; ) = 0 and F (yp41.n|c) = 1. Obviously, > D;(a) = 1. The MPS estimator
i=1
G ps of the parameter « is obtained by maximizing the geometric mean of the spacings with respect
to «, or, equivalently, by maximizing the following function

1 n+1
(@) = g 2 Tox(Di(e)

The estimator &js pg can also be derived by simplifying the following non-linear equation

1 n+1 1
n+1 > Dy() [€(Yiins @) = E(Wi-1:ns )] = 0,
i=1 "

where &(y;.; @) is given in Equation (18).

5. Bayesian Estimation

Bayesian estimation becomes crucial if the experimenter has some prior knowledge regarding
the unknown parameter of the model. This information is represented by prior distribution, and after
incorporating this prior knowledge with experimental information in hand we draw the posterior
inferences about the unknown parameter. Here, we perform the Bayesian estimation by assuming
prior as gamma distribution with the following density

b

g(a) = F—babfle*m;a >0, (a,b) >0, 19)
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here, a and b are known as hyper-parameters. In the case of a = b = 0, the prior distribution (19)
switches from an informative prior (IP) to a non-informative prior (NIP).

From the economical aspect, the selection of an appropriate loss function is very crucial in the
Bayesian paradigm. There are various loss functions available in the literature, (Robert, 2007). Here,
we use the most common symmetric loss function, named a squared error loss function (SELF). It is
equally penalized over as well as underestimation due to its symmetric nature. If & is an estimate of
o, then, the SELF has the form L(cv, @) o (& — a)®. Thus, the Bayes estimator of « under SELF is
as=F (oz\y) , where the expectation is to be taken with respect to the posterior distribution of a.

The symmetric nature of a loss function becomes an issue if the over (under) estimation results
in more severe consequences than under (over) estimation (Calabria and Pulcini, 1996). Therefore,
in this context, we also use an asymmetric loss function known as a generalized entropy loss function
(GELF) (Calabria and Pulcini, 1996) which is defined as

Lo = (2) - ptog (2) -1

where p # 0. The constant p reflects the various shapes of GELF. It is important to note that, if p < 0,
the negative error leads to more severe consequences than positive error and vice-versa. The Bayes
estimator of o under GELF is

ag = [E (a*ly)] V" (20)

Additionally, for p = —1, the Bayes estimator in Equation (20) gets equivalent to the Bayes
estimator under SELF; for p = 1, it reduces to the Bayes estimator with entropy loss function (ELF),
and when p = —2, Bayes estimator under GELF coincide with Bayes estimator under precautionary
loss function (PLF).

In our case, using likelihood function in (15) and prior distribution in (19), the un-normalized
posterior distribution of v given data can be written as

n a—1 a—1
H(aly) & 0™ exp(—aa) | ()l

21
i=1 (1 +Yi

Thus, under SELF and GELF, Bayes estimators of « are respectively given by

00 (=1/p)

as :/a.n(a@da and Gg = /a‘”ﬂ(al@ dex
0 0

The explicit expressions for Bayes estimators &g and &g are not possible to obtain. Therefore,
we need some numerical approximation methods to compute the above integrals for . In this context,
we have utilized the Markov Chain Monte Carlo (MCMC) technique known as Metropolis-Hastings
(M-H) algorithm (Metropolis and Ulam, 1949; Hastings, 1970). The main feature of this algorithm
is that it allows us to simulate observations from the posterior distribution of the unknown parameter.
After eliminating the sufficient burn-in-sample and testing for convergence of the draws to their target
distribution, we make use of these values to obtain posterior sample-based Bayes estimators of the
unknown parameter under various loss functions. Also, by ordering these generated values, we can
obtain the HPD interval for the parameter o using Chen and Shao (1999) algorithm. We use the
following steps of the M-H algorithm to obtain a Bayes estimator of a:

1. Initialize an arbitrary value of « as ag and set ¢ = 1.

2. Generate o from the proposal distribution g(c; 1, ;) = N(é&;, 03 )) and u from Uniform
U(0,1). Here, we use &; = oy, and o3 is suitably chosen.
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3. Calculate the M-H acceptance probability P(c;_1, ) = min( Male) - alof, aiz1) )

(ai-1lz) — qlai-1,a7)’
and if u < P(a;_1, af) then o; = af, otherwise a; = ;1.

4. Seti=14i+1.
5. Repeat steps 2-4, m times, and obtain «;; ¢ = 1,2, ..., m.

6. Now, under SELF and GELF, Bayes estimators of « are respectively, obtained as
m m (=1/p)
s = —— > wadag = |-2— > o , where my is the burn-in
© i=mo+1 ® i=mo+1
period of the Markov Chain. Also, by setting p =1 and -2, we can obtain the Bayes estimators

under ELF and PLF, respectively.

dered values of auny+1, Qmg+2; ---s m. Then, by Chen and Shao (1999) algorithm, the 100 X
(1 — )% HPD interval for a is (Q(mg+i*)s Q(moti*+[(1—v)(m—mo)]))» Where i* is chosen so that,

To compute the HPD interval for o, let a(mo1+1) < Qamgt2) < o < Q) denote the or-

Qmo+i*+[(1—y)(m—mo)]) — X(mo+i*) = (mo+i+[(1—v)(m—mo)]) —

min (o
mo<i<(m—mo)—((1—7)(m—mo)]
Umoti))-

6. Simulation Study

In this sub-section, we observe the performance of different estimation techniques to estimate
the unknown parameter of the proposed model. This assessment consists of the following steps:

1. Using Equation (6), generate 1000 samples of sizes n=15, 30, 50, and 100 from MTL distribu-
tion with o = 0.5, 1.5, 2.5, and 5.0.

2. Compute the ML, OLS, WLS, CVM, MPS, and Bayes (under IP and NIP with SELF, ELF, and
PLF) estimates for the 1000 samples, say dgj;j =1,2,...,,1000; ¢ = ML, OLS, WLS, CVM,
MPS, and Bayes. Also, compute the 95% ACI and HPD intervals for the above-generated
samples. It is worth mentioning that when using Bayesian estimation, we compute estimates
for the parameter of MTL distribution under IP as Gamma prior and NIP with SELF, ELF, and
PLF.

Under Gamma IP, we calculate the values of hyper-parameters in such a way that the expec-
tation of the associated prior density of the unknown parameter is equal to the real parametric
value. In this estimation paradigm, we produced 200,000 MCMC draws for the parameter of
the proposed distribution using the M-H algorithm, and we have omitted the first 10,000 sam-
ples as a burn-in period to remove the influence of starting values. Furthermore, to reduce
auto-correlation between subsequent draws, we have saved every 50" observation. To assess
the convergence of generated chains, the Raftery-Lewis test (RLT) (Raftery and Lewis, 1992)
and Heidelberger test (HT) (Heidelberger and Welch, 1981) are employed. Finally, we have
computed the posterior quantities of interest using these posterior samples.

3. Compute the mean-squared error (MSE) and average bias (AB) for all point estimators, whereas
calculate average upper confidence limit (AUCL), average lower confidence limit (ALCL),

1000

. . . i 2

and average width (AW) for all interval estimators, where M SE = Tloo > (ozfa — a) ,
Jj=1
1000 1000 1000

AB = 155 '21 (a1, — &), AUCL = 1555 -21 UCLI, ALCL = 1555 ‘Zl LCL/ , and
J= J= J=

1000 ‘ ‘ ‘ ‘
AW = 1555 > (UCL? — LCLY), here, UCL? and LCL? denotes the upper and lower con-
j=1

fidence limit for the j*"* sample, respectively.
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The empirical results are shown in Tables 2-5.

The following key conclusions may be drawn from Tables 2-5:

For all methods, the MSE decrease to zero as n tends to infinity. This shows the consistency of
the estimators. Also, the AB decrease to zero as n becomes large.

In Bayesian analysis, the value of RLT is near to 1 which provide a guarantee of convergence
of generated chains. The same conclusion can be interpreted from the p-value of HT since its
p-value is greater than 0.05.

All the estimation procedures perform satisfactorily. However, in overall comparison, Bayes
estimator with IP under PLF perform better in comparison to all other methods.

In classical methods, the MPS estimator works superior to other classical estimators with re-
spect to MSE.

All classical point estimators except MPS over-estimate the parameter of the proposed model
whereas Bayes estimator (under IP and NIP with SELF, ELF, and PLF) under-estimate the
unknown parameter of the MTL distribution.

We have also observed that as we increase the value of the parameter o, the MSE of all esti-
mation procedures tends to increase i.e. the considered estimation methods is more sensitive to
the large value of a.

The AW of the ACI and HPD intervals decreases as we increase the sample size n. Also, HPD
intervals with IP provides the shortest width in comparison to ACI and HPD intervals with NIP.

Table 2 Various classical point estimates for different values of «

Method ML OLS MPS CVM WLS

« Bias MSE Bias MSE Bias MSE Bias MSE Bias MSE

n=15

0.5 0.0358 0.0241 0.0264 0.0321 -0.0113 0.0191 0.0285 0.0301  0.0288  0.0325
1.5 0.1097 0.2108 0.0825 0.2750  -0.0320 0.1670  0.1028  0.2831  0.0755  0.2705
2.5 0.1664 0.5750 0.1115 0.7178 -0.0671 0.4628 0.1691 0.8122 0.1170  0.7404
5 0.3801 2.2921  0.2859 3.1165 -0.0927 1.7982 0.3066 3.1892 0.2956 3.2670

n=30

0.5 0.0190 0.0099 0.0147 0.0132 -0.0100 0.0087 0.0187 0.0132 0.0132  0.0128
1.5 0.0484 0.0888 0.0335 0.1147 -0.0376 0.0787 0.0526  0.1274 0.0431  0.1192
2.5 0.0821  0.2401 0.0622 0.3171 -0.0619 0.2126  0.0856  0.3183 0.0614  0.3207
5 0.2013  1.0339  0.1411 1.3243 -0.0876 0.8962 0.1748 1.3247 0.1007 1.2620

n=50

0.5 0.0088 0.0054 0.0057 0.0072 -0.0109 0.0050 0.0103 0.0073 0.0071  0.0072
1.5 0.0242  0.0489 0.0132  0.0628 -0.0349 0.0460 0.0334 0.0712 0.0264  0.0678
2.5 0.0574 0.1399  0.0424 0.1847 -0.0415 0.1283 0.0455 0.1822 0.0458  0.1858

5 0.1102  0.5639 0.0786  0.7273  -0.0873  0.5182 0.0798 0.7162 0.0733  0.7052

n=100

0.5 0.0057  0.0027 0.0037 0.0034 -0.0059 0.0026 0.0044 0.0035 0.0028  0.0033
1.5 0.0192  0.0247 0.0141 0.0320 -0.0157 0.0235 0.0140 0.0311 0.0136  0.0312
2.5 0.0242  0.0673 0.0128  0.0857 -0.0338 0.0650 0.0273  0.0833  0.0239  0.0854
5 0.0562  0.2540 0.0450 0.3435 -0.0602 0.2429 0.0470 0.3393  0.0503  0.3473

7.

distri

Application of MTL Distribution

In this part, we use three real datasets to demonstrate the relevance and superiority of the MTL
bution. These three datasets are from two distinct areas, with the first representing failure time
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Table 3 Bayes estimates under NIP for different values of o

Method Under SELF Under ELF Under PLF Convergence test
« Bias MSE Bias MSE Bias MSE RLT HT
n=15
0.5 -0.0312  0.0046 -0.0354 0.0046 -0.0292  0.0046 1.05 0.797
1.5 -0.0361  0.0016 -0.0719  0.0055 -0.0182  0.0006 0.991 0.218
25 -0.0235  0.0007 -0.0346  0.0013  -0.0180  0.0005 1.01 0.433
5 -0.1651  0.0300 -0.2652  0.0732 -0.1168 0.0164  0.97 0.667
n=30
0.5 -0.0236  0.0027 -0.0276  0.0027 -0.0217  0.0027  0.991 0.595
1.5 -0.0292  0.0011  -0.0564 0.0034 -0.0155 0.0004 1.01 0.344
25 -0.0230  0.0007  -0.0341  0.0013  -0.0175  0.0004 0.991 0.116
5 -0.1487  0.0244  -0.2479  0.0639 -0.1008 0.0124 1.01 0.825
n=50
0.5 -0.0212  0.0021  -0.0246  0.0021  -0.0195 0.0021  0.951 0.473
1.5 -0.0273  0.0009  -0.0547 0.0032 -0.0136  0.0004 0.951 0.253
25 -0.0212  0.0006 -0.0323 0.0012 -0.0157  0.0004 0.991 0.629
5 -0.1118  0.0151  -0.2110 0.0474 -0.0640  0.0067  0.97 0.839
n=100
0.5 -0.0168  0.0012 -0.0199 0.0012 -0.0153  0.0012 1.02 0.402
1.5 -0.0272  0.0010  -0.0545 0.0032 -0.0135 0.0004 0.991 0.48
2.5 -0.0191  0.0005 -0.0280  0.0009  -0.0147  0.0003 1.03 0.706
5 -0.0878  0.0100 -0.1852  0.0368 -0.0406 0.0040  0.97 0.564

Table 4 Bayes estimates under IP for different values of o

Method Under SELF Under ELF Under PLF Convergence test
«a bias MSE bias MSE bias MSE RLT HT
n=15
0.5 -0.0261  0.0037  -0.0307 0.0038 -0.0238  0.0037  0.97 0.144
1.5 -0.0163  0.0004 -0.0281 0.0009 -0.0105  0.0002 1 0.799
2.5 -0.0234  0.0007 -0.0343 0.0013 -0.0180 0.0005 0.951 0.719
5 -0.2110  0.0515 -0.4587 0.2172  -0.0883  0.0148 1.03 0.932
n=30
0.5 -0.0234  0.0030 -0.0274 0.0031 -0.0214  0.0030  0.991 0.528
1.5 -0.0155  0.0003  -0.0272  0.0008  -0.0098  0.0002 1.08 0.284
2.5 -0.0221  0.0006 -0.0330 0.0012 -0.0167  0.0004 0.951 0.163
5 -0.2095  0.0508 -0.4567 0.2148 -0.0872 0.0148 1.05 0.257
n=50
0.5 -0.0210  0.0020  -0.0247  0.0020  -0.0191  0.0020  0.97 0.898
1.5 -0.0157  0.0003  -0.0274  0.0009 -0.0100  0.0002  0.991 0.444
2.5 -0.0231  0.0010 -0.0558 0.0036 -0.0067  0.0006  0.97 0.611
5 -0.2036  0.0475 -0.4518 0.2096 -0.0809 0.0128 1.05 0.692
n=100
0.5 -0.0141  0.0011  -0.0168 0.0012 -0.0128  0.0011  0.991 0.976
1.5 -0.0148  0.0003  -0.0264 0.0008 -0.0090 0.0002 0.991 0.712
2.5 -0.0222  0.0009 -0.0553 0.0035 -0.0057 0.0004  0.97 0.823

5 -0.1926  0.0434 -0.4396 0.1993 -0.0706 0.0114 1.05 0.899
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Table 5 Classical and Bayesian confidence intervals for different values of «

Method ACI NIP 1P
« AUCL ALCL AW AUCL ALCL AW AUCL ALCL AW
n=15
0.5 0.2114 0.6447 04333 03816 0.6300 0.2484 0.3736  0.6387  0.2650
1.5 0.6087 1.8560 1.2473  1.1223  1.8545 0.7321 1.2727 1.7350  0.4622
2.5 1.3051  3.9795 2.6744 2.1652 277496 0.5844 2.1800 2.7640  0.5839
5 22180 6.7630 4.5450 3.4000 6.0702 2.6701 3.0742 6.7182  3.6440
n=30
0.5 0.2822 0.5968 0.3145 0.3545 0.6161 0.2615 0.3925 0.6209 0.2283
1.5 0.8870  1.8757 0.9886  1.1502 1.7929 0.6427 1.2449 1.7347 0.4898
2.5 1.8825 39807 2.0981 2.0847 27473 0.6626 2.2115 2.8971  0.6855
5 2.7937 59074 3.1136 3.5714 6.3575 27860 3.1077 6.6407  3.5330
n=50
0.5 0.3235 0.5717 0.2481 03753 0.6097 0.2343 0.3434 0.6133  0.2699
1.5 1.1645 2.0576 0.8931 1.1517 1.8058 0.6540 1.2164 1.6987 0.4822
2.5 1.8487 32667 14179 2.1866 2.7695 0.5829 2.0664 2.9952  0.9288
5 3.1754 5.6108 24354 3.6786 6.3249 2.6463 3.0398 6.7480  3.7081
n=100
0.5 0.3912 0.5820 0.1907 03390 0.6607 0.3216 0.3625 0.6329 0.2704
1.5 1.2729  1.8936  0.6206 1.1569 1.7815 0.6245 1.1796 1.6760 0.4964
2.5 2.1689 32264 1.0575 22066 2.7626  0.5560 2.0241 29709  0.9468
5 3.5239 52421 1.7181 3.7037 5.9785 22747 3.1623 6.7689  3.6066

and the last two containing daily COVID-19 cases in India and France, respectively. The fitting
capability of the proposed model has been compared to that of various well-known conventional and
recently developed models. Table 6 has a list of the competing models.

Table 6 The competitive models

Model Parameter(s)  Abbreviation Author(s)
Burr-Hatke Exponential A BHE Yadav et al. (2021)
Gamma a, B G -
Generalized Lindley Ao GL Nadarajah et al. (2011)
Inverse-Gamma a, B 1G -
Inverse-Lindley 4 IL Sharma et al. (2015)
Inverted NadarajahHaghighi A o INH Tahir et al. (2018)
Inverse-Weibull a, B w -
Inverted Topp-Leone 0 ITL Hassan et al. (2020)
Inverse-xgamma [ IXG Yadav et al. (2021)
Lindley 0 L Lindley (1958)
Power Lindley a, B PL Mazucheli et al. (2013)
Weibull a, B w -
Weighted-Lindley c, 0 WL Ghitany et al. (2011)

For comparison purposes, the estimation of the fitted models has been done through ML es-
timation. The model comparison has been done on the basis of LL, Akaike information criterion
(AIC), corrected Akaike information criterion (CAIC), Bayesian information criterion (BIC), and
Kolmogorov-Smirnov (KS) statistics with the associated p-value. Here, the lower value of these cri-
teria and the higher p-value indicates the best fit. All required computations have been done using
open-source software R.

Dataset I: This dataset consists of the number of successive failures for the air conditioning
system of each member in a fleet of 13 Boeing 720 jet airplanes (Cordeiro and Lemonte, 2011). This
dataset has been divided by 100 for fitting easiness. For this data, the fit of the proposed model is
compared with G, GL, IG, IL, INH, IW, ITL, IXG, L, PL, W, and WL models. Table 7 shows the ML
estimates of the parameters (standard error abbreviated by SE written in parentheses) as well as the
values of the LL, AIC, BIC, CAIC, and KS statistics with its p-value. Table 7 shows that the proposed
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model has the lowest -LL, AIC, BIC, CAIC, and KS statistics, as well as the greatest p-value; hence,
the MTL distribution is superior to several other competitive models for this dataset. Figure 3 (first
panel) portrays the empirical vs fitted CDF for the proposed model under dataset I. This figure also
announces that the MTL distribution closely follows the pattern of the real data.

Table 7 The goodness-of-fit statistics for various fitted models under dataset I

Model ML Estimate (SE) -LL AIC BIC CAIC KS P-value
MTL 1.2656(0.0923) 170.255 3425092  345.7457  342.5307 0.0381 0.9481
G 0.9049(0.0814), 0.9829(0.1162) 171.84  347.6807 354.1536  347.7456  0.0702 0.3109
GL 1.3483(0.1115), 0.8094(0.0789)  175.202  354.4036  360.8765  354.4685  0.0865 0.1197
IG 0.6874(0.0603), 0.1374(0.0170)  206.597  417.1936  423.6665 417.2585  0.1310 0.0031
IL 0.3483(0.0182) 267.59  537.1803  540.4168  537.2018  0.2829  <0.0001
INH 0.4811(0.0414), 0.9296(0.1900)  182.099  368.1986  374.6715 368.2635  0.0780 0.2023
w 0.2549(0.0264), 0.7466(0.0373)  195.647  395.2935  401.7664 3953584  0.0971 0.0577

ITL 4.1429(0.3019) 187.407  376.8143  380.0508 376.8358  0.1501 0.0004
IXG 0.4350(0.0211) 292.652 587.3039  590.5403  587.3254 0.3191  <0.0001
L 1.5173(0.0864) 177.638  357.2759  360.5123  357.2974  0.1106 0.0199

PL 1.5963(0.0934), 0.8428(0.0462)  172.264  348.5288  355.0017  348.5937  0.0601 0.5046
w 0.9108(0.0503), 0.8776(0.0743)  170.979 3459583  352.4312  346.0232  0.0572 0.5699
WL 1.2960( 0.1212), 0.8090(0.0784)  175.109  354.2181 360.691 354283  0.0849 0.1326
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Figure 3 The empirical vs fitted CDFs under datasets I, IT and III

Dataset II: In the second application, we consider the daily new cases of COVID-19 in India.
The data is available at https://www.worldometers.info/coronavirus/country/india/ and contains the
daily new cases between 16 March 2021 to 16 April 2021. This dataset has been divided by 10000
to make fitting easier. The fitting of the MTL distribution to this COVID data is compared to the
BHE, G, GL, IL, INH, ITL, IXG, L, PL, W, and WL models. Table 8 displays the ML estimates of
the parameters (SE between parentheses) as well as the values of the LL, AIC, BIC, CAIC, and KS
statistics with their p-value. Table 8 indicates that the proposed model has the lowest -LL, AIC, BIC,
CAIC, and KS statistics, as well as the highest p-value; as a result, the MTL distribution outperforms
other competing models for this dataset. The empirical versus fitted CDF for the proposed model un-
der dataset II is depicted in Figure 3 (second panel). This figure also shows that the MTL distribution
closely resembles the real data pattern.

Dataset III: Here, we consider the daily new cases of COVID-19 in France between 5 August
2020 to 5 November 2020. The data is available at https://www.worldometers.info/coronavirus
/country/france/. This dataset has been divided by 10000 for convenience of the fitting. Under this
COVID data, the fitting of MTL distribution is compared with BHE, GL, IG, IL, INH, IW, IXG,
L, PL, W, and WL models. The ML estimates of the parameters (SE between parentheses) as well
as the values of the LL, AIC, BIC, CAIC, and KS statistics with their p-value are shown in Table
9. The values of -LL, AIC, BIC, CAIC and KS statistics are the lowest for the suggested model
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Table 8 The goodness-of-fit statistics for various fitted models under dataset I1

Model ML Estimate (SE) -LL AIC BIC CAIC KS P-value
MTL 55.676(9.9997) 93.7815  189.5629  190.9969  189.7009  0.0893 0.9467
BHE 0.0552(0.1108) 103.759  209.5174  210.9514  209.6554  0.2831 0.0108

G 3.1179(0.7535), 0.3153(0.7535) 93.8 191.6 194.4679  192.0285 0.129 0.6337
GL 0.2648(0.0437), 2.1436(0.6717)  93.9187  191.8375  194.7054 192.266 0.1309 0.6162
IL 7.8937(1.279) 101.71 205.4199  206.8539  205.5578  0.2593 0.025
INH 14.7742(6.842), 0.3258(0.1251)  96.9953  197.9905 200.8585 198.4191  0.2028 0.1353
ITL 0.6169(0.1108) 117.874  237.7481 239.182 237.886 0.4094  <0.0001
IXG 8.48(1.3980) 102.735  207.4706  208.9046  207.6086  0.2726 0.0158

L 0.1863(0.0238) 96.7713  195.5426  196.9766  195.6805  0.1662 0.3216

PL 0.0879(0.0353),1.3171(0.1560)  94.4391  192.8782  195.7462  193.3068  0.1308 0.6167
w 1.8423(0.2544),11.2075(1.1701)  94.6521  193.3042  196.1722  193.7328  0.1294 0.6305
WL 0.3309(0.0818),2.3935(0.7345)  93.9305  191.8609  194.7289  192.2895  0.1322 0.6033

(Table 9), and the p-value is the highest, therefore the MTL distribution is superior to numerous other
competing models for this dataset. The empirical vs fitted CDF for the proposed model under this
data is depicted in Figure 3 (third panel) and it can concludes that MTL distribution closely reflects
real dataset pattern.

Table 9 The goodness-of-fit statistics for various fitted models under dataset I11

Model ML Estimate (SE) -LL AIC BIC CAIC KS P-value
MTL 2.1588(0.2226) 127.002  256.0039  258.5472  256.0474  0.0484 0.98
BHE 0.4081(0.0469) 128.559  259.1182  261.6615  259.1617  0.0836 0.527

GL 1.0573(0.1155), 1.0289(0.1499)  128.106  260.2122 2652988  260.3441  0.0977  0.3301
IG 1.0117(0.1300), 0.5113(0.0840)  136.972  277.9438  283.0304 278.0757 0.1145 0.17
IL 0.7878(0.0604) 142.876  287.7516  290.2949  287.795  0.1534  0.0238
INH 0.6806(0.1033), 1.0063(0.3021)  134.036  272.0716  277.1582  272.2035 0.1116  0.1915
w 0.5266(0.0620), 0.9300(0.0674)  136.452  276.9039  281.9905 277.0358  0.1045  0.2557
IXG 0.9745(0.0704) 147.127  296.253  298.7963  296.2965  0.1734  0.0069
L 1.0415(0.0814) 128.125  258.2508  260.7941 2582943  0.0962  0.3489
PL 1.0655(0.0966), 0.9643(0.0729)  128.007  260.0141  265.1007  260.146  0.0888  0.4483
w 1.0862(0.0857), 1.4793(0.0857)  127.117  258.2336  263.3202  258.3654  0.0861 0.488
WL 1.0648(0.1388), 1.0312(0.1497)  128.103  260.2053  265.2919  260.3372  0.098 0.3266

7.1. Various classical and Bayes estimates for datasets I, II and III

In this sub-section, we compute the estimate of the unknown parameter of MTL distribution by
other considered classical and Bayesian methods. We also obtain the 95% ACI and HPD intervals for
« under datasets I, II, and III.

Table 10 consists of OLS, WLS, MPS, and CVM estimate with their SEs and 95% ACI for «.
To compare different methods, the KS statistics with associated p-values for all methods are also
provided in Table 10. In the Bayesian framework, as we have no prior information regarding the
considered datasets, therefore, we obtain the Bayes estimates under NIP. Using the same approach
as we have done in the simulation part, we compute the Bayes estimates and posterior standard error
(PSE) for o under NIP with SELF, ELF, and PLF. We also find the 95% HPD interval with NIP. These
point and interval estimates can be viewed in Table 11. This table also provides the KS statistics and
its p-value to choose the best method used for estimation. The value of RLT and HT in Table 11
confirms the convergence of the generated chains.
From Table 10 and 11, we can easily observe that all estimation methods perform quite satisfactorily
as the KS statistics and its p-value are nearly equal.
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Table 10 Classical estimates for datasets I, II, and III

Datasets Methods  Estimate SE KS P-value ACI
oLS 12197 02284 00371  0.9995
WLS 12197 00003 00371  0.9995

Datasetl  \rpg 12212 02284 00371 09995 07720, 1.6673]
CVM 1.686 12197 00678  0.9491
OLS 53.82 2632 0.0967  0.9991
WLS  53.821 0286  0.0967 09991

Dataset Il f 2 ile T 0oty 090g)  [2:2328,105.4072]
CVM 52.67 2122 00967 0.9991
oLS 2.16 05886 00531 09994
WLS 216001 0001925 0.0531  0.9994

Dataset Il ying 5j6as 05881 00531 09994  [1:0063,3.3136]
CVM 2.109 2126 00705 0.9850

Table 11 Bayes estimates with NIP under SELF, ELF, and PLF for datasets I, II, III

Bayes Estimate PSE KS P-value HPD Interval RLT HT
SELF  1.2555 0.0372  0.9995

Dataset I ELF 1.2520  0.0667  0.0372  0.9995 [1.1193, 1.3873] 099 0.429
PLF 1.2573 0.0372  0.9995
SELF  54.4163 0.0967  0.9991

Dataset 11 ELF  53.7987 5.8149 0.0967 09991  [45.0065,63.9250] 1.04  0.96
PLF  54.7260 0.0967  0.9991
SELF  1.9878 0.0531  0.9994

Dataset Il ELF 1.9792  0.1306  0.0531  0.9994 [1.7359, 2.2429] 1.06  0.146
PLF 1.9921 0.0531  0.9994

8. Conclusions

Here, we have proposed a new continuous model called Modified Topp-Leone distribution. The
density and hazard rate functions of the proposed model include a variety of shapes that permit it to
capture a wide range of real data. We have derived its various important distributional properties.
An impressive feature of the order statistics of the MTL distribution is that the distribution of the
maximum order statistics is also the MTL distribution which enables the proposed model to analyze
the reliability characteristics of parallel systems.

The unknown parameter of the proposed model is estimated under the classical and Bayesian
framework. In classical point estimation, we have used the method of maximum likelihood, ordinary
and weighted least squares, Cramer-Von-Mises, and maximum product spacings estimation. The
maximum likelihood estimator of the model’s parameter is in a nice closed form which is difficult to
find in many well-known models. The asymptotic distribution of the maximum likelihood estimator
is also derived and it is used to develop the asymptotic confidence interval. In Bayesian estimation,
we have used Gamma (as informative prior) and non-informative prior under squared error, entropy,
and precautionary loss functions to obtain the Bayes estimator of the unknown parameter. The highest
posterior density interval of the parameter is also obtained. An extensive simulation study is presented
to the assessment of the different estimation procedures. The simulation study concludes that all es-
timation methods perform satisfactorily, but Bayesian estimation outperforms the classical methods.
Finally, three real datasets are used to showcase the practicality of the MTL distribution. Hence,
we can conclude that the suggested model may be used as an alternative model to some well-known
existing models to analyze data generated from various domains.

A future plan of action might be an examination of the censored data using the proposed model.
We may also investigate the load share model where the components’ failure times follow the MTL
distribution. The stress-strength parameter may be examined using various types of censored data. In
addition, the suggested model can be discretized, or a bivariate extension of the MTL distribution can
be developed.
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