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Abstract
In this article, the problem of estimating parameters, reliability function, and hazard function

of the Nadarajah-Haghighi distribution under progressively type-II censored samples are studied.
The maximum likelihood and Bayesian estimators under squared error, LINEX, and general entropy
loss functions are derived for parameters and some survival time parameters namely reliability and
hazard functions. We used Lindley’s approximation to obtain the Bayesian estimators. Asymptotic
confidence intervals, for unknown parameters, are constructed using the observed Fisher information
matrix. A numerical example using the real data set is presented to illustrate the proposed methods.
Monte Carlo simulation study is conducted to compare the performance of the estimators in terms of
their mean square error. The Monte Carlo simulation analysis shows that in most cases, the Bayesian
method have a better performance than the standard maximum likelihood method.

Keywords: Maximum likelihood estimation, Bayes estimation, reliability function, progressively
order statistics, hazard function.

1. Introduction
In lifetime studies we are often faced with limitations such as time and cost. There are several

ways to meet these restrictions. One of these methods is the use of censored data.In many life-
testing experiments and reliability analyses (medical, biological, or industrial applications), there are
situations in which experiments are terminated before failure times of all items are observed. Some
experimental units are removed from experimentation before failure of all items is observed. For
example, individuals in some clinical trial, may drop out of the study for personal reasons in the
middle of the trial or in an industrial experiment, some of the units may break accidentally. In such
cases, we have complete information only on part of the sample. On all the units which have not
failed, we have only partial information about the sample. Data obtained from such experiments are
called censored data. Censoring is common in life-testing work and reliability studies because of time
limits and other restrictions on data collection. There are several types of censored data.

The readers can find some studies about censored data in Sindhu and Hussain (2020), Zhang
and Gui (2019), Sindhu et al. (2016), Lodhi et al. (2021) and Sindhu et al. (2017). In this paper,
we consider an advance scheme of censoring called progressive type-II censoring which expanded by
Balakrishnan and Aggarwala (2000). Under this scheme, n units are placed on the lifetime test at
time zero and only m units observed until end of test. Immediately after the first failure at time x1,
R1 of the n − 1 surviving units are randomly withdrawn from the test. The remaining n − 1 − R1
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units continue to work. At the time x2 the second failure has occurred and R2 of the n − 2 − R1

surviving units are censored, and so on. Finally, at the time of the m-th failure, all of the remaining
Rm = n−m−R1−· · ·−Rm−1 units are censored and the experiment terminates. Then x1, . . . , xm

are values of X1:m:n, . . . , Xm:m:n whose called the progressively order statistics (POS). Figure 1
shows a perspective for this scheme.

Figure 1 A perspective for a POS data

Let (X1:m:n, . . . , Xm:m:n) be a POS sample with scheme (R1, . . . , Rm) and x = (x1, . . . , xm)
be its corresponding observation. The associated likelihood function (LF) of x is given by Balakrish-
nan and Aggarwala (2000), as

L(F ;x) = cp

m∏
i=1

f(xi) [1− F (xi)]
Ri , x1 < · · · < xm, (1)

where cp = n(n−1−R1) · · · (n−m+1−R1−· · ·−Rm−1) is the normalized constant and f(.) and
F (.) are the probability density function (PDF) and cumulative distribution function (CDF) of random
variable X , respectively. In this paper, we use the Nadarajah-Haghighi distribution (extension of the
exponential distribution) CDF as the baseline for the discussed scheme and our focus is to obtain
the Bayesian estimations of the parameters, reliability, and hazard function of Nadarajah-Haghighi
distribution.

A random variable X has the Nadarajah-Haghighi (NH) distribution with parameters α and λ if
its CDF is given by

F (α, λ) = 1− e1−(1+λx)α , x > 0, α, λ > 0, (2)

where α and λ are scale and shape parameters, respectively. The corresponding PDF to (2) is as
follows:

f(α, λ) = αλ(1 + λx)α−1e1−(1+λx)α , x > 0, α, λ > 0. (3)
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Figure 2 The PDF (left panel) and hazard rate function (right panel) of NH distribution for different
parameters values.

Also, the hazard rate (HR) function and reliability function of the NH distribution are given by

H(x) = αλ(1 + λx)α−1, R(x) = e1−(1+λx)α .
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The NH distribution is introduced by Nadarajah and Haghighi (2011) as an alternative to the
gamma, Weibull, and exponentiated exponential distributions in lifetime studies. This is an extension
of exponential distribution as a special case with α = 1. The different shapes of the PDF and HR
of NH distribution are illustrated in Figure 2 to some values of several parameters. Figure 2 show
that the PDF of NH distribution can be right-skewed and HR function of NH distribution can be
increasing, decreasing, and constant depending on the parameter values.

The Weibull distribution is useful in analyzing and modeling the lifetime, particularly when the
data are censored, which is very common in most life testing experiments. From Singh et al. (2014),
Nadarajah and Haghighi (2011), and Kumar et al. (2017) it is observed that the NH distribution is a
good alternative for the Weibull distribution and provides a better fit than it for several life data such as
daily rainfall data, failure times of the air conditioning system of an airplane data and bladder cancer
data. So, the NH distribution and, consequently, the results of the present study can be used effectively
in analyzing some lifetime data in the field of biological and medical applications, especially in the
different censoring schemes.

For NH distribution, Singh et al. (2014) considered different estimation procedures (classical and
Bayesian) under progressive type-II censored data with binomial removals. Sana and Faizan (2019)
considered the Bayes estimation based on upper record values. They derived different Bayes estimates
under squared error, balanced squared error, and general entropy loss functions by using Jeffreys’
prior information. Selim (2018) made a statistical inference about the two unknown parameters of
NH distribution based on record values. Kumar et al. (2017) establish recurrence relations for the
single and product moments of order statistics from the extended exponential distribution. Kumar
and Dey (2017) derived the exact explicit expressions as well as recurrence relations for the single,
product, and conditional moments of generalized order statistics from the extended exponential (EE)
distribution. MirMostafaee et al. (2016) established the exact explicit expressions as well as several
recurrence relations for the single and product moments of record values from the NH distribution.
In addition, they discussed confidence intervals for the unknown parameters and prediction intervals
for future records. Kumar et al. (2019) derived the recurrence relations for the single and product
moments based on progressively type-II right censored order statistics for the EE distribution. In
addition, they obtained maximum likelihood estimations of EE parameters under progressively type-
II right-censored order statistics. For different methods of estimation based on NH distribution and
inference about other lifetime distributions, the readers are referred to Sindhu et al. (2021), Almarashi
et al. (2022), Ashour et al. (2020), Sindhu and Atangana (2021), Alhussain and Ahmed (2020),
and Sindhu et al. (2020).

The contents of this paper are organized as follows. LF of POS data is obtained in Section 2.
Also, the maximum likelihood (ML) estimators of parameters, reliability, and hazard rate functions
are derived in section 2. In section 3 the asymptotic confidence interval estimations of the parameters
are obtained. Section 4 is played the Bayes estimation under some loss functions and Lindley,s
approximation method is discussed to evaluate these Bayes estimators. In section 5 we fit the NH
distribution to a real data. In Section 6 we make the simulation study to investigate the precision of
the estimators obtained in Sections 3 and 4. Finally, in the last section, we provide some conclusions.

2. Maximum Likelihood Estimation
In this section, we find the maximum likelihood estimators (MLEs) for the NH distribution,

based on the POS sample. Let (X1:m:n, . . . , Xm:m:n) be a POS sample withdrawn NH distribution
with scheme (R1, . . . , Rm) and x = (x1, . . . , xm) be its corresponding observation. Substitution of
(2) and (3) in (1), the associated LF is given by

L(α, λ;x) ∝
m∏
i=1

αλ (1 + λxi)
α−1

e1−(1+λxi)
α

eRi[1−(1+λxi)
α]

∝ αmλme−
∑m

i=1(Ri+1)(1+λxi)
α

e(α−1)
∑m

i=1 log(1+λxi). (4)
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The associated log-likelihood function is given by

ℓ(α, λ;x) ∝ m log(α) +m log(λ) + (α− 1)

m∑
i=1

log (1 + λxi)−
m∑
i=1

(Ri + 1) (1 + λxi.)
α

The normal equations to estimate the unknown parameters may obtained by equating the first
partial derivatives ℓ(α, λ;x) with respect to α and λ to zero. The corresponding likelihood equations
for α and λ are obtained as

m

α
+

m∑
i=1

log (1 + λxi)−
m∑
i=1

(Ri + 1) (1 + λxi)
α
log (1 + λxi) = 0, (5)

and

m

λ
+ (α− 1)

m∑
i=1

xi

1 + λxi
− α

m∑
i=1

(Ri + 1)xi (1 + λxi)
(α−1)

= 0. (6)

The MLEs of parameters α and λ, say α̂ and λ̂, respectively, are simultaneous solutions of
Equations (5) and (6). These equations do not yield explicit estimators for α and λ, and hence (5) and
(6) must be solved by numerical methods in order to obtain the MLE of the α and λ. Furthermore, by
the invariant property of the MLE, the MLEs of the reliability function R(t) and HR function H(t)
are given by

R̂(t) = e1−(1+λ̂t)α̂ , (7)

and

Ĥ(t) = α̂λ̂(1 + λ̂t)α̂−1, (8)

respectively.

3. Asymptotic Confidence Interval Estimation
Let µ = (α, λ) be the parameter vector of NH distribution. Also, ℓ(α, λ;x) be the Log likeli-

hood function of NH distribution. Then, the Fisher information matrix of the parameters µ is given
by

I(µ) = E

 −∂2ℓ(α,λ;x)
∂α2 −∂2ℓ(α,λ;x)

∂α∂λ

−∂2ℓ(α,λ;x)
∂λ∂α −∂2ℓ(α,λ;x)

∂λ2

 ,

where

∂2ℓ(α, λ;x)

∂α2
= −m

α2
−

m∑
i=1

(Ri + 1) (1 + λxi)
α
(log (1 + λxi))

2
,

∂2ℓ(α, λ;x)

∂λ2
= −m

λ2
− (α− 1)

m∑
i=1

x2
i

(1 + λxi)2
+ α(α− 1)

m∑
i=1

(Ri + 1)x2
i (1 + λxi)

α−2,

∂2ℓ(α, λ;x)

∂α∂λ
=

m∑
i=1

xi

1 + λxi
−

m∑
i=1

(Ri + 1)xi(1 + λxi)
α−1 [1 + α log(1 + λxi)] .

If we denote the MLE of µ = (α, λ) by µ̂ = (α̂, λ̂), the observed information matrix is then
given by

I(µ̂) =

 −∂2ℓ(α,λ;x)
∂α2 −∂2ℓ(α,λ;x)

∂α∂λ

−∂2ℓ(α,λ;x)
∂λ∂α −∂2ℓ(α,λ;x)

∂λ2


µ=µ̂

,
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and hence the variance covariance matrix of MLEs is given by

I−1(µ̂) =

 V̂ ar(α̂) Ĉov(α̂, λ̂)

Ĉov(λ̂, α̂) V̂ ar(λ̂)

 .

The approximate (1− ζ)100% confidence intervals for the parameters α and λ are

α̂± z ζ
2

√
V̂ ar(α̂), λ̂± z ζ

2

√
V̂ ar(λ̂),

where z ζ
2

is the ζ
2 quantile of the standard normal distribution.

4. Bayes Estimation
4.1. Loss functions, prior and posterior distribution

In this section, we obtain Bayes estimators of the unknown parameters α, λ, reliability function
R(t), and HR function H(t) under symmetric as well as asymmetric loss functions such as squared
error (SE), LINEX and general entropy (GE) loss functions. One symmetric loss function is the SE
which is defined as LSE(µ, µ̃) = (µ̃− µ)

2
, where µ̃ is a Bayes estimator of µ. The Bayes estimators

under the SE loss function are the mean of the posterior distribution. One asymmetric loss function
is the LINEX, due to Zellner (1986).

The LINEX loss function can be expressed as LL(µ, µ̃) = eξ(µ̃−µ) − ξ(µ̃ − µ) − 1, ξ ̸=
0, where µ̃ is a Bayes estimator of µ and, it is obtained from its posterior distribution as µ̃ =
− 1

ξ log
(
E
[
e−ξµ|X

])
, where ξ ̸= 0 is an arbitrary real number. Another useful asymmetric loss

function is the GE, proposed by Calabria and Pulcini (1996), defined as LGE(µ, µ̃) ∝
(

µ̃
µ

)τ
−

τ log
(

µ̃
µ

)
− 1, where τ ̸= 0 is an arbitrary real number. The Bayes estimator of µ with respect to

GE loss function obtained from its posterior distribution as µ̃ = (E [µ−τ |X])
− 1

τ . Suppose that the
unknown parameters α and λ are distributed independently gamma distribution as

π(α) =
ba

Γ(a)
αa−1e−bα , α > 0, a, b > 0, π(λ) =

dc

Γ(c)
λc−1e−dλ , λ > 0, c, d > 0.

The joint prior distribution of parameters α and λ can be written as

π(α, λ) ∝ π(α)π(λ) ∝ αa−1e−bαλc−1e−dλ. (9)

From (4) and (9), it follows that the joint posterior distribution of α and λ is given by

π(α, λ|X) =
L(α, λ|X)π(α, λ)∫∞

0

∫∞
0

L(α, λ|X)π(α, λ)dαdλ
.

Therefore, the Bayes estimators of parameters α, λ, reliability function R(t), and HR function H(t)
under the SE loss function are given by

α̂SE = E [α|X] =

∫∞
0

∫∞
0

αL(α, λ|X)π(α, λ)dαdλ∫∞
0

∫∞
0

L(α, λ|X)π(α, λ)dαdλ
, (10)

λ̂SE = E [λ|X] =

∫∞
0

∫∞
0

λL(α, λ|X)π(α, λ)dαdλ∫∞
0

∫∞
0

L(α, λ|X)π(α, λ)dαdλ
, (11)
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R̂(t)SE = E [R(t)|X] =

∫∞
0

∫∞
0

R(t)L(α, λ|X)π(α, λ)dαdλ∫∞
0

∫∞
0

L(α, λ|X)π(α, λ)dαdλ
, (12)

and

Ĥ(t)SE = E [H(t)|X] =

∫∞
0

∫∞
0

H(t)L(α, λ|X)π(α, λ)dαdλ∫∞
0

∫∞
0

L(α, λ|X)π(α, λ)dαdλ
. (13)

Furthermore, the Bayes estimators of parameters α, λ, reliability function R(t), and HR function
H(t) under the LINEX loss function are given by

α̂L =
−1

ξ
log
[
E
(
e−ξα|X

) ]
=

−1

ξ
log
[∫∞

0

∫∞
0

e−ξαL(α, λ|X)π(α, λ)dαdλ∫∞
0

∫∞
0

L(α, λ|X)π(α, λ)dαdλ

]
, (14)

λ̂L = −1

ξ
log
[
E
(
e−ξλ|X

) ]
= −1

ξ
log
[∫∞

0

∫∞
0

e−ξλL(α, λ|X)π(α, λ)dαdλ∫∞
0

∫∞
0

L(α, λ|X)π(α, λ)dαdλ

]
, (15)

R̂(t)L =
−1

ξ
log
[
E
(
e−ξR(t)|X

) ]
=

−1

ξ
log
[∫∞

0

∫∞
0

e−ξR(t)L(α, λ|X)π(α, λ)dαdλ∫∞
0

∫∞
0

L(α, λ|X)π(α, λ)dαdλ

]
, (16)

and

Ĥ(t)L =
−1

ξ
log
[
E
(
e−ξH(t)|X

) ]
=

−1

ξ
log
[∫∞

0

∫∞
0

e−ξH(t)L(α, λ|X)π(α, λ)dαdλ∫∞
0

∫∞
0

L(α, λ|X)π(α, λ)dαdλ

]
. (17)

Finally, the Bayes estimators of parameters α, λ, reliability function R(t) and HR function H(t)
under the GE loss function are given by

α̂GE =
[
E
(
α−τ |X

) ]− 1
τ

=

(∫∞
0

∫∞
0

α−τL(α, λ|X)π(α, λ)dαdλ∫∞
0

∫∞
0

L(α, λ|X)π(α, λ)dαdλ

)− 1
τ

, (18)

λ̂GE =
[
E
(
λ−τ |X

) ]− 1
τ

=

(∫∞
0

∫∞
0

λ−τL(α, λ|X)π(α, λ)dαdλ∫∞
0

∫∞
0

L(α, λ|X)π(α, λ)dαdλ

)− 1
τ

, (19)

R̂(t)GE =
[
E
(
R(t)

−τ |X
) ]− 1

τ

=

(∫∞
0

∫∞
0

R(t)
−τ

L(α, λ|X)π(α, λ)dαdλ∫∞
0

∫∞
0

L(α, λ|X)π(α, λ)dαdλ

)− 1
τ

, (20)

and

Ĥ(t)GE =
[
E
(
H(t)

−τ |X
) ]− 1

τ

=

(∫∞
0

∫∞
0

H(t)
−τ

L(α, λ|X)π(α, λ)dαdλ∫∞
0

∫∞
0

L(α, λ|X)π(α, λ)dαdλ

)− 1
τ

. (21)

From (10)-(21), we observe that the Bayes estimators are of the form of ratio of two integrals, which
cannot be simplified into a closed form. However, using the developed approach by Lindley (1980),
one can approximate these Bayes estimators into forms containing no integrals.
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4.2. Lindley approximation
From the previous subsection, we have observed that all Bayes estimators of any function of

parameters α and λ, say η(α, λ), are in the form of ratio of two integrals, which the simplified
closed forms are not available. For evaluation of the ratio of two integrals, Lindley (1980) gave an
approximation method. To illustrate this method, consider the ratio of integral defined as:

G(X) =

∫∞
0

∫∞
0

η(α, λ)L(α, λ|X)π(α, λ) dα dλ∫∞
0

∫∞
0

L(α, λ|X)π(α, λ) dα dλ
. (22)

Applying Lindley’s approximation, the integral fraction of G(X) as defined in (22) can be ap-
proximated as

G(X) = η(α̂, λ̂) +
1

2

[
(η̂11 + 2η̂1ν̂1)σ̂11 + (η̂12 + 2η̂1ν̂2)σ̂12 (23)

+(η̂21 + 2η̂2ν̂1)σ̂21 + σ̂22(η̂22 + 2η̂2ν̂2)

+(η̂1σ̂11 + η̂2σ̂12)L1(ℓ̂, σ̂) + (η̂1σ̂21 + η̂2σ̂22)L2(ℓ̂, σ̂)
]
,

where α̂ and λ̂ are the MLE of α and λ, respectively. Also σ̂ij is the (i, j)-th element of the observed
variance-covariance matrix I−1(µ̂) as computed in section 3. Other expressions are given by

ν = log [π(α, λ)] , ν1 =
∂ν

∂α
=

a− 1

α
− b, ν2 =

∂ν

∂λ
=

c− 1

λ
− d,


L1(ℓ̂, σ̂) = ℓ̂30σ̂11 + 2ℓ̂21σ̂12 + ℓ̂12σ̂22,

L2(ℓ̂, σ̂) = ℓ̂21σ̂11 + 2ℓ̂12σ̂12 + ℓ̂03σ̂22.

η1 = ∂η
∂α , η2 = ∂η

∂λ , η11 = ∂2η
∂α2 , η12 = ∂2η

∂α∂λ , η21 = ∂2η
∂λ∂α , η22 = ∂2η

∂λ2 ,

(24)



ℓ30 = ∂3ℓ(α,λ;x)
∂α3 = 2m

α3 −
∑m

i=1(Ri + 1)(1 + λxi)
α (log(1 + λxi))

3
,

ℓ03 = ∂3ℓ(α,λ;x)
∂λ3 = 2m

λ3 + (α− 1)

m∑
i=1

2x3
i

(1 + λxi)
3 − α(α− 1)(α− 2)

m∑
i=1

(Ri + 1)x3
i

(1 + λxi)3−α
,

ℓ12 = ∂3ℓ(α,λ;x)
∂α∂λ2 =

m∑
i=1

(Ri + 1)x2
i

(1 + λxi)2−α

[
1− 2α+ (1− α)α log(1 + λxi)

]
−

m∑
i=1

x2
i

(1 + λxi)2
,

ℓ21 = ∂3ℓ(α,λ;x)
∂α2∂λ = −

∑m
i=1(Ri + 1)xi(1 + λxi)

α−1 (log(1 + λxi)) [2 + α(log(1 + λxi))] .

4.3. Approximate Bayes estimators under SE loss function
In Equation (22) if we take η(α, λ) = α, then η1 = 1, η2 = η11 = η12 = η21 = η22 = 0. By

substituting above relations in Equations (23) and (10) respectively, the approximate Bayes estimator
α̂SE of α uunder SE loss function is obtained as

α̂SE = α̂+

(
a− 1

α̂
− b

)
σ̂11 +

(
c− 1

λ̂
− d

)
σ̂12 +

1

2
σ̂11L1(ℓ̂, σ̂) +

1

2
σ̂21L2(ℓ̂, σ̂). (25)

In Equation (22) if we take η(α, λ) = λ, then η2 = 1, η1 = η11 = η12 = η21 = η22 = 0. By
substituting above relations in Equations (23) and (11) respectively, the approximate Bayes estimator
λ̂SE of λ uunder SE loss function is obtained as

λ̂SE = λ̂+

(
a− 1

α̂
− b

)
σ̂21 +

(
c− 1

λ̂
− d

)
σ̂22 +

1

2
σ̂12L1(ℓ̂, σ̂) +

1

2
σ̂22L2(ℓ̂, σ̂). (26)
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For obtaining the approximate Bayes estimator of R(t) under SE loss function, by setting
η(α, λ) = R(t) = e1−(1+λ)α in Equation (22) we have,

η1 = −e1−(1+λt)α(1 + λt)α log(1 + λt),
η2 = −αte1−(1+λt)α(1 + λt)α−1,
η11 = e1−(1+λt)α(1 + λt)α ((1 + λt)α − 1) [log(1 + λt)]2,

η12 = ∂2η
∂α∂λ = e1−(1+λt)α(1 + λt)α−1 [log(1 + λt)] t

[
α ((1 + λt)α − 1)− 1

]
,

η22 = e1−(1+λt)α(1 + λt)α−2t2α
[
α ((1 + λt)α − 1) + 1

]
.

Now, by substituting above relations in Equations (23) and (12) the approximate Bayes estimator
of R̂(t)SE under SE loss function is obtained as

R̂(t)SE = e1−(1+λ̂t)α̂ +
1

2

[
(η̂11 + 2η̂1ν̂1)σ̂11 + (η̂12 + 2η̂1ν̂2)σ̂12 (27)

+(η̂21 + 2η̂2ν̂1)σ̂21 + (η̂22 + 2η̂2ν̂2)σ̂22

+(η̂1σ̂11 + η̂2σ̂12)L1(ℓ̂, σ̂) + (η̂1σ̂21 + η̂2σ̂22)L2(ℓ̂, σ̂)
]
.

Similarly, for obtaining the approximate Bayes estimator of H(t) under SE loss function, by
setting η(α, λ) = H(t) = αλ (1 + λt)

α−1
, in Equation (22) we have,

η1 = λ(1 + λt)α−1(α log(1 + λt) + 1),
η2 = α(1 + λt)α−2(αλt+ 1),
η11 = λ(1 + λt)α−1 log(1 + λt) (α log(1 + λt) + 2) ,
η12 = (1 + λt)α−2 (2αλt+ α(αλt+ 1) log(1 + λt) + 1) ,
η22 = (α− 1)αt(1 + λt)α−3(αλt+ 2).

Now, by substituting above relations in Equations (23) and (13) the approximate Bayes estimator of
HR function under SE loss function, noted by Ĥ(t)SE is obtained as

Ĥ(t)SE = α̂λ̂
(
1 + λ̂t

)α̂−1

+
1

2

[
(η̂11 + 2η̂1ν̂1)σ̂11 + (η̂12 + 2η̂1ν̂2)σ̂12 (28)

+(η̂21 + 2η̂2ν̂1)σ̂21 + (η̂22 + 2η̂2ν̂2)σ̂22

+(η̂1σ̂11 + η̂2σ̂12)L1(ℓ̂, σ̂) + (η̂1σ̂21 + η̂2σ̂22)L2(ℓ̂, σ̂)
]
.

4.4. Approximate Bayes estimators under LINEX loss function
In Equation (22) if η(α, λ) = e−ξα , then η1 = −ξe−ξα, η11 = ξ2e−ξα, η2 = η12 = η21 =

η22 = 0. By substituting above relations in Equations (23) and (14) respectively, the approximate
Bayes estimator α̂L of α under LINEX loss function is obtained as

α̂L = α̂− 1

ξ
log

(
1 +

ξ

2

[(
ξ − 2

(
a− 1

α̂
− b

))
σ̂11 − 2

(
c− 1

λ̂
− d

)
σ̂12

−σ̂11L1(ℓ̂, σ̂)− σ̂21L2(ℓ̂, σ̂)

])
. (29)

In Equation (22) if η(α, λ) = e−ξλ, then η2 = −ξe−ξλ, η22 = ξ2e−ξλ, η1 = η12 = η21 =
η22 = 0. So by substituting above relations in Equations (23) and (15) respectively, the approximate
Bayes estimator λ̂L of λ under LINEX loss function is obtained as

λ̂L = λ̂− 1

ξ
log

(
1 +

ξ

2

[(
ξ − 2

(
c− 1

λ̂
− d

))
σ̂22 − 2

(
a− 1

α̂
− b

)
σ̂21

−σ̂12L1(ℓ̂, σ̂)− σ̂22L2(ℓ̂, σ̂)

])
. (30)
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For obtaining the approximate Bayes estimator of R(t) under LINEX loss function, in Equation
(22) assume that η(α, λ) = e−ξR(t) = e−ξe1−(1+λt)α

. Then from (24) we can write

η1 = ξ(1 + λt)α log(1 + λt)e[−ξe1−(1+λt)α−(1+λt)α+1],

η2 = αξt(1 + λt)α−1e[−ξe1−(1+λt)α−(1+λt)α+1],

η11 =
[(
(1 + λt)α − 1

)
e(1+λt)α − eξ(1 + λt)α

] (
−e[−ξe1−(1+λt)α−2(1+λt)α+1]

)
×ξ(1 + λt)α [log(1 + λt)]

2
,

η12 = η21 =
[
α(1 + λt)α log(1 + λt)

(
e(1+λt)α − eξ

)
− e(1+λt)α [α log(1 + λt) + 1]

]
×ξt(1 + λt)α−1

(
−e−ξe1−(1+λt)α−2(1+λt)α+1

)
,

η22 =
[
e(1+λt)α

(
α [(1 + λt)α − 1] + 1

)
− eαξ(1 + λt)α

] (
−e−ξe1−(1+λt)α−2(1+λt)α+1

)
×αξt2(1 + λt)α−2.

Now, by substituting above relations in Equations (23) and (16) respectively, the approximate
Bayes estimator R̂(t)L is obtained as

R̂(t)L = −1

ξ
log

(
e−ξe1−(1+λ̂t)α̂

+
1

2

[
(η̂11 + 2η̂1ν̂1)σ̂11 + (η̂12 + 2η̂1ν̂2)σ̂12 (31)

+(η̂21 + 2η̂2ν̂1)σ̂21 + (η̂22 + 2η̂2ν̂2)σ̂22

+(η̂1σ̂11 + η̂2σ̂12)L1(ℓ̂, σ̂) + (η̂1σ̂21 + η̂2σ̂22)L2(ℓ̂, σ̂)
])

.

Similarly, for obtaining the approximate Bayes estimator Ĥ(t)L of HR function H(t) under the
LINEX loss function, in Equation (22) assume that η(α, λ) = e−ξH(t) = e−ξαλ(1+λt)α−1

. Then
from (24), we easily write following.

η1 = αλξ(1 + λt)α−1 log(1 + λt)
(
−e−αλξ(1+λt)α−1

)
,

η2 = αξ(1 + λt)α−2(1 + αλt)
(
−e−αλξ(1+λt)α−1

)
,

η11 = αλξ(1 + λt)α−2
[
log(1 + λt)

]2
e−αλξ(1+λt)α−1(

αλξ(1 + λt)α − λt− 1
)
,

η12 = η21 =
(
− tλ(1 + λt)− (1 + αλt) log(1 + λt)

[
− αλξ(1 + λt)α + 1 + λt

])
×αξ(1 + λt)α−3e−αλξ(1+λt)α−1

,

η22 = αξ(1 + λt)α−4e−αλξ(1+λt)α−1
[
αξ(λt)α(1 + αλt)2 − (α− 1)t(1 + λt)(2 + αλt)

]
.

By substituting above relations in Equations (23) and (17) respectively, the approximate Bayes
estimator Ĥ(t)L is obtained as

Ĥ(t)L = −1

ξ
log

(
e−ξα̂λ̂(1+λ̂t)

α̂−1

+
1

2

[
(η̂11 + 2η̂1ν̂1)σ̂11 + (η̂12 + 2η̂1ν̂2)σ̂12 (32)

+(η̂21 + 2η̂2ν̂1)σ̂21 + (η̂22 + 2η̂2ν̂2)σ̂22

+(η̂1σ̂11 + η̂2σ̂12)L1(ℓ̂, σ̂) + (η̂1σ̂21 + η̂2σ̂22)L2(ℓ̂, σ̂)
])

.

4.5. Approximate Bayes estimators under GE loss function
In Equation (22) if η(α, λ) = α−τ , then , η1 = −τα−(τ+1), η11 = τ(τ + 1)α−(τ+2), η2 =

η12 = η21 = η22 = 0. So by substituting above relations in Equations (23) and (18) respectively, the
approximate Bayes estimator α̂LA−GE of α under GE loss function is obtained as
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α̂GE = α̂

{
1 +

τ

2α̂

[(
τ + 1

α̂
− 2

[
a− 1

α̂
− b

])
σ̂11 − 2

(
c− 1

λ̂
− d

)
σ̂12 (33)

−σ̂11L1(ℓ̂, σ̂)− σ̂21L2(ℓ̂, σ̂)

]}− 1
τ

.

In Equation (22) if η(α, λ) = λ−τ , then η2 = −τλ−(τ+1), η22 = τ(τ + 1)λ−(τ+2), η1 =
η12 = η21 = η11 = 0. By substituting above relations in Equations (23) and (19) respectively, the
approximate Bayes estimator λ̂GE of λ under the GE loss function is obtained as

λ̂GE = λ̂

{
1 +

τ

2λ̂

[(
τ + 1

λ̂
− 2

[
c− 1

λ̂
− d

])
σ̂22 − 2

(
a− 1

α̂
− b

)
σ̂21 (34)

−σ̂12L1(ℓ̂, σ̂)− σ̂22L2(ℓ̂, σ̂)

]}− 1
τ

.

For obtaining the approximate Bayes estimator of R(t) under GE loss function, in Equation (22)
assume that η(α, λ) = R(t)−τ =

(
e1−(1+λt)α

)−τ
. Then from (24) we can write

η1 = τ(1 + λt)α log(1 + λt)
(
e1−(1+λt)α

)−τ
,

η2 = ατt(1 + λt)α−1
(
e1−(1+λt)α

)−τ
,

η11 = τ(1 + λt)α [log(1 + λt)]
2 (

e1−(1+λt)α
)−τ (

τ(1 + λt)α + 1
)
,

η12 = η21 = τt(λt+ 1)α−1
(
e1−(λt+1)α

)−τ
([

α log(λt+ 1)
](
τ(1 + λt)α + 1

)
+ 1
)
,

η22 = ατt2(λt+ 1)α−2
(
e1−(λt+1)α

)−τ [
ατ(λt+ 1)α + α− 1

]
.

Now, by substituting above relations in Equations (23), and (20) respectively, the approximate
Bayes estimator R̂(t)GE is obtained as

R̂(t)GE =

{(
e1−(1+λ̂t)α̂

)−τ

+
1

2

[
(η̂11 + 2η̂1ν̂1)σ̂11 + (η̂12 + 2η̂1ν̂2)σ̂12 (35)

+(η̂21 + 2η̂2ν̂1)σ̂21 + (η̂22 + 2η̂2ν̂2)σ̂22

+(η̂1σ̂11 + η̂2σ̂12)L1(ℓ̂, σ̂) + (η̂1σ̂21 + η̂2σ̂22)L2(ℓ̂, σ̂)
]}− 1

τ

.

Similarly, the approximate Bayes estimator Ĥ(t)GE of HR function under the GE loss function
is obtained by setting η(α, λ) = H(t)−τ =

(
αλ (1 + λt)

α−1 )−τ
in Equation (22). Then from (24)

we can write

η1 = − τ
(
αλ(1+λt)α−1

)−τ(
α log(1+λt)+1

)
α ,

η2 = − τ(1+αλt)(αλ(1+λt)α−1)
−τ

λ(1+λt) ,

η11 =
τ
(
αλ(1+λt)α−1

)−τ
(
1+τ+ατ log(1+λt)

(
2+α log(1+λt)

))
α2 ,

η12 = τ(1 + λt)α−2
(
αλ(1 + λt)α−1

)−(τ+1)[
τ + αλ(τ − 1)t+ ατ(1 + αλt) log(λt+ 1)

]
,

η22 =
τ
(
αλ(1+λt)α−1

)−τ[
τ(1+αλt)2+λt(2+αλt)+1

]
λ2(1+λt)2 .
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Now, by substituting above relations in Equations (23) and (21) respectively, the approximate Bayes
estimator Ĥ(t)GE is obtained as

Ĥ(t)GE =

[(
α̂λ̂
[
1 + λ̂t

]α̂−1
)−τ

+
1

2

{
(η̂11 + 2η̂1ν̂1)σ̂11 + (η̂12 + 2η̂1ν̂2)σ̂12 (36)

+(η̂21 + 2η̂2ν̂1)σ̂21 + (η̂22 + 2η̂2ν̂2)σ̂22

+(η̂1σ̂11 + η̂2σ̂12)L1(ℓ̂, σ̂) + (η̂1σ̂21 + η̂2σ̂22)L2(ℓ̂, σ̂)
}]− 1

τ

.

5. Real Data Analysis
In this section, we analyze a data set due to Lee and Wang (2003) for the purpose of illustration.

This data set represents remission times (in months) of a random sample of 128 bladder cancer pa-
tients. For this data set, 128 failures are observed. Kumar et al. (2019) showed that NH distribution
is an appropriate model for this data set. So, we can assume that this data set comes from NH dis-
tribution and accordingly, we make inferences on the unknown parameters α, λ, reliability function
R(t), and HR function H(t). We used m = 88 artificial progressive type-II censoring sample from
n = 128 bladder cancer patients generated by Alhussain and Ahmed (2020).

The 88 generated data are as follows:
0.08, 0.2, 0.4, 0.5, 0.51, 0.81, 0.9, 1.05, 1.19, 1.26, 1.35, 1.4, 2.02, 2.02, 2.07, 2.26, 2.46, 2.64,

2.69, 2.75, 3.02, 3.31, 3.57, 3.64, 3.7, 3.82, 3.88, 4.18, 4.26, 4.33, 4.34, 4.5, 5.09, 5.17, 5.32, 5.34,
5.49, 5.62, 5.85, 6.25, 6.54, 6.93, 6.94, 7.26, 7.28, 7.32, 7.39, 7.59, 7.62, 7.63, 7.66, 7.87, 8.26, 8.53,
8.65, 8.66, 9.02, 9.22, 9.47, 10.34, 10.66, 10.75, 11.25, 11.64, 11.79, 12.02, 12.03, 12.07, 12.63,
13.11, 13.8, 14.24, 14.76, 14.77, 14.83, 15.96, 16.62, 17.12, 17.36, 19.13, 20.28, 22.69, 23.63, 25.74,
25.82, 26.31, 46.12, 79.05,

with R1 = R2 = R3 = R4 = 10 and Ri = 0 for i = 5, · · · , 88. Table 1 provides the MLE and
Bayes estimates of α, λ, R(t = 1) and H(t = 1) relative to SE, LINEX (ξ = −2) and GE (τ = −1.5)
loss functions for this sample, when the hyperparameters a = 150, b = 0.2, c = 160, d = 0.2 are
used for prior parameters. The parameter estimates, estimates of the reliability function R(t) and HR
function H(t), and 95% asymptotic confidence intervals for parameters α and λ are presented in Table
1. Figure 3 is a contour plot of the log-likelihood function of these data. The plot indicates that the
maximum of the log-likelihood function is at (α = 0.9720, β = 0.1099), as showed in the Table
1. Figure 3 indicates that the estimate of the survival function of NH distribution is very close to the
Kaplan-Meier estimator. Therefore, the NH distribution provides a closer fit to the empirical survivals
for the bladder cancer data set.

Table 1 Estimates α, λ, R(t) and H(t) for the bladder cancer data set based on the NH distribution

parameters MLE
Bayes Estimates under the loss function

95% ACI
SE LI GE

α 0.9720 3.2012 0.0472 2.6267 (0.8458, 1.0982)
λ 0.1099 0.0665 0.0647 0.0611 (0.0859, 0.1339)

R(t) 0.8987 0.706 0.7090 0.6938
H(t) 0.1065 0.3330 0.2934 0.2770
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(0.972037, 0.109934)
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Figure 3 Contour plot of the log-likelihood function(left panel) and Kaplan-Meier and fitted survival
function of NH distribution(right panel) considering the data from the bladder cancer patients

6. Simulation Study
In order to compare the estimators of parameters, reliability and HR functions of NH distribution,

Monte Carlo simulations were performed utilizing 2000 progressively type-II censored samples. The
performance of all estimators (Bayes and MLE) for parameters α and λ, reliability and HR functions
is compared numerically in terms of their mean square error (MSE) values for different combinations
of n, m and different censoring schemes. All of the computations were performed using Mathematica
10 software. Program code is available if needed. Applying the algorithm of Balakrishnan and
Aggarwala (2000), we used the following steps to generate a progressive type-II censored sample
from the NH distribution, and then, we get the estimations of the parameters.

1. Simulate m independent exponential random variables Z1, Z2, ..., Zm. This can be done us-
ing inverse transformation Zi = −ln(1 − Ui) where (U1, · · · , Um) are independent standard
uniform random variables.

2. Set Xi =
Z1

n + Z2

n−R1−1 + Z3

n−R1−R2−2 + · · · + Zi

n−R1−R2−···−Ri−1−i+1 for i = 1, 2, ...,m.
Then (X1, · · · , Xm) is a progressively type-II censored sample from the standard exponential
distribution.

3. Let Yi = F−1(1− exp(−Xi)), for i = 1, 2, ...,m, where F−1(.) is the inverse CDF of the NH
distribution. Then Y1, · · · , Ym is the required progressively type-II censored sample from the
NH distribution function F (.).

4. The MLEs of the parameters α and λ were obtained by iteratively solving Equations (5) and
(6) using the NMaximize function of Mathematica 10. Also, we compute the MLEs of the
reliability function R(t) and HR function H(t), by (7) and (8), respectively.

5. The approximate Bayes estimates α̂SE , λ̂SE , R̂(t)SE and Ĥ(t)SE based on the SE loss func-
tion, are computed from (25), (26), (27) and (28).

6. The approximate Bayes estimates α̂LL, λ̂L, R̂(t)L and Ĥ(t)L based on the LINEX loss func-
tion, are computed from (29), (30), (31) and (32).

7. The approximate Bayes estimates α̂GE , λ̂GE , R̂(t)GE and Ĥ(t)GE based on the GE loss func-
tion, are computed from (33), (34), (35) and (36).
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8. Above steps are repeated by 2000 times. Then we estimate the mean and then, we compute the
MSE as

MSE =
1

2000

2000∑
i=1

(
si(ϱ̂)− s(ϱ)

)2
,

where s(ϱ) is the true value and si(ϱ̂) is the i-th estimate of s(ϱ) evaluated at ϱ̂. In all of the
above cases the prior parameters chosen as a = b = c = d = 0.1, which yield the generated
values of α = 0.05, λ = 0.35, R(t = 1) = 0.984995 and H(t = 1) = 0.0131589 as the true
values. In Table 2, the censoring scheme (5*4, 25*0) means (4, 4, 4, 4, 4, 0, 0, 0, 0, 0, 0, 0, 0,
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0). In Table 4 the estimated lower bound of asymptotic
confidence intervals for parameter λ in most cases is negative values. Since λ > 0, we get all
of the negative values as 0∗ = 0. The simulation results are summarized in Tables 3-6.

7. Conclusions
In this article we have considered the inference of the NH distribution based on progressively

type-II censored samples. We discussed the ML and Bayes estimators for parameters α and λ, relia-
bility function, and HR function. Asymptotic confidence intervals are also obtained for parameters.
The Bayes estimators are discussed under symmetric loss function SE and asymmetric loss functions
LINEX and GE. We used Lindley,s approximations to compute the approximate Bayes estimates. A
simulation study was conducted to examine the performance of the different estimators under differ-
ent sample sizes and different censoring schemes. In addition, the bladder cancer data set from Lee
and Wang (2003) were analyzed by using the NH distribution.
Based on simulation results, we observe that in most cases, the MSEs for all of the estimators (MLE
and different Bayes estimators) decrease when the sample size n and effective sample size m in-
creases. It is observed from Table 3 that the approximate Bayes estimate of α under the GE loss
function (α̂GE with τ = 0.5) is better than the other estimates in most cases (the average of ap-
proximate Bayes estimates of α under the GE loss function (α̂GE with τ = 0.5) are close to the true
parameters and it has the smallest estimated MSEs as compared with the other estimates). From Table
4, it is clear that the approximate Bayes estimator of parameter λ, under the LINEX loss function (λ̂L

with ξ = 2) ) are close to the true parameters and it has the smallest estimated MSEs as compared
with other estimates (approximate Bayes estimates under SE and GE loss functions and MLEs). From
Table 5, it is clear that the MLEs of reliability function R(t), is close to the true parameter and it has
the smallest estimated MSEs as compared with the other estimates. From Table 6, it is clear that the
approximate Bayes estimator of HR function H(t), under the GE loss function (Ĥ(t)GE , τ = 0.5
) is close to the true parameter and it has the smallest estimated MSEs as compared with the other
estimates. It is observed from Tables 3 and 4, the average length of asymptotic confidence intervals is
decreased as the sample size is increased. The results of the application of the NH distribution on re-
mission times in bladder cancer patients in the presence of progressive type censoring are interested
since they will enable the use of the methods presented in this paper in various application issues
such as cancer data modeling. The current work can also be extended to other censored data such as
balanced joint progressive type-II censoring, generalized order statistics, and progressive sequential
order statistics.

Acknowledgements
The authors are grateful to two anonymous reviewers for their valuable suggestions which have

improved the manuscript substantially.



292 Thailand Statistician, 2025; 23(2): 279-297

Table 2 Different sampling schemes

Different sampling schemes (D) n m Ri

1 50 30 (5*4,25*0)
2 50 30 (12*0,5*4,13*0)
3 50 30 (4,2,2,22*0,4,4,2,2,0)
4 50 30 (29*0,20)
5 50 40 (5*2,35*0)
6 50 40 (17*0,10*1,13*0)
7 50 40 (30*0,10*1)
8 50 40 (5,37*0,5,0)
9 50 50 (50*0)

10 80 50 (5*6,45*0)
11 80 50 (22*0,6*5,22*0)
12 80 50 (44*0,6*5)
13 80 50 (15,48*0,15)
14 80 65 (21*0,5*2,5,38*0)
15 80 65 (60*0,5*3)
16 80 65 (64*0,15)
17 80 80 (80*0)
18 110 80 (10,10,5,5,76*0)
19 110 80 (19*0,10*3,51*0)
20 110 80 (70*0,10*3)
21 110 80 (10,41*0,10,36*0,10)
22 110 95 (5*1,80*0,10*1)
23 110 95 (93*0,7,8)
24 110 95 (32*0,5*3,58*0)
25 110 110 (110*0)
26 150 50 (20*0,5*20,25*0)
27 150 50 (40*0,10*10)
28 150 50 (50,48*0,50)
29 150 100 (28*0,5*10,62*0)
30 150 100 (99*0,50)
31 150 100 (50*1,50*0)
32 150 150 (150*0)
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Ĥ
(t
) L

(ξ
=

2
)

Ĥ
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