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Abstract

A weighted generalization of positive exponential family of distributions is taken into considera-
tion and its properties are studied. Considering two measures of reliability, namely R(t) = P(X > t)
and P = P(X > Y), their Uniformly minimum variance unbiased (UMVU) estimators, Maximum
Likelihood (ML) estimators and Method of Moment (MM) estimators are developed and the perfor-
mance of the estimators are investigated using Monte Carlo Simulation. We investigate two empirical
data sets to illustrate the proposed approach.

Keywords: Monte Carlo simulation, MLE, point estimation, UMVUE, weighted exponential.

1. Introduction

The concept of weighted distributions was introduced by Fisher (1934) and first applied by Rao
(1965) to model statistical data which standard distributions could not formulate. Moreover, weighted
distribution theory gives a unified approach to dealing with model specification and data interpretation
problems. Weighted distributions frequently occur in studies related to reliability, survival analysis,
analysis of family data, biomedicine, ecology and several other areas.

Suppose X is a non-negative continuous random variable (r.v.) with probability density function
(pdf) f(zx). The pdf of the weighted r.v. X,, is given by

fulw) = LI g, M
Hw
where w(x) is a non-negative weight function and p,, = E[W(X)] < oo.

For the weight function w(z) = z¢ in equation (1), the resultant distribution is named size bi-
ased distribution. For ¢ = 1, the weight function depends on the length of units of interest and the
resulting distribution is called length biased distribution while, for ¢ = 2, the resulting distribution
is called area biased distribution. Gupta and Kundu (2009) introduced a new weighted exponential
model which has the pdf whose shape is very close to the shape of Weibull, gamma or generalized
exponential distributions and hence can be used as their alternative. Das and Roy (2011a), Das and
Roy (2011b) considered length-biased weighted generalized Rayleigh distribution and length-biased
weighted Weibull distribution. They explored various properties of these distributions and demon-
strated their relationship with several well known distributions. Kilany (2016) considered weighted
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Lomax distribution and studied its properties. Fallah and Kazemi (2020) revisited the generalized
weighted exponential distribution. They developed some new distributional results for this distri-
bution and provided its closed form expressions and related characteristics. ? introduced weighted
Half-Logistic distribution and discussed in detail its properties and applications. Alahmadi et al.
(2022) have introduced a new version of weighted Weibull distribution and showed its application to
model COVID-19 data. Yazgan et al. (2022) have presented a fuzzy stress-strength reliability model
for weighted exponential distribution.

Kumar and Chaturvedi (2020) generalized the positive exponential family proposed by Liang
(2008), which covers as many as ten distributions to be particular cases. They explored the properties
and different methods of estimation of the parameters and the reliability characteristics associated
with this family. Chaturvedi et al. (2021a) have developed sequential and two-stage procedures for
the scale parameter of this generalized positive exponential family of distributions. The main goal
of the present paper is to provide an extension of the generalized positive exponential family of dis-
tributions. The size biased distribution is proposed to increase the flexibility of modelling data. The
advantage of this size biased positive exponential family of distributions is that for different values
of f3, the size biased form of the distributions described by Kumar and Chaturvedi (2020) are special
cases of this family of distributions. The present investigation aims to study some structural proper-
ties of the proposed weighted generalization of the positive exponential family of distributions.

The rest of the paper is organized as follows: In Section 2, the weighted generalization of the
positive exponential family of distributions is proposed and the associated properties are investigated.
In Section 3, we derive UMVU estimators, ML estimators and MM estimators of the qth power of
the parameter 6 of the proposed weighted family of distributions, when other parameters are known.
We also derive UMVU estimators and ML estimators of the reliability functions. In section 4, we
derive ML estimators when all the parameters are unknown. Section 5 of our paper comprises of an
extensive simulation study followed by real data illustrations in Section 6. We end with a brief set of
conclusions in Section 7.

2. The Weighted Generalized Positive Exponential Family of Distributions and Its Properties
A r.v. X is said to follow generalized positive exponential family of distributions if its pdf and
cdf are respectively given by

f(z;a,B8,v,0) =a <§> %xa”_l exp <_gxa> ix>0,a,8,v,0 >0 2)

and
2 (n55)
F(z) = 1,
where y(z,a) = fom te~le~tdt is the lower incomplete gamma function.

We construct a weighted family of distributions by taking w(z) = ¢, and hence size biased
weighted generalized positive exponential family of distributions is given by

v+ <
«o B o _ —pBx®
. 0 - = (| E av+c—1 .
xz>0,a,8,v,0,¢c>0. @)

3

We denote it by WGPEFD(c,«, B,v,0). The pdfs of length biased and area biased generalized
positive exponential family of distributions (LGPEFD and AGPEFD) distributions can be, respec-
tively, obtained by substituting ¢ = 1 and ¢ = 2 in (4). The corresponding cdf and hazard function
are respectively given by

v V-i-i,ﬁxa
G(I;O{,IB,V,07C) = w (5)
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and

v+5 o
«a (%) xal/‘l‘c—l exp (*ﬁei )
Dt g) = (v %)

Figures 1 and 2 provide possible shapes of probability density functions and hazard functions of this
family of distributions for different values of «, 3, v, ¢ and 6.
For different values of 3, this family covers the following distributions as special cases:

(6)

1. Fora = v = 8 = 1, we get one parameter size biased exponential distribution.

2. For « = 8 = 1, it gives size biased gamma distribution. Further, for integral values of «, it
gives size biased Erlang distribution.

3. For 8 = 1, it leads to size biased generalized gamma distribution.
4. For 8 = v = 1, it turns out to be size biased Weibull distribution.
5. Forv = %, B =1,a = 2, itis known as size biased half normal distribution.

6. Forv =%, a=2,8= %, m > 0 we get size biased chi distribution and for m = 3 we get size

biased Maxwell distribution (Sharma et al., 2017).
7. Fora = 2,v = 1,5 = 1, we get a size biased Rayleigh distribution.

8. Fora =2, =1v =k+1; k > 0 we get a size biased generalized Rayleigh distribution of
Voda (1978).

9. Forv =pFand a =2,v > o, 8 > 0 we get the size biased Nakagami distribution (Mudsir and
Ahmad, 2018).

The various distributional properties and reliability characteristics related to this family of distribu-
tions are stated below:

1. Moments
The rth raw moment (about the origin) of this family of distributions is given by

, o\ 1 c r

In particular, mean and variance of WGPEF D(c, «, 8,7, v, 6) are respectively given by

()T Ed)
o (ﬁ) T (v+ <) 2
and 2 )
AN c 2 (T (v+<+12))
o _(ﬁ> 71“(1/+§) F<V+a+a>_ F(y+§) . (8)

2. Skewness and Kurtosis
The coefficients of skewness (/31) and kurtosis (2) can be obtained as

2
[aga% — 3asaiag + Qa?]

B =

[azag — aﬂ3
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and ) A
ajay — 4adaraz + 6agaza? — 3aj

B =

[agas — a%]Q 7

respectively, where a, = T’ (1/ + <+ 3) From Figure 3, we observe that WGPEFD is posi-
tively skewed as 3; > O for different values of parameters. Figure 4 clearly indicates that this
family exhibits the shapes higher than normal curve as (5 is larger than 3 for the given ¢ and
different values of 6 and hence this family is leptokurtic.

. Mode

Mode of the distribution is given by

+e—1/0\\""
X'mode = (ayac <B)) .

The pdf of this family is uni-modal for given «, 5, v, ¢ and 6.

Median
Median is the solution of the following equation:
F(Md)=0.5
(v 5, 2000
= —-05=0
I'(v+ %)

Quantiles
The ¢'" quantile x4 can be obtained by solving the equation

q:FX(xq§9)
vy (1/+ = ﬂ?)
— =V
a v+ <)

= 1, = <gg1 (wr ;,q)>é,

where G1 (1/ + 2, q) is an inverse gamma regularized function and can be approximated by
using the following series expansion

[(—(z = D(a + 1))1/a]2+

G Ya,2)=(—(z— DI(a+1)"/* + a+1

(3a+5) [(—(z — D (a + 1))/*]’
2

(a+1)%*(a+2) OG-,

where O(-) represents higher order terms.

Moment Generating Function and Characteristic Function
The moment generating function of X is given by

oo

(0T (v 2+ )
w0=35(5) Foia

=0
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Consequently, the characteristic function ¢x (t) = E(e!¥) is given by

= (i) (0N T (v+ &+ L)
; 5! () T(vts)

B

7. Conditional Moments and Conditional Moment Generating Function
Let X be a random variable following the WGPEFD, then the conditional moment E(X"| X >
t) and the conditional moment generating function E(e!X|X > x,) are respectively given by

%)r/a {1"(1/+§+§)—'y<1/+ }%)}

C+g) = (v s %)

E(X"|X >t) = (

and

8. Stochastic Ordering
A r.v. X is said to be stochastically greater than Y, ie., Y < X, if Fy(t) < Fx(t) for all ¢.
Further, X is said to be greater than Y in the
(a) hazard rate order, Y <p,. X, if hy (t) > hx (t) for all ¢.
(b) mean residual life order, Y <,,,; X if my (t) > mx (¢) for all .

(¢) likelihood ratio order, Y <;. X if J}’Y( (8 decreases in .

Shaked and Shanthikumar (1994) gave a result regarding stochastic ordering which shows that

the existence of likelihood ratio ordering implies the existence of all the orderings mentioned

above.
Let X ~ WGPEFD(ay,f1,v1,01,¢1) and Y ~ WGPEFD(as, B2, vs,02,c2). Then, the
likelihood ratio is given by

v+ vato2 ¢
fX(fE) o Bl a1 922 oo I (l/2+ 0722>

V] — QU Cc1—C:
X 2v2ter—cz

V2+% V1+%1 c1
fY (l‘) a2 62 91 r (1/1 + a)
exp | — (Pr028% — Babrz®
b 0,05
d fx(@) _ fx(@) [ —oarater—co 01Bibar® ! — anfatha !
dv fy(z)  fy(z) z 016
€))
d fx(z)

From (9), we can observe that - e is decreasing in x, if a1 < a9, 81 < B2, 1 < Vo,
0y < Brand ¢y < o, Vr, 0 < aq, a9 < 1.

Hence, Y <;. X when oy < g, 81 < B2, 1 < Vs, 05 < 01,c1 < cxand 0 < aq, 0 < 1 and
hence,
(Y <ir X) - (Y <pnr X) - (Y <inrl X)

!
(Y Sst X)
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9. Mean Residual Life Function
The Mean Residual Life function is given by

v Q’M
{ft‘x’ 1— A’(Jrr(u)f’)} du
wt) = pro
( {1 . ’Y(”ﬁe)]

r(v+<)

10. Mean Time to System Failure
Mean time to system failure of this family of distributions is given by

(%)
MTSF = F%)Jrc)r (u+;+;)

All the properties described above can be derived for LGPEFD and AGPEFD by taking ¢ = 1 and
¢ = 2 respectively.

3. UMVU and ML Estimators of Powers of Parameter ¢, R(¢) and P

Let X4, X5, ..., X,, be a random sample of size n from the WGPEFD. Then, assuming «, 3, v
and c to be known, the likelihood function of the parameter 6 given the sample observations x =
(z1,22,...,%,) is given by:

o n 5 n(VJri) 7@ Xn: o n B

Lo = — = = avte—1 10
o19=(wip) (o) I w
The following theorem provides uniformly minimum variance unbiased (UMVU) estimator of

powers of 6.

Theorem 1 For q € (—o0,0), the UMVU estimator of 64 is given by:

N { L(n@+g)

q. 4
67 = F(n(u+;)+q>}s’ ) a0

0; otherwise.

where S =[5 X2

i=1
Proof: It follows from (10) and factorization theorem (Rohatgi and Saleh, 2012) that S is sufficient
statistic for 6 and the pdf of S is

fs(s|0)= snlvta) exp (—i)' v, o, 8,0, ¢c>0,5>0 11
0= Ty e o2 Tg) e o> 020

From (11), since the distribution of S belongs to exponential family, it is also complete. Now, it

follows from (11) that
Pn(v+2)+a)
E[S? = @ 09 12
. { C(+£) } | .

and the theorem follows. [J
In the following theorem, we obtain UMVU estimator of the sampled pdf at a specified point x.
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Theorem 2 The UMVU estimator of the sampled pdf at a specified point x is

v+< «
_ a (ﬁ) @ :L,ow+cfl |:1 _ Bz
g(@a, B, 0,c) = ¢ Blr+5.(-D(v+5)) \® s

0; otherwise.

(n=1)(r+5)-1
} (v+3) . Bz < S

Proof: We can write the pdf given in (4) as

vtg i > (—1)? a\ ¢
g(z;a,B,v,0,c) = T o) (VO;_ ey (g) govte=t Z; ( i!) (B;)

ARt & 1) (B (s
T (v+©) J .

7!
i=0

Applying Theorem 1,

Gl@; o, B,1,60,0) = < prE govtes] > (71)1‘25596&)1 (6) (i)
i=0 ’

Tt o) T

o (%)U+§ x(ay+c_1) (nfl)(VJrﬁ)*l

:5(y+§,(n—1)(u+§)) > (_1)i<(n—1> (”Z.J“i)‘l)x
).

and the result follows. [J
The following theorem provides UMVU estimator of the reliability function R(t).

Theorem 3 The UMVU estimator of R(t) is

F(r) — 1—TIpe v+ (n-1)(v+2)); Bt*<S
0 ; otherwise,
x
where I1,(p,q) = m/ yP 1 =) dy; 0 <y < 1,2 < 1, p,q > 0 is the incomplete beta
0
function.

Proof: On applying Theorem 2, the UMVU estimator of R(¢) is given by

Rmnz/'mam@uaam
t

"B+ g,(no_é D) (v +9) <§)+ .

(n—1) v+g)-1
[ 12,
t

and the result follows by substituting % = z.
Let X and Y be two independent random variables with respective pdf:

V1+(CT11 _ o
g(z;01, Br, 01,01, ¢1) = . S (§1> g ite =l o ( ﬂ;x ) ;
F (Vl —+ 5711) 1 1

x> 0,01, 81,v1,01,c1 >0
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and

Vz-ﬁ-%2 _ as
g (y; a2, B2, 12,02, ¢2) = -2 (62> yo2v2te—lexp < Pry ) ;
T <V2 + 5722) 02 02

y > 0,2, B2,v2,02,¢c0 > 0. [
Now the UMVU estimator of P is given in the following theorem.

Theorem 4 The UMVU estimator of P is

1 1 i+ -1, (n71)(1,1+§71),1
fz:U ﬂ(u1+%7(n—1)(,,1+(%)) 21 1 (1 Z) 1

I{M} <V2+57227(m—1)<u2+%));f0r(%>1/mé(ﬁ%)n%

X

1

T
P = . .
1— 1 1 Z’/2+%—1 1—2 (mfl)(’/2+£>71 x
() ot 0
C1 C1 S 1/0{1 T 1/(!2
(@) an e =D (o) )or (5) 77> ()
25
Proof: Let Xy, X, ..., X,, be arandom sample of size n from g(z; a1, 51, v1,01,¢1) and Y1, Yo, ..., Y,
be a random sample of size m from g(y; aa, B2, V2, 62, c2). Further, let § = Y 51X and T' =
i=1
B2Y;*2. Tt follows from Theorem 2 that
i=1
g B ey
g(x; a1, Br,v1,01,¢1) = <S> geatealy
G ACEDICEE ) 13
a1 (n—1) (v1+2—11)71
{1 _ b } ;1™ < S
S
and
c2
_ a 5 1/2"1‘(%*2 , B
9(y; 2, Ba, v2, 02, c2) = 2 (;) yorateTly
Bva+ 2 m=1)(n+2))
2 2 (14)

as ] (m—1) (V2+2—2)71
|:1 B 62/}/ :| 2 ;62ya2 <T.

T
The UMVU estimator of P can be obtained as

o0 xr
PZ/ / g(z;aq, B1,v1,01,¢1)g(y; oz, Ba, V2,02, c2) dx dy
=0 Jy=0

1 1 c

/Hlin(<[§§1) 1 7(%) 2) OZ1$L'a1V1+Cl_1 <ﬁ1>’/1+all

_ — X
o=0 Bln+a,m-1) (n+2))

S
a1 (nfl)(ulJr:—l)fl
[1—3; } ' 1 pya02 (1/2+62,(m—1) <1/2+02>) dzx.
T

=T ()] Q2
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X

~ /(le)“l qprovite—l (51>V1+211 [1 51xa1:|(n1)(u1+211)1
=0 Bt -1 (nr2))\S S

Iﬂw—'a? <V2+02a(m_1) <V2+02>> dxa
I ()] (6]
(15)

and the first assertion follows by substituting B 1ga1 = z.

1/0y 1/a2
When (%) > (%) , the UMVU estimator of P is given by

ﬁ:/ / g(m;al,ﬂl,1/1,91,Cl)g(y;a27/827y2702702)dx dy
y=0 Jar=y

:/ R(y; a1, B1,v1, 01, ¢1)§(y; as, Ba, va, 02, ¢2)dy
y=0

(&%)

B(VQ—F(%,(m—l) (1/2—|—(‘;—2;)) (T

as 7 (m—1) (1/2—&-2—2)—1
[1523’ ] ’ [1131ya1 <V1+Cl,(n1) (uﬁcl)ﬂ dy,
T S (651 Qaq
(16)

ﬂ V2+%
2> ya2V2+02*1X

and the second assertion follows by substituting 52%W2 = 2.
It can be easily seen from (10) that the maximum likelihood (ML) estimator of ¢ is given by

q
~ S
gr=|—="—_| | 17
(n (1/ + ;)) {17)
where, S = Xx;*. O

Now we provide ML estimator of R(t) in the following theorem.

Theorem 5 The ML estimator of R(t) is given by

1(rr s v+ )
I'(v+£)

Rt)=1—

)

T
where ~y(a,r) = / y*~LeYdy is the lower incomplete gamma function.
0

The ML estimator of P is given in the following theorem.
Theorem 6 The ML estimator of P is given by

P=1- 1 / et e E
P (v + )T (v 2) Jomo

—1\ as
oo (n+2) (35 (nr22) )
C1 d

0 V1+O[717 S
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Next, we derive the mathod of moment (MM) estimator of 6.

Theorem 7 The MM estimator of 04 is given by

Ch <(r<i(i§i);)>axaﬁ)q‘

The proofs of Theorems 5, 6 and 7 can be easily derived on the similiar lines as derived in Kumar
and Chaturvedi (2020).

4. ML Estimators When All the Parameters are Unknown

Now we discuss the case when all the parameters «, v/, 6 and ¢ are unknown. The log-likelihood
function of the parameters «, v, 6 and c given the sample observations z and different values of 5 is

la,v,0,c|z,8) =nlog(a) — nlog (F (1/ + 2)) + nvlog(B) + % log(8) — nvlog(0)—
% log(0) — g ; ¥+ (av+c—1) ; log(x;).

The ML estimators of «, v and c are given by the simultaneous solution of the following four
equations.

.  n n O (v+£) e ne ne -
L_r a) € NC ne _Z E O oo (1
oo « + r (1/ + i) Oa a?  a? log(B) + a2log(9) ; v log(wi)+

o —n (vt g) " log(z) =
B0 ST Ty e +nloal8) —nlog(0) + nlog(6) + a;10g<xz> =0 (19
o —m A (v+E) (1 n n “ B
R T (a)  Hlog(®) ~ Sog9) + Y loste) =0 @0
B af
al:_E_E_’_ i=1 -0 21

20 0  af 62
Since, these non-linear equations don’t have a closed form solution, we apply Newton Raphson
algorithm to compute ML estimators of «, v, ¢ and 6. Further, using the invariance property of ML
estimators, the ML estimator of R(t) is given as

(22)

where @, U, 6 and @ are the ML estimators of a, v, 6 and c respectively, and the ML estimator of P is
given as

(23)
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5. Simulation Studies

In order to compare the performance of 5‘1, 9}1\4 and 07 for different sample sizes, we conduct a
Monte Carlo simulation study. For o = 0.5, 8 = 2,v = 3,¢ = 0.8, we generate 10,000 samples
each of size n from WGPEFD and repeat this procedure for several values of §. Figure 5 shows the
mean square error (MSE) of the UMVU estimator, MM estimator and ML estimator of #9. From
these figures, we note that for smaller sample sizes and for ¢ = 2, the ML estimator performs the best
and the MM estimator performs the worst. The performance of UMVU estimator is in between the
two. As the sample size increases, the three curves come close to each other. B

Along the similar lines, we perform the simulation studies to compare the performance of R(t)
and E(t) for different sample sizes. Fort = 10 and o = 0.5, 8 = 2,v = 1.5, ¢ = 0.8, we generate
10,000 samples each of size n from the WGPEFD and repeat this procedure for several values of 6.
Figure 6 shows the MSE of the UMVU estimator and ML estimator of R(t). From these figures,
we note that the MSE of the ML estimator of R(t) is always less than that of the UMVU estimator
and hence ML estimator of R(¢) performs better than UMVU estimator of R(t). However, for large
sample sizes these estimators of R(t) are almost equally efficient.

Now, we compare the performance of P and P for different sample sizes. By Monte Carlo
simulation, for vy = 0.4, 81 = 0.6,y =4,¢c1 =0.5and as = 0.1, B2 = 0.3, 5 = 1, co = 0.5, we
generate 10,000 samples each of size n and m from WGPEFD and repeat this procedure for several
values of A, and 65 = 0.8. Figure 7 shows the MSE of the UMVU estimator and ML estimator of P.
From these figures, we note that the MSE of the UMVU estimator of P is always greater than that of
the ML estimator, however, for large sample sizes these estimators of P are almost equally efficient.

5.1. ML estimation of the reliability functions when all parameters are unknown

We consider the special case of weighted generalized gamma distribution (WGGD) which is
given by taking S = 1 in (4). In order to compute the ML estimates of the reliability functions,
when all the parameters are unknown, we have first generated 1000 random samples of size n = 50
from the WGGD (say, X population or random strength X) with oy = 0.2, vy, = 2, ; = 2.5 and
c1 = 2. We generated ML estimators of these parameters for these 1000 samples and obtained the
mean of estimgtes of them. The ML estimators of o, v1, 81 and ¢; comes out to be &y = 0.3311,
;= 1.6521, 61 = 2.3548 and ¢; = 1.5833 respectively. Also for ¢ = 50, actual R(t) = 0.9871 and
R(t) = 0.9159.

Now, to obtain the estimates of P, when all the parameters are unknown, we have generated
1000 random samples of size m = 60 from the WGGD (say, Y population or random stress Y) with
as = 0.18, v5 = 1.6, 03 = 2.6 and co = 1.8. We generated ML estimators of these parameters for
these 1000 samples and obtained mean of estimates of them. The ML estimators of as, v, 05 and co
are obtained as cx = 0.1752, Uy = 1.5798, @\2 = 2.5697 and ¢ = 1.7456 respectively. Here actual
value of P = 0.9941 and the MLE of P comes out to be P = 0.9946.

The ML estimators obtained here are close to the true parameter values, though we observe
that all the parameters are slightly underestimated except P, which is slightly overestimated. These
findings verify the validity of our theoretical results.

6. Real Life Data Examples

This section deals with examples of real data to establish the superiority of Weighted Gamma
distribution (WGD) over Gamma and Weighted Generalized Gamma distribution (WGGD) which are
special cases of WGPEFD and to illustrate the proposed estimation methods.

Data set I (representing Population X') was reported by Stablein et al. (1981) [see also Chaturvedi
et al. (2021b)]. It corresponds to the survival times in days from a clinical trial on a locally advanced,
non-resectable gastric carcinoma, involving 90 patients randomized to either chemotherapy alone or
a combination of chemotherapy and radiation. The plot of empirical and theoretical cdfs of Weighted
Gamma distribution given in Figure 8 shows that it fits well to this data.
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For comparing WGD with Gamma and WGGD, we use the concept of Akaike Information
Criterion (AIC), Kolmogorov Smirnov (KS) distance and corresponding p-value. The best model
is the one that has the least values of AIC and comparatively high p-value. For establishing the
superiority of WGD, the calculated values of AIC, KS distance and p-values are reported in Table 1.

Since AIC is the least and p-value is reasonably good for WGD, we choose it to fit the data. Let
the population X ~ WG(x;vq,601,c¢1). We obtain ML estimators of the parameters v, 6, and ¢;
and then assuming v and ¢; to be known, we obtain UMVU estimator and moment estimator of 6.
We also obtain UMVU estimator and ML estimator of reliability function Rx (t) at ¢ = 10. All the
estimated values are listed in Table 2.

Data set II (representing Population Y'), reported by Efron (1988) [see also Shanker et al.
(2016)], represent the survival times of a group of patients suffering from Head and Neck cancer
disease and treated using a combination of radiotherapy and chemotherapy (RT+CT). The plot of
empirical and theoretical cdfs of Weighted Gamma distribution given in Figure 9 shows that it fits
well to this data. For comparison purposes, the calculated values of AIC, KS distance and p-values
are reported in Table 3.

Since, AIC is least and p-value is reasonably good for WGD we choose it to fit the data. Let the
population Y ~ WG(y; v2, 02, c2). We obtain ML estimator of the prameters v, 62 and ¢ and then
assuming v, and ¢y to be known, we obtain UMVU estimator and moment estimator of ,. We also
obtain UMVU estimator and ML estimator of reliability function Ry (¢) at ¢ = 10. All the estimated
values are listed in Table 4.

Now, for the above two data sets, we obtain estimators of P = P(X > Y'). The ML estimator
and UMVU estimator of P are obtained as 0.7374 and 0.7225, respectively.

7. Concluding Remarks

In this article, we have considered the weighted family of the generalization of positive expo-
nential family of distributions developed by Kumar and Chaturvedi (2020). We have considered size
biased family of distributions by taking weight w(z) = z°. UMVU, ML and MM estimators are
developed for the powers of parameters, R(t) and P. All the estimates can be obtained for length
biased and area biased generalization of positive exponential family of distributions by taking ¢ = 1
and ¢ = 2, respectively. Efficiency comparison of the three methods of estimation through Monte
Carlo Simulation studies is done. Real life data sets are studied to show the superiority of Weighted
Gamma distribution, which is special case of this family of distributions and to illustrate the proposed
estimation methods.
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Table 1 Comparison of different distributions based on AIC, KS-Distance and P values for data set |

CRITERIA AIC KS-Distance KS P-value

WGD 111.5418 0.1034 0.6837
Gamma 396.3332 0.1132 0.6811
WGGD 401.7463 0.0716 0.8664

Table 2 Estimates Based on Data Set I

n a t9A1 571 giMM ﬁx(t) Ex(t)
0.5701 0.5701 500.1502 465.6973 465.6972 09876 0.9853

Table 3 Comparison of different distributions based on AIC, KS-Distance and P values for data set IT

CRITERIA AIC KS-Distance KS P-value

WGD 144.0705 0.1473 0.668
Gamma 566.1502 0.1573 0.268
WGGD 566.4392 0.09923 0.7419

Table 4 Estimates Based on Data Set II

2 & 6 05 Oanini Ry (t)  Ry(t)
0.5118 0.5118 218.3114 218.3116 218.3116 0.9583 0.9597
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Figure 8 The empirical and theoretical cdf of WGD(v1, 61, ¢1) model

ecdf{y)

w —

o
- i
I A3 _

o

a [ P

= T T T T

0 500 1000 1500

Figure 9 The empirical and theoretical cdf of WGD (v, 02, ¢2) model
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