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Abstract

In this work, a new family of distributions is introduced by combining Marshall-Olkin and
Gompertz-exponentiated half logistic-G distributions. The new distribution is an infinite linear com-
bination of the exponentiated-G family of distributions. Some of key properties including order
statistics, ordinary moments, quantiles and moment generating function are derived. To estimate the
model parameters, the maximum likelihood method is also applied by means of Monte Carlo sim-
ulation study. Applications of the proposed family is demonstrated in many fields such as survival
analysis and univariate data fitting. Empirical results show that the proposed models provide better
fits than other well-known classes of distributions in different application fields.

Keywords: Marshall-Olkin-G, Gompertz-G distribution, exponentiated half logistic-G, Monte
Carlo simulation, order statistics, Rnyi entropy, stochastic ordering.

1. Introduction

The critical limitations and problems of classic statistical distributions to model real data sets
lead statistical researchers to introduce new flexible distributions. New generalized families of con-
tinuous distributions are often developed through classic distributions and provide the necessary flex-
ibility in data modeling.

The Marshall-Olkin-G (MO-G) family of distributions has played crucial role in statistical mod-
elling of data in several areas including reliability, engineering and biological studies. Marshall and
Olkin (1997) introduced an important method of adding an extra shape parameter to a given baseline
model thus defining an extended distribution. The Marshall and Olkin transformation provides vari-
ety of behaviors with respect to the baseline distribution. Recently the model has been used to model
data that has monotonic and non-monotonic hazard rate functions. The Marshal Olkin extended fam-
ily of distributions has the cumulative density function (cdf) and probability density function (pdf)
given by
G(x; V)
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and
0g(x; W)

[ = 0F (z; 9))2

respectively, where 0 is the tilt parameter and G (z; ¥) is the baseline distribution.

The readers are referred to Marshall-Olkin extended Weibull by Santos Neto et al. (2014).
Marshall-Olkin-Gompertz-Weibull by Chipepa and Oluyede (2021), Marshall-Olkin odd exponen-
tiated half logistic-log-logistic by Oluyede and Chipepa (2021), Marshall-Olkin extended Pareto by
Ghitany and Marshall-Olki (2005), MarshallOlkin extended Lomax by Ghitany et al. (2007), Mar-
shallOlkin gamma by Ristic et al. (2007), and Marshall-Olkin generalized exponential by Ristic and
Kundu (2015) for more details.

Alizadeh et al. (2017) proposed the Gompertz-G generated family of distributions with cdf and
pdf given by

fro—a(@;6,V) = 2
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respectively, for A\, > 0 and &£ a parameter vector from the baseline distribution. In this note, we
will take \ = 1.

Other well known Gompertz distribution type generalizations in the literature are the generalized
Gompertz distribution by El-Gohary et al. (2013), beta-Gompertz by Jafari et al. (2014), Gompertz
power series distribution by Jafari and Tahmasebi (2016) and a power Gompertz distribution by Ieren
etal. (2019).

Introducing new distributions requires us to have good motivations. The newly proposed family
of distributions reduces the modeling error of the several interesting data sets such as left and right-
tailed data sets. The MO-Gom-EHL-G family of distributions gives the desirable properties and
flexibility to model these kind of data sets. Moreover, the distribution exhibit monotonic and non-
monotonic hazard rate function.

In this paper, we develop the new family of distributions, called the Marshall-Olkin-Gompertz-
Exponentiated Half Logistic-G (MO-Gom-EHL-G) family of distributions. In Section 2, we present
the new generalized family of distributions and its linear representation. Statistical properties of the
MO-Gom-EHL-G family of distributions are derived in Section 3. In Section 4, we present some
special cases. Maximum likelihood estimates of the MO-Gom-EHL-G family of distributions are
presented in Section 5. Monte Carlo simulation study is conducted to examine the consistency of the
maximum likelihood estimators for each parameter in Section 6. Applications of the special case of
Marshall-Olkin-Gompertz-Exponentiated Half Logistic-log-logistic (MO-Gom-EHL-LLoG) to real
data sets are given in Section 7, followed by concluding remarks.

2. The Model and Linear Representation

We employ Marshall-Olkin transformation by Marshall and Olkin (1997) given in equation
(1) to propose a new family of distributions, namely, Marshall-Olkin-Gompertz-Exponentiated Half
Logistic-G (MO-Gom-EHL-G) family of distributions. Therefore, the cdf, pdf and hazard rate func-
tion (hrf) of the MO-Gom-EHL-G family of distributions are given by
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respectively, where H (z; a,y, ¥) = exp{ (1 - {1 - (m) } ) } fora, §,v > 0,6 =

1 — ¢ and ¥ is a vector of parameters from the baseline distribution function G(.).

2.1. Linear representation

In this section, a useful linear representation for the MO-Gom-EHL-G pdf is derived. The pdf

in equation (6) can be expressed as

flz) =
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so we can write the pdf of the MO-Gom-EHL-G family of distributions as:
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Applying the generalized binomial series expansion on C, we obtain
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Also, by applying the following generalised binomial series expansions:

(b () T) SO b- (2]
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we can write
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and hyy1(2;9) = (v + 1)g(z; U)(G(x; ¥))V is the exp-G density with power parameter (v + 1).
Thus, the MO-Gom-EHL-G family of distributions can be written as an infinite linear combination of
exponentiated-G densities. The structural properties of the MO-Gom-EHL-G family of distributions
follow directly from those of the exponentiated-G distribution.

3. Some Statistical Properties

We present some statistical properties of the MO-Gom-EHL-G family of distributions, which in-
clude distribution of the order statistics, entropy, moments, incomplete moments, generating function
and stochastic ordering.
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3.1. Order statistics
Let X1, Xo,...., X,, be independent and identically distributed MO-Gom-EHL-G random vari-
ables. The pdf of the it" order statistic, X;.,, can be written as

M

fenl0) = gD Sy (M ©)

,n—1 —|— 1) J:O
where B(.,.) is the beta function. Note that
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Substituting Equation (10) in Equation (9), the pdf of X;.,, can be expressed as
fin(x) = ciprhis (2:0), (11)
p=0
where hy41(x; ) is the Exp-G density function with power parameter (I + 1) and
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It follows that the pdf of the i order statistics can be expressed as an infinite linear combination of
exponentiated-G densities.

X

X

3.2. Renyi entropy

Rényi entropy (Rényi (1961)) is an extension of Shannon entropy. Rényi entropy is defined to
be

Ir(v) = L log </Oo[f(x;o¢,5,’y,\ll)]”dx> ,v £ 10> 0. (12)
0

1—w

Rényi entropy tends to Shannon entropy as v — 1. Set [f(z; «, 6,7, ¥)]” = [f(2)]". From Equation
(6),
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Thus, the Rényi entropy of the MO-Gom-EHL-G family of distributions can be expressed as
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Note that, fooo [g(x; U)]"G*(x, ¥)dx can be obtained numerically. Rényi entropy of the MO-
Gom-EHL-G family of distributions can be obtained directly from that of the exponentiated-G distri-
bution as follows

1 o0
In(v) = 7—log [Zwie“”ﬂm’“@] : (15)
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and Igpe = [, [(L + 1)g(a; )G (2; U)]”dx is the Rényi entropy of the exponentiated-G distri-
bution with power parameter %

3.3. Moments and generating function
Let X ~ MO — Gom — EHL — G(a, 8,7, V), then the r** moment can be obtained from
Equation (7). For

BE(X") = Z cor1 E(Wy 1),
v=0
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where ¢, is as defined in Equation (8) and E(W, ) denotes the rt" moment of W, which
follows an Exp-G distribution with power parameter v + 1.
The incomplete moments can be obtained as follows. The st* incomplete moment is

t o]
Ix(t) = / 2 fr10-Gom-prL-c(T;¢)dr = eyl (t),
0 v=0
where I,1(t fo 2°gy+1(x; U)dz and ¢, 11 is as defined in Equation (8). The moment generating

function (mgf) of X is given by

Mx(t) = cop Be™+),
v=0

where E(e!"Wv+1) is the mgf of the Exp-G distribution with power parameter (v + 1) and ¢, is as
defined in Equation (8).
Furthermore, we can obtain the characteristic function given by ¢(t) = E(e!*X), where i =

v/—1. For
t) = ch-i-l(bv-l-l(t)
v=0

where ¢,,11(t) is the characteristic function of Exp-G distribution with power parameter (v + 1) and
Cy+1 18 as defined in Equation (8).

The coefficients of variation (CV), skewness (CS) and kurtosis (CK) can be readily obtained.
The variance (c2), Standard deviation (SD=¢), coefficient of variation (CV), coefficient of skewness
(CS) and coefficient of kurtosis (CK) are given by

/
02:Ml27l112’ CV = &*

=19
=
=

E[(X —p)?®] b —3uph+24°

¢o= B(X — 2?2 (h—p2)32
and
ox — PI =] ph — Ay + 6%y — 31
[BOC— )P (= w22
respectively.

Note that the 7! cumulant of the random variable X can be readily obtained from the recursive
relationship: x, = p, — >\ _ i (- )ur <s, where p,. = E(X — p})", so that the CS and CK are
given by 71 = 3 —3%7 and 7, = 3. A table of moments, SD, CV, CS, and CK for selected parameter

values of the spec1al case of the Marshall Olkin-Gompertz-Exponentiated Half Logistic-log-logistic
(MO-Gom-EHL-LLoG) distribution are given in Table 1.

The MO-Gom-EHL-LLoG distribution applies to various levels of skewness and kurtosis as
shown by the values of CS and CK in Table 1.
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Table 1 Moments of the MO-Gom-EHL-LLoG distribution for some parameter values

(1.5,05,05,1) (05,1.5,1,1.5) (0.5,1.5,1,1.5)  (1,1.5,1,25) (1.3,1.5,1.5,2.5)

E(X) 0.1707 0.3003 0.3003 0.2118 0.1583
E(X?) 0.1113 0.1921 0.1921 0.1625 0.1260
E(X?) 0.0818 0.1403 0.1403 0.1316 0.1045
E(X*%) 0.0644 0.1101 0.1101 0.1105 0.0892
E(X®) 0.0530 0.0904 0.0904 0.0951 0.0778

SD 0.2866 0.3193 0.3193 0.3430 0.3177

Ccv 1.6787 1.0632 1.0632 1.6199 2.0068

CS 1.4752 0.6558 0.6558 1.1733 1.6402
CK 3.7729 2.0318 2.0318 2.6488 3.9351

3.4. Quantile function
The quantile function for the MO-Gom-EHL-G family of distributions is obtained as follows:

1-— [H(a;;a,’y,\lf)] —
1—6[H(z; 0,7, V)] ’

for 0 < wu <1, so that

i (- - ) )

Therefore, the quantiles of the MO-Gom-EHL-G family of distributions may be determined by
solving the non-linear equation

(o]
Gt :
1+ (1— [ 'ylog{(1 ué)}} >

via iterative methods in R or Matlab software.

Quantiles for selected parameter values for the Marshall-Olkin-Gompertz-Exponentiated Half
Logistic-log-logistic (MO-Gom-EHL-LLoG) distribution are shown in Table 2.

z(u) = , (16)

Table 2 Table of quantiles for selected parameters of the MO-Gom-EHL-LLoG distribution

u (15,1.5,1515) (1.51,1.515) (1.5,05,15,2) (1.5,1.52,1.5) (1,1.5,1,2.5)

0.1 0.7793 0.6445 0.5633 0.7658 0.6246
0.2 1.1277 0.9398 0.7498 1.0900 0.8349
0.3 1.4189 1.1956 0.9052 1.3508 0.9971
0.4 1.6880 1.4402 1.0522 1.5838 1.1396
0.5 1.9517 1.6880 1.2016 1.8056 1.2742
0.6 2.2242 1.9517 1.3622 2.0284 1.4092
0.7 2.5228 2.2488 1.5454 2.2660 1.5535
0.8 2.8794 2.6122 1.7722 2.5418 1.7221

0.9 3.3848 3.1375 2.1008 29197 1.9556
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3.5. Stochastic ordering

The concept of stochastic ordering is an important tool in the comparison of probability models
in areas including reliability, survival analysis, finance, risks and economics. For more details on
stochastic ordering, see Shaked and Shanthikumar Shaked and Shanthikumar (1994). A random
variable X is said to be stochastically smaller than Xs, (X <s X2) in the

e Stochastic order (X <g Xo) if Fix, (z) > Fx,(z) for all z.
e Hazard rate order (X1 <p, X2)if hx,(x) > hx,(x) for all .

e Likelihood ratio order (X7 < X») if zl Ei; decreasing in x.
2

The stochastic orders given above are associated and it holds that X; <, Xo = X3 <p, Xo =
X1 < Xo.

Theorem 1 Let X; ~ MO — Gom — EHL — G(51,,v,¥) and Xo ~ MO — Gom — EHL —

G(02, 0,7, W). If 61 < 0o, then the ratio % is decreasing in x.

Proof: Consider the ratio:

fi(z;01,0,7,9) 61{1_51 {eXp{

fo(@; 02, 00,7, ©) 52{1 — & [exp{i (1 B [1 a (1J(F;C(;C(”;Ij‘i’))&}7> H }_27

where 61 = 1 — 1, and 05 = 1 — do. Taking derivative of Equation (17) with respect to =, we obtain

g f1($;51,a,77\:[/) o 2(51 = = (1—32(W))
0z \ falx;62,0,v,9) | 6 (1—68,(W))3

where W = [exp {i (1 — [1 — (%)a} _7> }} and W' = %.

If §; < &, then 2 fW‘”W)) < 0, which implies that X1 <, Xo. Thus, X; and X, are

2=
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S|
HLS
S\/
N—
Q
|
|
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a7

W/

fa(x;02,0,7,%)

stochastically ordered.

4. Some Special Cases

We present some special cases of the MO-Gom-EHL-G family of distributions in this sec-
tion. We considered cases when the baseline distributions are log-logistic, Weibull, uniform and
Kumaraswamy distributions.

4.1. Marshall-Olkin-Gompertz-Exponentiated half logistic-log-logistic (MO-Gom-EHL-LLoG)
distribution
If we consider the log-logistic distribution as the baseline distribution with pdf and cdf given
by g(z) = cx*1(1 + 2¢)"2 and G(z) = 1 — (1 + z2°)~ L, for ¢ > 0, respectively, we obtain the
MO-Gom-EHL-LLoG distribution with cdf and pdf given by

. _exp{i (1 - (iﬁii)aV) }
a0 ()] )

F(z) =
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and
206cx 1 4+ 2¢)72(1 — (1 + 2¢)~1)e-t

f@) = (1+ (1 +a¢)-1)a+1 [H(a:;am,c)]

{1 — 0[H (z;0,7,0)] }_2 [1 B (%)T o

ey @7
respectively, for o, 6,7, ¢ > 0 and where [H (z; o, v, ¢)] = exp {i (1 — {1 - (%) } ) }

X

density
15
L
—
hix)
3

T T—

0.0 02 04 06 08 10 0.0 02 04 06 08 1.0

(a) (b)
Figure 1 Plots of the pdf and hrf for the MO-Gom-EHL-LLoG distribution

Figures 1(a) and 1(b) show the plots of the pdfs and hrfs of the MO-Gom-EHL-LLoG distribu-
tion for selected parameters values. The pdf can take various shapes including reverse-J, J, almost
symmetric, left-skewed and right-skewed. The hrf of the MO-Gom-EHL-LLoG distribution exhibits
increasing, decreasing and bathtub hazard rate shapes.

4.2. Marshall-Olkin-Gompertz-Exponentiated half logistic-Weibull (MO-Gom-EHL-W) dis-
tribution
If we consider the Weibull distribution as the baseline distribution with pdf and cdf given by
g(x; X, a) = Xaz® e " and G(x;\,a) = 1 — e ", respectively, for \,a > 0, we get the
MO-Gom-EHL-W distribution with cdf and pdf given by

o) = Lex"{i (1 -1~ (;gizi)“}”) }
1-(1 6)exp{}y <1 {1* (m)a}_v }

200 axP e A" (1 — e A2" a1

f((E) = (1 _|_e_)\za)a+1 [H(x;aa/yv)‘aa)}

~ -2 1— e_)\za a7 71
X {1—5“{(%;&7%)\7@)]} 1—<1+,\a) ;
e xr
respectively, for a, 6,7y, A\, a > 0, and where

o] —ew {2 (1-[1- (552)] ) |

and
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density

0.0 05 10 15 20 00 05 10 15 20

() (b)

Figure 2 Plots of the pdf and hrf for the MO-Gom-EHL-W distribution

Figures 2(a) and 2(b) show the plots of the pdfs and hrfs of the MO-Gom-EHL-W distribution for
selected parameters values. The pdf can take various shapes including reverse-J, almost symmetric,
left-skewed and right-skewed. The hrf of the MO-Gom-EHL-W distribution exhibits decreasing,
bathtub, upside bathtub followed by bathtub and increasing shapes.

4.3. Marshall-Olkin-Gompertz-Exponentiated half logistic-uniform (MO-Gom-EHL-U) dis-
tribution

By considering the uniform distribution as the baseline distribution with pdf and cdf given by

g(x) = (1/8) and G(x) = (x/f), for B > 0, respectively, we obtain the MO-Gom-EHL-U distribu-

tion with cdf and pdf given by
x/B 7
1_eXP{}Y(1_{1_(1+(§ f/(r)/ﬁ)))} )}

1(15)exp{f, <1 {17 (%)ﬂ—v) }

20008/
@ = Txa=myes e o)

s} ()] o

o=
respectively for o, 8, v, 8 > 0 and where [H(x;a,’y,,@)] = exp {,1y (1 — {1 — (%) ] > }

Figures 3(a) and 3(b) show the plots of the pdfs and hrfs of the MO-Gom-EHL-U distribution for
selected parameters values. The pdf can take various shapes including reverse-J, almost symmetric,
left-skewed and right-skewed. The hrf of the MO-Gom-EHL-U distribution exhibits both monotonic
and non-monotonic shapes.

F(z)=1- (18)

and

4.4. Marshall-Olkin-Gompertz-Exponentiated half logistic-Kumaraswamy (MO-Gom-EHL-
K) distribution
By considering the Kumaraswamy distribution as the baseline distribution with pdf and cdf given
by g(z) = Acx® (1 — 2°)* P and G(z) = 1 — (1 — 2°)*, for A, ¢ > 0, respectively, we obtain the
MO-Gom-EHL-K distribution with cdf and pdf given by
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Figure 3 Plots of the pdf and hrf for the MO-Gom-EHL-U distribution
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Figure 4 Plots of the pdf and hrf for the MO-Gom-EHL-K distribution

Figures 4(a) and 4(b) show the plots of the pdfs and hrfs of the MO-Gom-EHL-K distribution
for selected parameters values. The pdf can take various shapes including reverse-J, left-skewed and
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right-skewed. The MO-Gom-EHL-K distribution exhibits increasing, U-shaped, bathtub and bathtub
followed by upside bathtub hazard rate functions.

5. Maximum Likelihood Estimation

If X; ~ MO — Gom — EHL — G(a, 6,7, V) with the parameter vector A = (a, 4,7, ¥)7.
The total log-likelihood £ = ¢(A) from a random sample of size n is given by

¢ = nlog(2a) +nlogd + Zlogg(xi;\lf) + (a—1) ZlogG(mi; U)—(a+1)
=1 1=1

« ;log(l + G ) + (—y— 1) glog {1 _ (%)a]

CEECRGET))
_ 2;10g{15{i (1[1<1f(§(:)\11)>a] 7) }} (20)

The maximum likelihood estimates of the parameters of «,d,y and ¥ can be computed by

maximizing the log likelihood function in (20). We used the routine nlm which is available in the R
software.

6. Simulation Study

In this section, we conducted a simulation study for the MO-Gom-EHL-LLoG distribution to
evaluate the consistency of the maximum likelihood estimators. We simulated for N=1000 times with
sample size n= 25, 50, 100, 200, 400, 800 and 1000. Simulation results are shown in Table 3 and Table
4. From the Monte Carlo simulation results, we conclude that our model produces consistent results
when estimating parameters of the distribution via the method of maximum likelihood estimation.
Note that from the results in Table 3 and Table 4, the mean values approximate the true parameter
values, the RMSE and bias decrease as sample size increase for all parameter values.
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Table 3 Monte Carlo simulation results for MO-Gom-EHL-LLoG distribution: mean, RMSE and
average bias

I a=150=15v=02,¢c=1.6 I a=150=10,vy=05,¢c=1.0
Parameter n Mean RMSE Bias Mean RMSE Bias
25 2.750093 1.776357 1.250093  2.665047 1.589801 1.165047
50  2.528366 1.662557 1.028366  2.488597 1.529284 0.988597
100 2.211464 1.442660 0.711464 2233325 1.394821 0.733325
@ 200 1.944399 1.110429 0.444399  2.036891 1.180217 0.536891
400  1.768364 0.817308 0.268364  1.844095 0.912157 0.344094
800  1.624468 0.501624 0.124468  1.688905 0.640701 0.188905
1000 1.587228 0.381580 0.087228  1.617934 0.451746 0.117934
25 1.818203 4.682717 0.318203  1.194642 3.146779 0.194642
50  1.521544 2418152 0.021544  1.089646 1.961471 0.089646
100 1.577375 1.708379 0.077375  1.108147 1.384720 0.108147
[ 200 1.544625 1.309000 0.044625  1.030643 0.997808 0.030643
400  1.494341 0.945075 -0.005659  0.984326 0.707344 -0.015674
800  1.496849 0.708821 -0.003151  0.970283 0.485800 -0.029717
1000 1.498819 0.606453 -0.001181  0.982009 0.415205 -0.017991
25 3.904822 6.017167 3.704822  5.718296 9.430878 5.218296
50  2.921365 5.231521 2721365  4.525630 7.619818 4.025630
100 2.038541 4.143690 1.838541  3.685887 6.493236 3.185887
vy 200  1.190683 3.088005 0.990683  2.935340 5.933786 2.435340
400  0.690454 2.001924 0.490454 1917682 4.524419 1.417682
800  0.349893 0.916503 0.149893  1.170555 2.983945 0.670555
1000 0.279247 0.542633 0.079247  0.795425 1.680079 0.295425
25 1.148837 0.684526 -0.451163  0.739133 0.434386 -0.260867
50  1.256779 0.601233 -0.343221  0.803306 0.394693 -0.196694
100 1.378324 0.510475 -0.221676  0.871791 0.351009 -0.128209
c 200  1.465369 0.401509 -0.134631  0.901490 0.300692 -0.098511
400 1.518076 0.308141 -0.081925 0.934822 0.230755 -0.065178
800  1.556009 0.208920 -0.043991  0.959381 0.165399 -0.040619
1000 1.569064 0.175073 -0.030936  0.974363 0.131258 -0.025637

Table 4 Monte Carlo simulation results for MO-Gom-EHL-LLoG distribution: mean, RMSE and
average bias

111 a=150=10,y=02,¢c=1.6 v a=150=057=05c=1.0
Parameter n Mean RMSE Bias Mean RMSE Bias
25 2.803065 1.678639 1.303065  2.663789 1.427577 1.163789
50  2.578069 1.599283 1.078069  2.562032 1.448892 1.062032
100 2.307557 1.456797 0.807557  2.349806 1.346380 0.849806
@ 200  2.066219 1.216219 0.566219  2.091114 1.138647 0.591114
400  1.829858 0.893509 0.329857  1.917349 0.928819 0.417349
800  1.646360 0.544266 0.146360  1.714790 0.657598 0.214790
1000  1.595395 0.394033 0.095395  1.665355 0.548751 0.165355
25 0.799073 1.660021 -0.200927  0.381670 0.912027 -0.118330
50  0.897142 1.535797 -0.102858  0.420078 0.816457 -0.079922
100 0.971805 1.144372 -0.028195  0.439056 0.577958 -0.060944
4 200  0.955247 0.849874 -0.044753  0.460836 0.438541 -0.039164
400  0.970959 0.651570 -0.029041  0.453463 0.326114 -0.046537
800 0.981326 0.454412 -0.018674  0.479817 0.248102 -0.020183
1000  0.993229 0.405579 -0.006771  0.480120 0.216660 -0.019880
25  4.274400 6.190377 4.074400  5.549881 9.795850 5.049881
50  3.076837 5.806527 2.876837  4.946409 8.152921 4.446409
100 2.161108 3.982793 1961108  3.796418 5.739918 3.296418
5 200 1.515962 3.324342 1.315962  2.819586 4.776999 2.319586
400  0.813185 2.062377 0.613185  1.923031 3.481664 1.423031
800  0.402664 0.998497 0.202664  1.194157 2.335138 0.694157
1000 0.291628 0.458884 0.091628  0.981246 1911774 0.481246
25 1.063246 0.698844 -0.536754  0.695608 0.415582 -0.304392
50  1.208411 0.621658 -0.391589  0.747879 0.408601 -0.252121
100 1.337971 0.542015 -0.262029  0.815149 0.366273 -0.184851
c 200 1.414515 0.450419 -0.185485  0.874171 0.315887 -0.125829
400  1.495934 0.345875 -0.104066  0.907184 0.254285 -0.092816
800  1.545628 0.232473 -0.054372  0.951171 0.187646 -0.048829

1000 1.564741 0.192468 -0.035259  0.962048 0.162711 -0.037952
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7. Applications

In this section, we illustrate the performance of the MO-Gom-EHL-G family of distributions by
fitting the special case of MO-Gom-EHL-LLoG distribution to two real data sets. Model performance
was assessed using the well-recognized goodness-of-fit statistics, namely, -2loglikelihood (-2 log
L), Akaike Information Criterion (AIC), Consistent Akaike Information Criterion (AICC), Bayesian
Information Criterion (BIC), Cramr-Von Mises (W*) and Andersen-Darling (A*) as described by
Chen and Balakrishman (1985), Kolmogorov-Smirnov (KS) and its p-value. The model with the
smallest values of these goodness-of-fit statistics and the largest p-value for the KS statistic is regarded
as the best fitting model.

We used R software to estimate the model parameters via the nlm function. Model parameter
estimates (standard errors in parenthesis) for the three data sets are shown in Tables 6, 9 and 13. The
goodness-of-fit-statistics for the three data sets are shown in Tables 7, 10 and 14. We also present
plots of the fitted densities, the histogram of the data and probability plots (Chambers et al. (1983))
to show how well our model fits the observed data sets.

We compared the MO-Gom-EHL-LLoG distribution with some competitive distributions in-
cluding the odd exponentiated half logistic-Burr XII (OEHLBXII) by Aldahlan et al. (2018), the
Exponentiated Half Logistic odd Weibull-Topp-Leone-LLoG (EHLOW-TL-LLoG) by Chipepa et al.

(2021), the Marshall-Olkin-Topp-Leone-half logistic-Weibull (MO-TL-HL-W) by Sengweni et al.
(2021), Topp-Leone-Gompertz-Weibull (TL-Gom-W) by Oluyede et al. (2021) and the exponenti-
ated half logistic log-logistic-Weibull (EHL-LLoGW) by Makubate et al. (2021). The pdfs of the
distributions are as follows:

20habr® L exp(A[1 — (1 + 2%)°])(1 — exp(A[1 — (1 4 22)?]))—1
(1+22)=0=1(1 + exp(A[l — (1 + z2)?]))>+1

fOEHLBXII (.CE; a, A a, b) =

z>0,a,\a,b>0,

—y—1
fTL*Govnfw(m; b7’7’ﬁ) = 2b5$6_1€_mﬂ (6_z5> AY eXp { (1 B (e_za)_’)/)}

(o))

4b67y02x7 "  exp(—2027)(1 — exp(—20z7))~1
(14 (1= [1 — exp(—=2027)]"))

(-0 [ )

respectively, for b, v, 8 > 0,

Jvo-ro—no-w (I; b, 6,0, '7/) =

$>O,b,(5,97"}/>07

—az? oy — _ cxc 1
26e (1421 {amﬁ 14+ (1+xc)}

fEHLLLDGW(x;O‘75763 C) = 2
[1 (Lt xc)lea“«‘”}

6—1
1— (1 + xc)—le—axﬁ

X N—1 —arB )
14 (1+azc)"lteo=

xz>0,a,8,d,¢>0,and
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AaBS vz N1+ 20) "1 — (1 + 2) 2Pt
(1—[1—(Q+a2*)-2]e)s+1

Y ox B [1 _ (1 + z)\)72~/]a B
b 1—[1—(1+ar) 27
[1 o (1 +x)\)—2'y]a B -2
<(trew (- | iT ey
B 5—1
1—(4at) 2
1—exp (— [W} )
[1—(14ar) =27 ? 7
l4+exp| — T = (raN)=27]

for o, 5,5, A,y > 0. By letting v = 1, we obtain the exponentiated half logistic odd Weibull-Topp-
Leone-log logistic (EHLOW-TL-LLoG) distribution from the EHLOW-TL-BXII distribution.

feurow-ro—pxi (x50, 8,6, A, ’Y) =

7.1. Head and neck cancer data

The data set was analyzed by Elgarhy et al. (2018) consisting of survival times (in days) for the
patients in Arm A of the Head-and-Neck Cancer Trial and are given below: 7, 34, 42, 63, 64, 74*,
83, 84, 91, 108, 112, 129, 133, 133, 139, 140, 140, 146, 149, 154, 157, 160, 160, 165, 173, 176,
185%, 218, 225, 241, 248, 273, 277, 279%, 297, 319%, 405, 417, 420, 440, 523, 523*, 583, 594, 1101,
1116*, 1146, 1226%*, 1349*, 1412*, 1417. * indicates observations lost to follow-up.

Table 5 Descriptive statistics head and neck cancer data set

Min 25th quartile Median Mean 75th quartile Max Skewness  Kurtosis
7 133.0 176.0  357.8 418.5 1417.0 1.6856 4.5766

The estimated variance-covariance matrix for MO-Gom-EHL-LLoG model on head and neck
cancer data set is given by

15.974092 —0.088698 —0.313388  0.086198
—0.088698  0.000751 0.001742  —0.000175
—0.313388 0.001742  0.006148 —0.001689
0.086198  —0.000175 —0.001689  0.000904

and the 95% confidence intervals for the model parameters are given by
a € [15.7794 £ 7.8337], § € [0.0289 £ 0.0537], v € [18.3469 £ 0.1537] and ¢ € [0.3715 £ 0.0589)].
Table 6 shows that the proposed model gives the lowest values of the goodness-of-fit statistics,
highest p-value for the Kolmogorov-Smirnov (KS) statistic and provides the overall best fit on head
and neck cancer data set. Figures 5(a) and 5(b) displays clearly that the MO-Gom-EHL-LLoG dis-
tribution provide good fit and captures the head and neck cancer data set well. The histogram shows
that the introduced model can well accommodate the extremely tailed data sets. From Figure 6, the
Kaplan-Meier survival and ECDF curves shows that MO-Gom-EHL-LLoG model performs well.
The TTT curve provide evidence that a bathtub hazard rate is adequate for head and neck cancer data
set.



Simbarashe Chamunorwa et al.

763

Table 6 Parameter estimates for various models fitted for head and neck cancer data set

Estimates
Model «a d ¥ c
MO-Gom-EHL-LLoG 15.7794 0.0289 18.3469  0.3715
(3.9968) (0.0274) (0.0784)  (0.0301)
b 153 d c
EHLOW-TL-LLoG 2.9965 3.8050 5.7797  0.0635
(1.2095) (5.9086) (4.7884)  (0.0984)
b 1) 0 5
MO-TL-HL-W 3.0205%10° 2.6100x10* 57774  0.0117
(5.1712x1075)  (5.9846x107%)  (0.3439) (0.0106)
« A a b
OEHLBXII 0.4296 0.0001 1.6088  0.8925
(0.0460) (4.6805x107°%)  (0.0171) (0.0312)
~ b A
TL-Gom-W 4.2482x107° 3.8507 0.0919 -
(0.0146) (0.5467) (0.0092)
@ B 1 c
EHLLLoGW 0.3237 0.4039 12.3041 0.000
(0.8021) (0.2534) (8.5889)  (1.0954)

Table 7 Goodness-of-fit statistics for various models fitted for head and neck cancer data set

Statistics
Model —2log L AIC AICC BIC W A* KS P — value
MO-Gom-EHL-LLoG 695.4 703.4 7043 7112  0.1053 0.6831 0.0910 0.7920
EHLOW-TL-LLoG 696.2 7042 705.1 7119  0.1086  0.6975 0.1033 0.6484
MO-TL-HL-W 696.4 7044 7053 712.1  0.1105  0.6927 0.0996 0.6924
OEHLBXII 727.6 735.6  736.5 7434 04469  2.6502 0.1942 0.0427
TL-Gom-W 881.1 887.1 887.6 8929 0.1033 0.6809 0.7589 2.2x10716
EHLLLoGW 696.0 704.0 7049 711.7  0.1087 0.6942 0.1048 0.6300
§ | ‘ I OOO
0 200 400 600 ) 800 1000 1200 1400 0.\0 0-\2 0\4 0\6 O.\g 1.\0
(a)
(b)

Figure 5 Fitted densities and probability plots for head and neck cancer data
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Figure 6 Kaplan-Meier survival, estimated cdf (ECDF) plots and the total time on test (TTT) plot of
the MO-Gom-EHL-LLoG distribution for the head and neck cancer data set

7.2. Windshield data

We fit the MO-Gom-EHL-LLoG distribution to the data set reported by Silva et al. (2015). The
observations are as follows 0.040, 1.866, 2.385, 3.443, 0.301, 1.876, 2.481, 3.467, 0.309, 1.899,
2.610, 3.478, 0.557, 1911, 2.625, 3.578, 0.943, 1.912, 2.632, 3.595, 1.070, 1.914, 2.646, 3.699,
1.124, 1.981, 2.661, 3.779, 1.248, 2.010, 2.688, 3.924, 1.281, 2.038, 2.823, 4.035, 1.281, 2.085,
2.890, 4.121, 1.303, 2.089, 2.902, 4.167, 1.432, 2.097, 2.934, 4.240, 1.480, 2.135, 2.962, 4.255,
1.505, 2.154, 2.964, 4.278, 1.506, 2.190, 3.000, 4.305, 1.568, 2.194, 3.103, 4.376, 1.615, 2.223,
3.114, 4.449, 1.619, 2.224, 3.117, 4.485, 1.652, 2.229, 3.166, 4.570, 1.652, 2.300, 3.344, 4.602,
1.757, 2.324, 3.376, 4.663.

Table 8 Descriptive statistics windshield data set

Min  25th quartile Median Mean 75th quartile  Max  Skewness  Kurtosis
0.040 1.839 2354 2.557 3.393 4.663 0.0995 2.3477

The estimated variance-covariance matrix for MO-Gom-EHL-LLoG model on windshield data
set is given by
0.123973  —0.093889 —0.000177  0.021578
—0.093889  0.075269 0.000134 —0.016060
—0.000177  0.000134 0.000000  —0.000031
0.021578  —0.016060 —0.000031 0.003819

and the 95% confidence intervals for the model parameters are given by
a € [4.6664 £0.6901], § € [0.2822 £ 0.5377], v € [407.6200 £ 0.0010] and ¢ € [0.2312 +0.1211].
Based on the results shown in Table 9 we can conclude that the MO-Gom-EHL-LLoG model
performs better on windshield data compared to the known competing non-nested models included in
this paper. Furthermore, Figures 7(a) and 7(b) displays the flexibility enjoyed by fitting the windshield
data set using the MO-Gom-EHL-LLoG distribution. From Figure 8, the Kaplan-Meier and ECDF
plots give enough information about the closest fit of the MO-Gom-EHL-LLoG to the windshield
data set. The TTT plot shows that the windshield has increasing hrf which means that the MO-Gom-
EHL-LLoG distribution can be used to model this data.
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Table 9 Parameter estimates for various models fitted for windshield data set

Estimates
Model @ 0 ~y c
MO-Gom-EHL-LLoG 4.6664 0.2822  407.6200  0.2312
(0.3521) (0.2743)  (0.0005) (0.0618)
b B é c
EHLOW-TL-LLoG 5.8357 3.2226 0.3962 0.5712
(2.4597) (1.4050)  (0.2897)  (0.1769)
b ) 0 5
MO-TL-HL-W 0.3597 0.4785 0.0007 4.9003
(0.0961) (0.2679)  (0.0001)  (0.0261)
«@ A a b
OEHLBXII 0.2383 0.0003 4.9436 1.2266
(0.0590) (0.0006)  (0.0237)  (0.2813)
0% b A
TL-Gom-W 2.0697x107° 2.9477 4.5729 -
(0.0080) (0.3223)  (0.0372)
«@ B8 1 c
EHLLLoGW 0.2347 1.8661 2.9978 0.2989
(0.1441) (0.3717)  (0.7399)  (0.2339)

Table 10 Goodness-of-fit statistics for various models fitted for windshield data set

Statistics
Model —2log L. AIC AICC BIC w A* KS P — value
MO-Gom-EHL-LLoG 252.3 260.3 260.8 270.0 0.0699 0.4996 0.080 0.6560
EHLOW-TL-LLoG 261.2 269.2 269.7 2789 0.1143 0.8489 0.0858 0.5668
MO-TL-HL-W 255.3 263.3  263.8 273.1 0.1019 0.7053 0.0816 0.6306
OEHLBXII 270.1 278.1 278.6 287.8 0.1828 1.0936 0.0954 0.4295
TL-Gom-W 431.2 4372 4274 4445 0.3477 25445 0.6275 2.2x10716
EHLLLoGW 254.1 262.1 262.6 271.8 0.0741 0.5251 0.0831 0.6080
F &
l ) 3 : 3
(a) (b)

Figure 7 Fitted densities and probability plots for windshield data
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Figure 8 Kaplan-Meier survival, estimated cdf (ECDF) plots and the total time on test (TTT) plot of
the MO-Gom-EHL-LLoG distribution for the windshield data set

7.3. Car price data

We fit the MO-Gom-EHL-LLoG distribution to the data set consists of prices (in dollars) of 428
new vehicles for the 2004 year (Kiplinger’s Personal Finance, Dec 2003).

Table 11 Data set for prices (in 10 of thousands of dollars) of 428 new vehicles

1.0539
1.274
1.43
1.5389
1.6497
1.764
1.8995
1.9635
2.031
2.141
2218
2.3215
2.3955
2.5
2.5717
2.6545
2.73
2.8739
2.9865
3.1045
3.235
3.336
3.4495
3.594
3.763
4.0095
4.1465
4.3495
4.6265
5.0595
5.575
6.9195
8.1995

1.076
1.28
1.4385
1.5389
1.653
1.7735
1.9005
1.9825
2.032
2.1445
2.2225

1.0995
1.2884
1.45
1.546
1.6695
1.775
1.909
1.986
2.0339
2.1589
2.226
2.3495
2.4225

1.1155

1.129
1.327
1.4622
1.55
1.6999
1.8345
1.9135
1.9945
2.0445
2.1595
2.235
2.356
2.4345
2.5135
2.5955
2.691
2.756
2.9282
3.0295
3.1545
3.2495
3.354
3.5105

1.169
1.358
1.474
1.558
1.7163
1.869
1.927
2.013
2.051
2.1825
2.2395
2.3699
2.4589
2.5215
2.6
2.696
2.7905
2.9345
3.0492
3.1745
3.278
3.384
3.5495
3.6945
3.883
4.067
4.2735
4.4925
4.8195
5.2545
6.067
7.4995
9.052

1.1839
1.367
1.481

1.5825

1.72

1.8715

1.9312
2.014

2.0585
2.184
2.245

1.2269
1.4085
1.503
1.635
1.7475
1.882
1.949
2.0255
2.1055

3.3195
3.439
3.5725
3.739
3.9465
4.101
43175
4.57
4.9995
5.2975
6.5
7.687
12.842
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Table 12 Descriptive statistics car price data set

Min  25th quartile Median Mean 75th quartile Max Skewness ~ Kurtosis
1.028 2.033 2764 3277 3.921 19.247 2.7883 16.7036

The estimated variance-covariance matrix for MO-Gom-EHL-LLoG model on car price data set
is given by
0.798463 —1.375227 0.067669 —0.395936
—1.375227  2.841029 —0.154745  0.893540
0.067669 —0.154745 0.010320 —0.052957
—0.395936  0.893540 —0.052957  0.298089

and the 95% confidence intervals for the model parameters are given by
a € [4.0638 £ 1.7514], § € [1.9621 £ 3.3036], v € [0.0575 £ 0.1991] and ¢ € [0.5460 + 1.0701].

Table 13 Parameter estimates for various models fitted for car price data set

Estimates
Model «a 6 ¥ c
MO-Gom-EHL-LLoG 4.0638 1.9621 0.0575 2.8173
(0.8936) (1.6855) (0.1016)  (0.5460)
b 153 1) c
EHLOW-TL-LLoG 2.0306 1.0388 6.5367 0.4875
(0.2314) (0.3248) (1.2990)  (0.1507)
b 1) 0 ~
MO-TL-HL-W 2.6632 0.0021 0.0163 1.3782
(0.0961) (0.2679) (0.0001)  (0.0261)
« A a b
OEHLBXII 0.6507 0.1001 2.4539 0.7186
(0.0513) (0.0217) (0.2361)  (0.0840)
5 b A
TL-Gom-W 1.9474x107° 5.2168 0.4191 -
(0.0071) (0.2573) (0.0144)
«a B8 1) c
EHLLLoGW 0.0000 3.9190x10°  5.0573 2.6102

(1.9888x10™%) (0.3571) (0.3419)  (0.08374)

Table 14 Goodness-of-fit statistics for various models fitted for car price data set

Statistics
Model —2log L. AIC AICC BIC w A* KS P — value
MO-Gom-EHL-LLoG 1489.2 1497.2 14973 15135 0.0221 0.2034 0.0218 0.9871
EHLOW-TL-LLoG 1517.5 15255 1525.6 1541.7 02414 1.7447 0.0451 0.3476

MO-TL-HL-W 1505.4 1513.4 1513.5 1529.7 0.0786 0.6271  0.0278 0.8963
OEHLBXII 1890.9 1899.0 1899.0 1915.1 1.9077 11.7362 0.1438 4.123x1078
TL-Gom-W 2177.0  2183.0 2183.0 21951 0.1935 1.4180 05231 22x10°1'

EHLLLoGW 1496.6 1504.6 1504.7 15209 0.1415 0.9047 0.0357 0.6472
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Figure 9 Fitted densities and probability plots for car price data
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Figure 10 Kaplan-Meier survival, estimated cdf (ECDF) plots and the total time on test (TTT) plot
of the MO-Gom-EHL-LLoG distribution for the car price data set.
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From the results displayed in Table 13, we can conclude that the MO-Gom-EHL-G model per-
forms better on car price data compared to the known competing non-nested models included in this
paper. Furthermore, Figures 9(a) and 7(b) displays the flexibility enjoyed on fitting the car price data
set using the MO-Gom-EHL-LLoG distribution. From Figure 10, we can see that the new proposed
distribution follows the Kaplan-Meier and ECDF curves very closely. The TTT plot shows that the
car price has increasing hrf which means that the MO-Gom-EHL-LLoG distribution can be used to
model this data.

8. Concluding Remarks

We introduced a new family of distributions, referred to as the Marshall-Olkin-Gompertz
-Exponentiated Half Logistic-G distribution. The new distribution can handle both heavy-tailed and
symmetric data and also have non-monotonic hazard rate shapes. The proposed distribution can be
expressed as an infinite linear combination of the Exp-G distributions. We applied a special case of
the new family of distributions to three real data sets and our model perform better than the competing
non-nested models as shown in Tables 6, 9 and 13.
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