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Abstract
The analysis of longitudinal data, comprising repeated measurements of the same individuals over

time, requires models with a random effects because traditional linear regression is not suitable and
makes the strong assumption that the measurements are independent, which is often unrealistic for
longitudinal data. However, values repeatedly measured in the same individual are usually correlated,
and ignoring the correlation between repeated measurements may lead to biased estimates as well
as invalid P-values and confidence intervals. Therefore, careful consideration is needed to enable
valid inference of covariate effects on longitudinal responses. In this regard, Residual Maximum
Likelihood (REML) analysis is the most widely used method to estimate parameters. This method
is based on the assumption that there is no correlation between the random effects and the error
term (or residual effects). Hence, it is unclear if the failure to meet this assumption will affect the
conclusions when conducting a real datasets study. In the present article, we propose Conditional
Least Squares (CLS) and Weighted Conditional Least-Squares (WCLS) methods for estimating the
model parameters, considering the presence of the correlation between the random effects and the
error term. The choice of these methods is motivated by the fact that it is not necessary to specify the
distributions of random effects and/or errors. These methods are illustrated via simulation studies that
were performed with different sample sizes and different parameter values. In addition, we compared
these methods with traditional estimators. This comparison is made by utilizing the ratio of their mean
square error. Our results highlight that the weighted conditional least-squares estimator is efficient
and attractive compared to the restricted maximum likelihood when random effects are permitted to
be correlated with the error term. Also, real data analysis is conducted to confirm the advantages of
the improved method.

Keywords: Linear mixed model, inference for linear model, conditional least squares, weighted
conditional least squares, mean-squared errors.

1. Introduction
The analysis of repeated-measures response is often complicated by variation among individu-

als with respect to the times or conditions under which observations are taken. The resulting data
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are used to estimate an average linear response function. A model often used for modeling and ana-
lyzing longitudinal (popular measures) and hierarchical data is the mixed model described by Laird
and Ware (1982), Foulley et al (2002), and Hartley and J. N. K. Rao (1967). They allow for the
study of multiple sources of heterogeneity and/or correlation in data through the inclusion of random
effects and explanative variables in the model. A crucial problem when adjusting such a model to
data is to identify the fixed and/or random effects. In the literature several tests have been proposed to
overcome this difficulty, however, all of these tests rely on regularity conditions. Recently, Ou Larbi,
Y. et al. (2021) propose an optimal test based on the so-called ULAN (Uniform Local Asymptotic
Normality) to detect the possible presence of random effects in linear mixed models. Concerning
the problem of estimation of the parameters of interest, the standard method used is the restricted
maximum likelihood (REML, the default in lme4), however, this method assumes that the random
coefficient and the error term are independent, in practice, this assumption is not always valid. Diggle
et al. (2002) is a fairly comprehensive reference in this area. However, it is unclear whether the failure
of this hypothesis will have an impact on conclusions when conducting a real datasets study. Then, it
is reasonable to pose the question of the performance of these methods when the assumed correlation
structures, specify the relationships between random effects and error terms, are inappropriate. To
avoid this problem and to attempt to obtain more efficient parameter estimates, several approxima-
tions have been proposed. Hwang et al. (1998) showed that Parameter estimation for generalized
random coefficient autoregressive processes could be used to perform a more complete analysis when
the random coefficients are permitted to be correlated with the error process.

Our work aims to extend the Hwang procedure to include ”the correlation measure to quantify
the association between random effects and residuals terms” in the simple linear mixed model, we
utilized the weighted conditional least-squares methods of estimating the fixed parameters. The sim-
ulation study compares, on the one hand, the weighted and the unweighted conditional least-squares
estimators, and, on the other hand, the Maximum Likelihood (REML) and least-squares weighted
estimators. The results are then applied to clinical data designed to study the distance between the
pituitary and the pterygomaxillary of children between 8 and 14 years.

Traditionally, the term ”linear regression model” has been applied to models for a continuous
response as it relates to one or more continuous covariates. An example of the simple linear regression
model with a random effect for the slope, as described in the work of Ou Larbi, Y. et al. (2021), would
be

yij = β0 + (β1 + θi)xij + εij , i = 1, . . . , n and j = 1, . . . ,m. (1)

The two-dimensional fixed-effects vector β = (β0, β1)
′ consists of the mean intercept β0 for the

population and the common slope or growth rate β1; the one-dimensional random-effects vectors θi,
describe a shift in the slope for each individual. Here we have assumed that there are no random
effects in the intercept of the model (1). Note that, the random effects θi are assumed to be indepen-
dent for different i with mean 0, the within-individual errors εij are assumed to be independent for
different i or j with mean 0 and to be independent of the random effects, and, the random effects
θi and the within-individual errors εij are assumed to be independent for different individuals, it is
completely characterized by its variance-covariance matrix:

V ar

(
θi
εij

)
=

(
σ2
θ 0
0 σ2

ε

)
(2)

The parameters of this model are β, σθ2 , and σε2 . Thus, it may be of interest to relax this as-
sumption by allowing the dependence between the random effects θi and the errors εij to be expressed
as:

E

(
θi
εij

)
=

(
0
0

)
and V ar

(
θi
εij

)
=

(
σ2
θ σθε

σθε σ2
ε

)
. (3)

The parameters of the statistical model created by combining (1) and (3) are β, σθ2 , σε2 , and σθε.
For matrix writing of the model (1), we can write it in the following matrix form, for each ith

individual
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Yi = Xiβi + εi,

where βi = (β0, β1 + θi)
′, Xi is a matrix of ”regressors” with dimensions m× 2, and εi is a m× 1

vector of unobservable random errors. Let β = (β0, β1)
′, our objective is to estimate the unknown

parameters (β, σ2
θ , σθε, σ

2
ε), from a given sample of observations.

Once the model has been formulated, methods are needed to estimate the unknown parameters,
β, σθ2 , σε2 , and σθε, from a given sample of observations. Notice that the parameter β is considered
the main parameter of interest, and the others are treated as unknown nuisance parameters that must
also be estimated.

The paper is organized as follows. Section 2 relates the proposed conditional least squares esti-
mator of the mean of the random coefficient vector. In Section 3, we estimate the variance-covariance
parameters which are treated as nuisance parameters. The weighted conditional least-squares esti-
mator of the mean of the random coefficient vector is studied in Section 4. Section 5 presents some
simulation results for efficiency comparisons between the weighted and the unweighted conditional
least-squares estimators, and between Restricted Maximum Likelihood (REML) and least-squares
weighted estimators. We apply our estimation procedure to the real famous dental growth dataset
from Potthoff and Roy (1964).

2. Proposed Conditional Least-Squares Estimation of β
In this section, we propose an estimation procedure for dependent observations based on the

minimization of a sum of squared deviations on conditional expectations. This approach, known as
”conditional least-squares” (CLS), offers a unified treatment of estimation problems for widely used
regression model classes.

Based on the sample (Y1, Y2, ..., Yn) with size N = n∗m, the conditional least-squares estimator
β̂ of β, is obtained by minimizing:

Q =

n∑
i=1

[
Yi − E(Yi|Xi)

]′[
Yi − E(Yi|Xi)

]
,

with respect to β. Substituting E(Yi|Xi) = Xiβ in Q, and solving dQ/dβ = 0 for β, we obtain

β̂(2×1) =

( n∑
i=1

X ′
iXi

)−1( n∑
i=1

X ′
iYi

)
. (4)

The following theorem shows the distribution of the limit of the conditional least squares estimator
of β̂.

Theorem 1 Let β̂ the estimator of β, we have

√
N(β̂ − β)

d−→N2(0, T
−1UT−1) as N −→ ∞,

where T
(N)
(2×2) = 1

N

n∑
i=1

X ′
iXi −→

N−→∞
T =

(
1 µx

1

µx
1 µx

2

)
, and U

(N)
(2×2) = 1

N

n∑
i=1

X ′
iαiXi −→

N−→∞
U ,

with 1
N

n∑
i=1

m∑
j=1

xk
ij converge to µx

k, k = 1, ..., 4, and αi = V ar(Yi|Xi).

Proof: Note that

β̂ − β =

( n∑
i=1

X ′
iXi

)−1( n∑
i=1

X ′
iYi

)
− β

=

[ n∑
i=1

X ′
iXi

]−1[ n∑
i=1

X ′
iYi −

n∑
i=1

X ′
iXiβ

]
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=

[ n∑
i=1

X ′
iXi

]−1[ n∑
i=1

X ′
i (Yi −Xiβ)

]
.

Denote β̃i = βi − β. We consider
n∑

i=1

X ′
i (Yi −Xiβ) =

n∑
i=1

X ′
i

(
εi +Xiβ̃i

)
=

n∑
i=1

Gi,

where Gi = X ′
i

(
εi +Xiβ̃i

)
.

Then, we have

√
N

(
β̂ − β

)
=

[
1

N

n∑
i=1

X ′
iXi

]−1[
N−1/2

n∑
i=1

Gi

]
.

Applying the central limit theorem, we find that

N−1/2
n∑

i=1

Gi
d−→N (0, U).

3. Conditional Least-Squares Estimation of η
Now, define η = (σ2

ε , σ
2
θ , σθε)

′, we are considering the η-estimation problem. Let
Rij(β) = yij − E(yij |xij), αij = V ar(yij |xij), and, denote αij by αij(η). Then

αij(η) = E(R2
ij(β)|xij)

= σ2
ε + x2

ijσ
2
θ + 2xijσθε (5)

A conditional least-squares estimator η̂(β) of η can be obtained when β is known by minimizing
n∑

i=1

m∑
j=1

(
R2

ij(β)− αij(η)
)2

.

Therefore, a solution to the equation (6) gives η̂(β),
n∑

i=1

m∑
j=1

(
R2

ij(β)− αij(η)
) ∂αij(η)

∂η
= 0. (6)

When β is known, the η̂(β) estimate is then considered to be

η̂(β) = (L′L)−1L′Z(β), (7)

where
Z(β) =

(
R2

11(β), ..., R
2
nm(β)

)′
,

and

L(N×3) =



1 x2
11 2x11

...
...

...
1 x2

1m 2x1m

...
...

...
1 x2

n1 2xn1

...
...

...
1 x2

nm 2xnm


. (8)

The following theorem gives the distribution limit for η̂.
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Theorem 2 Let η̂ = η̂(β̂), where β̂ is indicated by (4).
√
N(η̂ − η)

d−→N (0,M−1ΣM−1) as N −→ ∞,

where M
(N)
(3×3) =

1
N

n∑
i=1

m∑
j=1

[(
∂αij(η)

∂η

)(
∂αij(η)

∂η

)′
]

−→
N−→∞

M =

 1 µx
2 2µx

1

µx
2 µx

4 2µx
3

2µx
1 2µx

3 4µx
2

, and

Σ
(N)
(3×3) =

1

N

n∑
i=1

m∑
j=1

[
E

(
R2

ij(β)− αij(η)

)2(
∂αij(η)

∂η

)(
∂αij(η)

∂η

)′
]

−→
N−→∞

Σ. (9)

Proof: We have  E
(
R2

11(β)|x11

)
...

E
(
R2

nm(β)|xnm

)
 = Lη. (10)

Within the appendix, the following technical lemma is proved.

Lemma 1 As N −→ ∞, we have,

(i) N−1L′L
a.s−→M,

(ii) N−1L′(Z(β)− Lη)
a.s−→0,

(iii) N−1/2L′(Z(β̂)− Z(β))
P−→0,

(iv) N−1/2L′(Z(β)− Lη)
d−→N (0,Σ).

Now, consider √
N(η̂ − η) =

√
N(η̂ − η̂(β)) +

√
N(η̂(β)− η).

Not that, by (i) and (iii) of Lemma 4.1 we have,
√
N(η̂ − η̂(β)) =

√
N(L′L)−1L′(Z(β̂)− Z(β))

= M−1N−1/2L′(Z(β̂)− Z(β)) + op(1)

= op(1). (11)

Moreover, by (i) and (iv) of Lemma 4.1 we have,
√
N(η̂(β)− η) =

√
N(L′L)−1L′(Z(β)− Lη)

= M−1N−1/2L′(Z(β)− Lη) + op(1)

d−→ N (0,M−1ΣM−1), (12)

the theorem is proved by (11) and (12).
For the problem of estimating the correlation ρθε = Corr(θi, εij) =

σθε

σθσε
, a natural estimator

of ρθε is given by ρ̂θε =
σ̂θε

σ̂θσ̂ε
.

4. Weighted Conditional Least-Squares Estimation of β
The method of ordinary least squares assumes that there is a constant variance in the errors

(which is called homoscedasticity). But in many practical problems, the OLS assumption of constant
variance in the errors is violated; in other words, the error variances are unequal (heteroscedastic).
In this case, the weighted least squares method can be used to handle regression situations in which
the data points are of varying quality. If the standard deviation of the random errors in the data is not
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constant across all levels of the explanatory variables, using weighted least squares with weights that
are inversely proportional to the variance at each level of the explanatory variables yields the most
precise parameter estimates possible.

Since V ar(Yi|Xi) is based on Xi, one might find a conditional weighted least-squares estimator
of β for improving efficiency. We derive such an estimator in this section, and we study its properties.
Recall that

E(Yi|Xi) = Xiβ and V ar(Yi|Xi) = αi(η).

First assume the nuisance parameter η is defined, we can obtain the weighted conditional least-
squares estimator βw(η) of β by minimizing:

n∑
i=1

[
Yi − E(Yi|Xi)

]′
(αi(η))

−1
[
Yi − E(Yi|Xi)

]
,

that means to minimize:
n∑

i=1

[
Yi −Xiβ

]′
(αi(η))

−1
[
Yi −Xiβ

]
,

where η̂(β) in (7) is defined, therefore αi(η). It is easily verified that

β̂w(η) =

( n∑
i=1

X ′
i(αi(η))

−1Xi

)−1( n∑
i=1

X ′
i(αi(η))

−1Yi

)
. (13)

We replace η in β̂w(η) by η̂ given in (7) when η is unknown. Denote β̂w = β̂w(η̂). The following
theorem gives the limit distribution of β̂w.

Theorem 3 Let β̂w the estimator of β, we have
√
N(β̂w − β)

d−→N2(0, T
−1
α ) as N −→ ∞,

where Tα = 1
N

n∑
i=1

X ′
i(αi(η̂))

−1Xi

Proof: Note that

β̂w − β =

( n∑
i=1

X ′
i(αi(η̂))

−1Xi

)−1( n∑
i=1

X ′
i(αi(η̂))

−1Yi

)
− β

=

[ n∑
i=1

X ′
i(αi(η̂))

−1Xi

]−1[ n∑
i=1

X ′
i(αi(η̂))

−1Yi −
n∑

i=1

X ′
i(αi(η̂))

−1Xiβ

]

=

[ n∑
i=1

X ′
i(αi(η̂))

−1Xi

]−1[ n∑
i=1

X ′
i(αi(η̂))

−1 (Yi −Xiβ)

]
(14)

On the right of (14) the second factor converges in distribution to a normal vector with mean zero,

and covariance matrix 1
N

n∑
i=1

X ′
i(αi(η̂))

−1Xi.

5. Simulation
In this section, we present a simulation experiment (using R-programming) to compare, on the

one hand, β̂ and β̂w (Table 1), on the other hand, β̂REML and β̂w (Table 2), to improve the interpre-
tation and validity of the theoretical results of the previous sections, we set m = 10, we consider the
model:

Yij = β0 + (β1 + θi)Xij + εij , i = 1, . . . , 50, and, j = 1, . . . , 10,

where
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• β0 = −1 and β1 = 0.5;

• the Xij’s are i.i.d. normal (0, 1);

and (
θi
εij

)
are i.i.d N

((
0
0

)
,

(
σ2
θ σθε

σθε 1

))
.

We generated realizations with n = 50, n = 75, and, n = 100, for σ2
θ = 0.1, 0.2, 0.3, and, 0.4,

and ρθε = −0.8,−0.4, 0, 0.4, and, 0.8.
We used the ratio of mean-squared errors (MSE)(simulation version)

E
(
(β̂ − β)′(β̂ − β)

)
/E

(
(β̂w − β)′(β̂w − β)

)
, and,

E
(
(β̂REML − β)′(β̂REML − β)

)
/E

(
(β̂w − β)′(β̂w − β)

)
.

Table 1 Ratio of mean-squared errors of β̂ and β̂w

n ρθε σ2
θ

0.1 0.2 0.3 0.4

0.8 1.359359 1.395495 1.532641 1.869584
0.4 1.197054 1.207617 1.373875 1.602843

50 0 1.117028 1.128982 1.268104 1.437612
-0.4 1.185248 1.232476 1.310724 1.694612
-0.8 1.415381 1.451137 1.607392 1.921483
0.8 1.424608 1.617739 1.692227 2.160999
0.4 1.374462 1.458082 1.736580 2.049992

75 0 1.198832 1.203693 1.416753 1.591268
-0.4 1.359088 1.445395 1.654181 1.994612
-0.8 1.397835 1.636729 1.728250 2.057458
0.8 1.626075 1.966686 2.626474 2.908092
0.4 1.536073 1.737017 1.935537 2.361636

100 0 1.245761 1.387348 1.633601 1.827943
-0.4 1.372188 1.829915 2.085198 2.226514
-0.8 1.777537 1.836029 2.527386 2.911533

Inspection of Tables: Each of the above simulations was replicated 100 times and the values of
β̂, β̂REML, and β̂w were calculated. Tables 1 and 2 summarize the results for for the ratio of mean-
squared errors of (β̂w and β̂w) and ( β̂REML and β̂w) respectively. β̂w is seen as being always more
efficient than β̂ and β̂REML as σ2

θ , n, and |ρθε| increase.
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Table 2 Ratio of mean-squared errors of β̂REML and β̂w

n ρθε σ2
θ

0.1 0.2 0.3 0.4

0.8 1.252802 1.301108 1.423658 1.606676
0.4 1.115304 1.192158 1.361992 1.425782

50 0 1.001793 1.020279 1.098203 1.138350
-0.4 1.180884 1.389044 1.388832 1.512429
-0.8 1.315381 1.202226 1.569503 1.712257
0.8 1.376726 1.440681 1.594710 1.717377
0.4 1.256880 1.316841 1.527196 1.533357

75 0 1.009582 1.055467 1.100187 1.156502
-0.4 1.377173 1.434246 1.434246 1.367092
-0.8 1.418113 1.421580 1.621584 1.693885
0.8 1.409952 1.502766 1.716366 2.034322
0.4 1.307171 1.419290 1.551238 1.681656

100 0 1.014806 1.024055 1.104276 1.200266
-0.4 1.284842 1.347044 1.537082 1.706824
-0.8 1.520679 1.489360 1.637833 1.907261

6. Real Data Application
In this section, we consider the well-known Orthodont dataset (package nlme of R) introduced

by Potthoff and Roy (1964). Researchers at the University of North Carolina School of Dentistry
followed the growth of 27 children (16 boys and 11 girls) aged 8 to 14 years. Every two years, they
measured the distance between the pituitary and the pterygomaxillary fissure (”distance” noted by
y ) by the explanatory variable (”age” noted by x). The study objectives were to determine if the
distances were longer for boys than girls and if the rate of change of distance differed between boys
and girls. This data set was analyzed by Fearn (1975), Drikvandi et al. (2012), and Verbeke and
Molenberghs (2000).

In this example, we are interested in estimating the parameter for effects fixed in the simple
linear mixed model. Consider here:

yij = β0 + (β1 + θi)xij + εij for i = 1, . . . , 27 and j = 1, . . . , 4 (15)

with β0 and β1 are, respectively, the fixed effects for the intercept and the slope (parameter of interest),
θi is a random effects with zero mean, and with var(θi) = σ2

θ , and εij is a random error with zero mean,
and with var(εij) = σ2

ε .
When we apply, on the one hand, the conditional least-squares estimation to the model (15),

we find: β̂0 = 16.7611132 and β̂1 = 0.6601326. On the other hand, the weighted conditional
least-squares estimation gives: β̂0w = 16.7611219 and β̂1w = 0.6602256.

Then, we generate the model 200 times, where we calculate the output variable yij , by the
estimator β̂ and by the estimator β̂w, which we denote, respectively, y(β̂) and y(β̂w). In the end, we
calculate the average of the errors of each output variable with the true values of Orthodont (distance),
and we find MSE(y(β̂))/MSE(y(β̂w)) = 1.040632.

7. Conclusion
During this work, we were interested in statistical inference, more specifically in the theory of

vector β estimation of the fixed parameters in the mixed linear model, in which we considered that
the random coefficient and the random errors are not always independent. On the one hand, we
have established the estimator by the ordinary least squares method, and on the other hand, we have
established it the weighted least squares method.
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The simulation by the Monte Carlo study guarantees the good performance of the weighted esti-
mator β̂w, which dominates both the unweighted (ordinary) least squares β̂ and restricted maximum
likelihood (REML) β̂REML estimators.
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Appendix: Proof of Lemma 4.1
In order to prove (ii) and (iv), we consider

L′(Z(β)− Lη) =

 1 · · · 1
x2
11 · · · x2

nm

2x11 · · · 2xnm


 R2

11(β)− E
(
R2

11(β)|x11

)
...

R2
nm(β)− E

(
R2

nm(β)|xnm

)
 (16)

=



n∑
i=1

m∑
j=1

[
R2

ij(β)− E
(
R2

ij(β)|xij

)]
n∑

i=1

m∑
j=1

x2
ij

[
R2

ij(β)− E
(
R2

ij(β)|xij

)]
n∑

i=1

m∑
j=1

2xij

[
R2

ij(β)− E
(
R2

ij(β)|xij

)]

 (17)

=

 n∑
i=1

m∑
j=1

D1,ij ,
n∑

i=1

m∑
j=1

D2,ij ,
n∑

i=1

m∑
j=1

D3,ij

′

, (18)

where

D1,ij =
[
R2

ij(β)− E
(
R2

ij(β)|xij

)]
, D2,ij = x2

ij

[
R2

ij(β)− E
(
R2

ij(β)|xij

)]
, and

D3,ij = 2xij

[
R2

ij(β)− E
(
R2

ij(β)|xij

)]
.

Note that each Dk,ij , k = 1, 2, 3 is with mean zero. Part (ii) can be easily obtained from (A.3). Also,
part (iv) follows from the central limit theorem.

Notice that it is possible to write Σ in (9) in terms of Dij as

Σ = E
(
DijD

′
ij

)
, with Dij = (D1,ij , D2,ij , D3,ij)

′.

To establish (iii), we consider

Z(β̂)− Z (β) =

 [y11 − (β̂0 + β̂1x11)]
2 − [y11 − (β0 + β1x11)]

2

...
[ynm − (β̂0 + β̂1xnm)]2 − [ynm − (β0 + β1xnm)]2

 .

Let Xij =
(
1 xij

)
and not that for the ith individual, the jth element of Z(β̂) − Z (β),

i = 1, ..., n and j = 1, ...,m can be written as

[yij − (β̂0 + β̂1xij)]
2 − [yij − (β0 + β1xij)]

2 = [yij −Xij β̂]
2 − [yij −Xijβ]

2

= −2yijXij(β̂ − β) +Xij(β̂ − β)Xij(β̂ + β)

=
(
−2yij +Xij(β̂ + β) xij [−2yij +Xij(β̂ + β)]

)
×
(
β̂0 − β0

β̂1 − β1

)
.

Then, we have

N−1/2L′(Z(β̂)− Z(β)) = N−1L′

 −2y11 +X11(β̂ + β) x11[−2y11 +X11(β̂ + β)]
...

...
−2ynm +Xnm(β̂ + β) xnm[−2ynm +Xnm(β̂ + β)]


×
√
N

(
β̂0 − β0

β̂1 − β1

)
= WN

√
N(β̂ − β),
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where

WN = N−1L′

 −2y11 +X11(β̂ + β) x11[−2y11 +X11(β̂ + β)]
...

...
−2ynm +Xnm(β̂ + β) xnm[−2ynm +Xnm(β̂ + β)]


(N×2)

.

Since β̂
a.s−→β,

√
N(β̂ − β) is bounded in probability, and WN

a.s−→0, the result in part (iii) finally
follows.
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