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Abstract
Identifying risk factors that exhibit significant associations with child growth and development is

crucial for preventing unhealthy growth and supporting children’s overall development. Given that
children have a diverse range of growth patterns, it is particularly relevant to evaluate these associa-
tions across quantiles rather than simply focusing on the mean or median values. In this paper, we
develop a Bayesian variable selection method within quantile regression (QR) and quantile mixed
models (QMMs). In particular, these methods are designed to analyse longitudinal data, such as child
growth data. This novel methodology combines several key components, including the Bayesian
sparse group LASSO method, a likelihood function based on the scale mixture representation of the
asymmetric Laplace (AL) distribution. It also incorporates spike-and-slab priors for regression coeffi-
cients and utilises linear mixed models based on a decomposition for the covariance matrix of random
effects. By combining these elements, our approach offers a comprehensive solution for simultane-
ous selection and estimation of fixed and random effects in QMMs. We assess the performance of
the proposed method through simulation studies, which demonstrate its strong variable selection and
predictive capabilities. Furthermore, we illustrate its practical utility by applying it to the Growing
Up in Scotland (GUS) dataset, providing practical insights into its real-world applicability.

Keywords: Bayesian methods, group LASSO, sparse group LASSO, MCMC algorithm, quantile
regression, mixed models, longitudinal data, child growth.

1. Introduction
The growth and development of children is a vital area of health study in humans, involving

the assessment and monitoring of physical growth, cognitive development, emotional development
and social development during childhood (Berk, 2013). The aim of this study is to understand how
individuals or groups progress through different stages of life and to support children in experiencing
their growth in a normal process, from birth to adolescence (Berk and Meyers, 2016). Several factors,
such as biological, nutritional and environmental influences, can impact children’s growth, leading to
either normal or abnormal development during this period (Berk, 2013; Black et al., 2008; Denham,
2006; Shonkoff et al., 2000; Starfield et al., 2005). In reality, children exhibit a diverse range of
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growth patterns (underweight, normal, and overweight), and these groups may face different risk
factors. Therefore, stakeholders at individual, community, and global levels need appropriate tools
and knowledge to prevent risk factors affecting child growth and development. In this paper, we
propose statistical models that enable us to identify such risk factors associated with child weight
measurements among Scottish children.

Longitudinal studies are a key approach for understanding mechanisms of child growth and
development, as repeated measurements on the same individuals allow trends and within-individual
changes over time to be characterised (Bukatko and Daehler, 1995; Cole, 1994; Grammer et al., 2013;
Weiss and Ware, 1996). The resulting repeated measurements form longitudinal child growth data
(LCGD), where each child is followed over time (Fitzmaurice and Ravichandran, 2008). In literature,
linear mixed-effects models (LMMs) (Laird and Ware, 1982) and their extensions (Cole et al., 2010;
Muggeo et al., 2014; Aniley et al., 2019; Durbán et al., 2005; Ruppert et al., 2003) are a statistical
method that has been widely used to analyse LCGD. These models use random effects to capture
individual-specific variation and within-subject correlation alongside population-level (fixed) effects,
but they are limited to modelling the mean of growth measurements and do not characterise other
parts of the response distribution.

To address these limitations of mean-only models, quantile regression (QR) is a suitable ap-
proach (Koenker, 2005). However, applying QR to LCGD remains challenging due to its distribution-
free framework, which complicates its incorporation with other frameworks, such as the mixed-effects
framework. Fortunately, the discovery of an equivalence between maximising the likelihood function
based on an asymmetric Laplace (AL) distribution and minimising the quantile loss function in the
classical QR model has opened the door (Koenker and Machado, 1999). Recently, Geraci and Bottai
(2014) applied this likelihood to propose linear quantile mixed models. Geraci (2019) also extended
an idea of Geraci and Bottai (2014) to introduce more flexible model by allowing the use of smooth-
ing methods with penalisation, formulated in a mixed-effects framework, named the additive quantile
mixed models (AQMM). However, fixed-effect selection in these models via bootstrap-based infer-
ence remains contentious: penalised parametric bootstrap may introduce smoothing bias, nonpara-
metric bootstrap can lead to under-smoothing due to resampling (Wood, 2006), and there is still little
guidance on which random effects should be included. These limitations warrant cautious use of this
approach.

From a Bayesian perspective, several approaches have been utilised for parameter estimation
and variable selection in QR models, especially when analysing independent data. In the context
of estimation, Yu and Moyeed (2001) made a pioneering contribution by introducing the Bayesian
framework for QR. They employed the AL distribution as an augmented likelihood and improper uni-
form prior distributions for each regression coefficient. Additionally, Kozumi and Kobayashi (2011)
introduced a location-scale mixture representation of the AL distribution, incorporating a normal prior
and a double exponential prior, to develop a Gibbs sampling algorithm. Regarding variable selection,
Chen, Dunson, Reed and Yu (2013) introduced a stochastic search variable selection (SSVS) (George
and McCulloch, 1997) to identify important variables in QR models. Furthermore, Alhamzawi (2013)
proposed a prior for variable selection based on percentage bend correlation within a Gibbs sampler.
These approaches involve specifying prior distributions (e.g. Bernoulli priors) for the model indicator,
which is used to represent the inclusion or exclusion of each variable in the model. This specification
can be computationally demanding, particularly for large datasets or complex models.

To address this issue, it is recommended to use the Bayesian LASSO (BLASSO) method (Park
and Casella, 2008). This approach assumes the regression coefficients to follow independent Laplace
priors and performs variable selection using Markov chain Monte Carlo (MCMC)-based computa-
tional techniques, such as Gibbs sampling. The BLASSO method offers several notable advantages,
including the ability to incorporate automated predictor selection and deselection mechanisms within
the model, thereby enhancing both its efficiency and interpretability. In the QR models, Li et al.
(2010) made a significant contribution by introducing BLASSO to QR. Furthermore, Alhamzawi and
Yu (2014) proposed a BLASSO method for variable selection and estimation in linear quantile mixed
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models (LQMMs). Ji and Shi (2022) also considered several Bayesian regularised approaches to esti-
mate fixed and random effects in LQMMs. However, such models do not support grouped variables,
such as a group of dummy variables forming a categorical variable, because they treat each variable
independently and apply shrinkage individually to each predictor. Moreover, the estimates obtained
from these BLASSO methods may not precisely converge to zero (Park and Casella, 2008; Xu and
Ghosh, 2015; Alhamzawi and Ali, 2018), potentially impacting the accuracy of variable selection.

To accommodate grouped variables and ensure exact zero convergence, Xu and Ghosh (2015)
proposed two variants of the BLASSO method with spike-and-slab priors. These two variants con-
sist of Bayesian group LASSO (BGLASSO) and Bayesian sparse group LASSO (BSGLASSO). The
former handles the selection process for entire groups of variables, while the latter goes a step further
by also encouraging selection within the groups. Meanwhile, the spike-and-slab priors are employed
to construct the point mass at zero for regression parameters. However, these methods were only ap-
plied to independent data and conditional mean model. In this paper, we firstly focus on an extension
of BGLASSO and BSGLASSO with spike-and-slab priors in the context of the QR model. Further,
we consider BSGLASSO to be incorporated with a modified Cholesky decomposition of covariance
matrix of random effects (Chen and Dunson, 2003; Kinney and Dunson, 2007), enabling the simul-
taneous selection of both fixed effects and random effects for quantile mixed model. In summary,
our contributions are: (1) extending Bayesian group and sparse-group LASSO with spike-and-slab
priors to quantile regression, and (2) developing a novel quantile mixed-effects model that performs
simultaneous selection of fixed and random effects. Furthermore, this method addresses key ques-
tions in the analysis of LCGD in Scotland (i.e. the Growing Up in Scotland (GUS) data), particularly
in identifying risk factors influencing physical growth. This is exemplified by the rising rates of child-
hood obesity in Scotland (Royal College of Physicians and Surgeons of Glasgow, 2023), which we
investigate latter in the paper.

In brief, our proposed approach enables automatic selection of both significant fixed effects and
necessary random effects in quantile mixed models, which we demonstrate through simulations and
an application. The rest of this paper is organised as follows: First, we provide an overview of the QR
model and the quantile mixed model in Section 2. Section 3 presents the proposed methodologies, in-
cluding Bayesian group and sparse group LASSO methods, Bayesian group and sparse group LASSO
with spike-and-slab priors in the QR context, the methods for estimating the tuning parameters in our
proposed models, Bayesian sparse group LASSO mixed QR model, and the variable selection process
for the proposed models. We delve into the simulation studies in Section 4. Moving on to Section
5, we present our results, encompassing the simulation study findings, the illustrative analysis for
simultaneous selection. The application to real data is presented in Section 6. Furthermore, Section
7 presents our discussion. Finally, we conclude the paper in Section 8.

2. Background
2.1. Quantile regression model

Consider the following conditional linear quantile regression (QR) model for independent data
(Koenker, 2005) in the form (yi,xi) for i = 1, . . . , n:

Qτ (yi|xi) = x′
iβτ , (1)

where xi is a vector of known predictors and βτ ∈ R(p+1) is a vector of unknown regression coeffi-
cients dependent on τ ∈ (0, 1), which can be interpreted as the marginal change in the τ th quantile
resulting from a marginal change in x. To estimate the coefficient vector β of model (1) at a given
quantile τ from a sample of n pairs xi, solve

β̂τ = arg min
β∈Rp

n∑
i=1

ρτ (yi − x′
iβ), (2)
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where ρτ (u) = u(τ−I{u < 0}) is the asymmetric absolute (check) loss and I(·) denotes the indicator
function. The estimator can be computed efficiently using linear-programming algorithms (Koenker,
2005).

Alternatively, the model in (1) can be conveyed through the linear model as

yi = x′
iβτ + ϵi, (3)

where the random error term is defined as ϵi = yi − x′
iβτ and is specified to satisfy Qτ (ϵi|xi) = 0.

We assume that the errors in model (3) ϵi are independent and identically distributed according to
the asymmetric Laplace distribution (AL), ϵi ∼ AL(µ, σ, τ), where µ = 0 is the location parameter,
σ > 0 is the scale parameter, and τ ∈ (0, 1) is the skew (quantile) parameter. Under this working
likelihood, with conditional location µ = x′

iβ, the maximum likelihood estimator of µ is obtained by
the minimisation in (2), in line with the standard quantile regression formulation (Yu and Moyeed,
2001). Therefore, QR can be represented by assuming that each yi, conditional on xi, follows the AL
distribution. Consequently, the likelihood function based on this distribution can be expressed as

L(ϵ|σ) ∝ σ−n exp

{
−

n∑
i=1

|ϵi|+ (2τ − 1)ϵi
2σ

}
. (4)

As demonstrated by Tsionas (2003), Kozumi and Kobayashi (2011) and Alhamzawi and Yu
(2013), the AL distribution can be formulated as a mixture of normals representation. This discovery
can lead to the use of the Gibbs sampling algorithm for effective estimation in the Bayesian inference
for QR model. To establish this representation, we employ the method of Andrews and Mallows
(1974), in which for any a, b > 0,

exp{−|ab|} =

∫ ∞

0

a√
2πe

exp

{
− 1

2
(a2e+ b2e−1)

}
. (5)

We apply Equation (5) to the right-hand side of the function (4) by assuming a = 1/
√
2σ,

b = ϵ/
√
2σ and multiplying by exp{−(2τ − 1)ϵ/2σ}, it results in

σ−n exp

{
−

n∑
i=1

|ϵi|+ (2τ − 1)ϵi
2σ

}
=

n∏
i=1

∫ ∞

0

1

σ
√
4πσvi

exp−

{
(ϵi − ξvi)

2

4σvi
− ζvi

}
dvi,

where ξ = (1− 2τ), ζ = τ(1− τ)/σ and vi ∼ Exp(ζ). Further, let ϵi = yi − x′
iβτ , this implies that

L(y|v,β, σ) ∝
n∏

i=1

∫ ∞

0

1

σ
√
4πσvi

exp−

{
(yi − x′

iβτ − ξvi)
2

4σvi
− ζvi

}
dvi.

2.2. Quantile mixed-effects models
In the context of the general linear mixed-effects models (LMMs) for longitudinal data, repre-

sented as (yij ,x′
ij , z

′
ij), for i = 1, . . . , N and j = 1, . . . , ni:

yij = x′
ijβ + z′ijui + ϵij , (6)

where yij is the jth response for subject i, x′
ij and z′ij are the rows of the Xi and Zi, Xi is a known

ni × p matrix and Zi is a known ni × q matrix. ui is a q × 1 vector of unobservable random effects
with ui ∼ N (0,Σu) and ϵij is the error term with ϵij ∼ N (0, σ2

ϵ ).
In the realm of Bayesian variable selection in LMMs, Kinney and Dunson (2007) introduced a

Gibbs-sampling-based method for simultaneous selection of fixed and random effects. This method
involves reparameterising the random-effects part of the model (6) as

yij = x′
ijβ + z′ijDAci + ϵij , ϵij ∼ N(0, σ2

ϵ ),
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where ci = (ci1, . . . , ciq)
′,D = diag(d1, . . . , dq)′ and A = (alr) is a q × q lower triangular matrix

with ones on diagonal and free off-diagonal elements representing the correlations among the random
effects, where l = 1, . . . , q and r = 1, . . . , q(q − 1)/2. In this parameterisation, the random-effects
vector is written as ui = DAci with ci ∼ N (0,Ω), where Ω = diag(ω1, . . . , ωq)

′, so the random-
effects covariance maxtrix is Σu = DAΩA′D. Each dl is proportional to the standard deviation
of the l-th random effect. Within a Bayesian variable-selection scheme, assigning suitable shrinkage
priors on the dl allows them to be shrunk towards (or exactly to) zero, effectively removing the corre-
sponding random effects from the model while preserving the positive-definiteness of Σu. Recently,
Alhamzawi and Yu (2014) applied this idea in conjunction with BLASSO to LQMMs. However,
they made the assumption that ci ∼ N (0, I). Ji and Shi (2022) also adopted the same assumption
while exploring various regularisation methods. Motivated by this reparameterisation, we propose
the linear quantile mixed models,

yij = x′
ijβτ + z′ijDAcτ,i + ϵij ,

where βτ is a vector of coefficients that depend on τ and ϵij are independent, with their τ th quantile
level assumed to be zero. These are also presumed to follow the AL distribution. Let ϵij = yij −
x′
ijβ − z′ijDAci and follow the scale mixture of normals, as outlined in Section 2.1, the likelihood

of ϵij can be expressed as a scale mixture of normals with exponential mixing density,

N∏
i=1

ni∏
j=1

∫ ∞

0

1

σ
√
4πσvij

exp

{
−

(yi − x′
iβ − z′ijDAci − ξvij)

2

4σvij
− ζvij

}
dvij ,

where ξ = (1− 2τ), ζ = τ(1− τ)/σ, and vij ∼ Exp(ζ).

3. Methodology
3.1. Bayesian group and sparse group LASSO for quantile regression

Consider the QR model (3) consisting of the covariates Xk, which are partitioned into G non-
overlapping groups,

y =

G∑
g=1

Xgβτ,g + ϵ. (7)

Here, the matrix Xg has mg columns and n rows, and it is a sub-matrix of the design matrix X.
βτ,g = (βτ,g1, . . . , βτ,gmg )

′ is the coefficient vector corresponding to the group g. Note that for
simplicity of notation, we omit the subscript τ for βτ,g . We apply the Group LASSO (GL) approach
to the quantile model as proposed by Li, Lin and Xi Li et al. (2010). Thus, at the τ th quantile, the
estimator can be obtained by

min
β
ρτ

(
y −

G∑
g=1

Xgβg

)
+ λ

G∑
g=1

||βg||2. (8)

Here, λ is the regularisation parameters, controlling coefficient shrinkage and thus the bias-variance
trade-off in the model. However, the penalised objective function (8) is limited in its scope, as it
solely caters to group-structured variables without considering individual levels within those group
variables, thereby lacking the ability to address broader real-world issues. To overcome this limita-
tion, the sparse Group LASSO (SGL) (Simon et al., 2013) was introduced, which uses combined L1

and L2 penalties in the regression loss to enable variable selection both between and within groups.
Consequently, (8) can be expanded to take the following form

min
β
ρτ

(
y −

G∑
g=1

Xgβg

)
+ λ1||β||1 + λ2

G∑
g=1

||βg||2,
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where λ1 and λ2 control the strength of the L1 (within-group) and L2 (group) penalties, thereby
balancing selection within and between groups.

As noted by Tibshirani (1996), the LASSO estimator is equivalent to the posterior mode obtained
under independent Laplace (double-exponential) priors on the regression coefficients. This link be-
tween penalised likelihood and Bayesian modelling extends to LASSO-type methods. Building on
this idea, Kyung et al. (2010) formulated the GL approach in the Bayesian framework by assigning a
multivariate Laplace prior to each group of coefficients,

p(βg) ∝ exp

{
−λ
σ
||βg||2

}
. (9)

Similarly, Xu and Ghosh (2015) proposed the SGL prior,

p(β) ∝ exp

{
− λ1
2σ2

||β||1 −
λ2
2σ2

||βg||2
}
. (10)

In practice, the priors (9) and (10) can be represented as a scale mixture of normals with conjugate
Gamma hyperpriors, allowing for the construction of a fully Bayesian hierarchical model and an
efficient Gibbs sampler to address both GL and SGL problems (Xu and Ghosh, 2015). Nevertheless,
Xu and Ghosh (2015) highlighted that estimates derived from these priors, whether they are posterior
means or medians, do not precisely reach a value of zero. To address this issue, they proposed a
hierarchical Bayesian sparse group LASSO model, incorporating an independent spike-and-slab type
prior for both group variable selection and individual variable selection.

3.2. Spike-and-slab priors for regression coefficients
Spike-and-slab priors have been emerging as a prominent and widely favourited approach for

Bayesian variable selection, ever since their introduction by Mitchell and Beauchamp (1988). These
priors are typically formulated as mixture priors, often utilising normal mixture priors with two com-
ponents (Ishwaran and Rao, 2005). One component assigns a probability mass to the regression
coefficient βk being precisely equal to zero (spike component), while the other component allows for
non-zero (slab component). This unique feature enables spike and slab priors to effectively identify
and select relevant variables, making them suitable for variable selection tasks. As a result, these
priors offer a flexible and powerful tool for variable selection within a Bayesian framework. In this
paper, we adopt a class of continuous bimodal priors proposed by Ishwaran and Rao (2005). These
priors offer a more computationally efficient option while maintaining the desired characteristics of
the model. Consider the linear regression model, expressed as yi ∼ N (x′

iβ, σ
2). The specification

of this class of priors is

(βk|γk, ς2k)
ind∼ N (0, γkς

2
k), k = 1, . . . , p,

(γk|ν0, π)
i.i.d.∼ (1− π)δν0

(·) + πδ1(·),

(ν−2
k |a, b) i.i.d.∼ Gamma(a, b),

π ∼ Beta(b1, b2),

(11)

where δν(·) is a discrete measure concentrated at the value ν. Based on the prior hierarchy (11), it can
be seen that γ∗ = γkς

2
k (hypervariance) approximates a continuous bimodal distribution, featuring a

spike at ν0 and a continuous right tail, provided that a small near zero value (ν0) and the shape (a) and
scale (b) parameters of the Gamma distribution are properly chosen. Illustrative prior densities for
hypervariance (γ∗), under several choices of (ν0, a, b), are shown in Appendix I (Figure 4). Indeed,
integrating out γk, the conditional prior of βk in (11) can be written more compactly as

βk | ς2k , π
ind∼ (1− π)N

(
0, ν0ς

2
k

)
+ πN

(
0, ς2k

)
.

For sufficiently small ν0, the first component N (0, ν0ς
2
k) behaves like a near–point mass at zero,

inducing strong shrinkage of coefficients βk,0 whose true effects are zero.
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3.3. Bayesian group LASSO QR with spike-and-slab priors
Motivated by a work of Xu and Ghosh (2015), by the equivalence between the maximum likeli-

hood estimator under the AL distribution and the standard quantile loss function, by the representation
of the AL distribution as a scale mixture of normals with an exponential mixing density discussed in
Section 2, and by the advantages of placing a point mass at zero on regression coefficients through
spike-and-slab priors as detailed in Section 3.2, we formulate the following Bayesian group LASSO
QR with spike-and-slab priors (hereafter referred to as BGLSSQR).

Let y = (y1, . . . , yn)
′ represent a response vector, βg is a coefficient vector of length mg ,

Xg is an mg × n covariate matrix corresponding to the factor βg(g = 1, 2, . . . , G), and V =

diag(v−1
1 , . . . , v−1

n ). Hence, β = (β1, . . . ,βG)
′ is a coefficient vector of length p (p =

∑G
g=1mg)

and X is an n × p design (predictors) matrix corresponding to β. Here, we define Ψg as a known
mg × mg positive definite matrix, and π0 as the probability of βg = 0. Therefore, the Bayesian
hierarchical QR model can be expressed as

y|β,v, σ ∼ N (Xβ + (1− 2τ)V−11n, 2σV),

v|σ ∼ Exp(σ−1τ(1− τ)),

βg|η2g
ind∼ (1− π0)Nmg (0, η

2
gΨ

−1
g ) + π0δ0(βg),

η2g |λ2
ind∼ Gamma

(mg + 1

2
,
λ2

2

)
,

σ ∼ InvGamma(g1 = 0.1, g2 = 0.1),

π0 ∼ Beta(a1 = 1.0, a2 = 1.0).

(12)

We propose an efficient Gibbs sampler to draw samples from the joint posterior distribution of the
parameters of interest in the proposed Bayesian model (12). A detailed description of this sampler is
provided in Appendix II.

3.4. Bayesian sparse group LASSO QR with spike-and-slab priors
To handle sparsity at the group level and within the group level, we adopt the reparameterisation

of regression coefficients (Xu and Ghosh, 2015) to QR:

βτ,g = K1/2
τ,g bτ,g,

where K1/2
τ,g = diag{θg1, . . . , θgmg

}, θgj ≥ 0, g = 1, . . . , G; j = 1, . . . ,mg . Here, bτ,g ∼ N (0, Img
)

in case where these are not zeros. This reparameterisation, employed in this context, plays a crucial
role in utilising the diagonal elements of K1/2

τ,g to regulate the magnitude of the elements of βτ,g . To
maintain the simplicity of notation, the subscript τ for all pertinent parameters will be omitted.

A methodology for the selection of group variables is based on the assumption that each bg
follows the multivariate spike-and-slab prior:

bg
ind∼ (1− π0)Nmg

(0, Img
) + π0δ0(bg),

where π0 is defined as the probability of bτ,g = 0. Consequently, if θgj is zero, regardless of whether
bgj is zero or not, βgj can be dropped from the model. In a similar way to the selection of group
variables, the spike-and-slab prior is utilised for the within-group level, assuming that each θgj also
adheres to this prior distribution:

θgj
ind∼ (1− π1)N+(0, s2) + π1δ0(θgj).

Here, π1 denotes the probability that θgj = 0, and N+(0, s2) represents a truncated normal distribu-
tion with mean 0 and variance s2, truncated from below at 0.
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We combine the Bayesian sparse group LASSO method with the mixture representation of the
AL distribution and the aforementioned spike-and-slab priors to develop the Bayesian sparse group
LASSO for QR (BSGSSQR). This innovative approach is structured as a Bayesian hierarchical model,
integrating the mentioned components to achieve efficient variable selection within the context of QR.
Let b = (b1, . . . , bG), and K1/2 = diag(K1/2

1 , . . . ,K
1/2
G ), then the Bayesian hierarchical QR model

is expressed as follows:

y|β,v, σ ∼ N (XK1/2b+ (1− 2τ)V−11n, 2σV),

v|σ ∼ Exp(σ−1τ(1− τ)),

bg
ind∼ (1− π0)Nmg (0, Img ) + π0δ0(bg),

θgj
ind∼ (1− π1)N+(0, s2) + π1δ0(θgj),

s2|t ind∼ InvGamma(1, t),
σ ∼ InvGamma(g1 = 0.1, g2 = 0.1),

π0 ∼ Beta(a1 = 1.0, a2 = 1.0),

π1 ∼ Beta(c1 = 1.0, c2 = 1.0).

(13)

The full specification of the efficient Gibbs sampler used to draw samples from the joint posterior
distribution of the parameters of interest in the proposed Bayesian model (13) is provided in Appendix
II.

3.5. Bayesian sparse group LASSO mixed QR
Based on the BSGSSQR method detailed in Section 3.4 and the reparameterisation of random

effects mentioned in Section 2.2, we propose the following l1-penalised check function

min
βτ ,cτ

N∑
i=1

ni∑
j=1

ρτ
(
ϵij
)
+ λ1||βτ ||1 + λ2

G∑
g=1

||βg,τ ||2 + λ3

N∑
i=1

q∑
l=1

|cilτ |, (14)

where cτ = (c′1τ , . . . , c
′
Nτ ) and λ3 ≥ 0. In this case, we follow Alhamzawi (2013) to restrict λ3

to being 1. Here, it can be observed that the function (14) yields the sparse group LASSO estimates
on βg,τ and the LASSO estimates on cτ . These estimates can be interpreted as posterior mode
estimates when βg,τ and cτ have independent and identical Laplace priors. Therefore, the Laplace
prior (1/2) exp{−|cilτ |} on cilτ , l = 1, . . . , q (random effects) (Alhamzawi, 2013), can be employed,
while the prior on βg,τ (fixed effects) can be specified in Section 3.4. In practice, a scale mixture of
normals of the Laplace prior is exploited in the Gibbs sampler for the Bayesian analysis (Alhamzawi,
2013). This mixture can be represented as

1

2
exp{−|cilτ |} =

∫ ∞

0

N (cilτ ; 0,ωl)Exp
(
ωl;

1

2

)
dωl.

Henceforth, this approach is referred to as Bayesian sparse group LASSO-mixed quantile model with
Spike-and-Slab priors (BSGSSMQR). In this context, the prior for ωl can be assumed to follow a
Gamma(1,2) distribution, which is equivalent to a Exp

(
ωl; 1/2

)
distribution. This prior is infor-

mative and convenient for prior elicitation (Alhamzawi, 2013). For dl, it is specified to follow a
zero-inflated half-normal prior, ZI −N+(µdl

= 0, σ2
dl

= 1, pl0), where pl0 = Pr(dl = 0) (the prior
probability that random effects l is excluded). For a = (alr : l = 2, . . . , q; r = 1, . . . , l − 1), it is
assumed to follow the prior p(a|d) = N (0,Σa) · 1(a ∈ Rd), where Σa is the variance-covariance
matrix of a, 1(·) is an indicator function and Rd enforced each element of a to be zero corresponding
to random effects that are zero (Kinney and Dunson, 2007). The Gibbs sampler for this approach is
provided in Appendix II. The code to implement the BSGSSMQR method was written in the statisti-
cal package R (R Core Team, 2024) and is available on request from the first author.
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3.6. Specification for the tuning parameters
For the BGLSSQR approach, the hyperparameter λ holds significant importance within any

Bayesian LASSO model type, as it plays a pivotal role in the coefficient shrinkage process, thus ex-
erting a substantial influence on its overall effectiveness and predictive capabilities (Park and Casella,
2008; Xu and Ghosh, 2015). One commonly employed approach is to assign a conjugate prior, such
as the Gamma(c1, c2) prior, to this hyperparameter, which allows for straightforward computation
and incorporation of prior beliefs or knowledge regarding coefficient sparsity. However, an alterna-
tive method for estimating λ exists. We use a Monte Carlo EM (Park and Casella, 2008; Xu and
Ghosh, 2015) to estimate λ by maximising the marginal likelihood; the E-step computes E[η2g |y]
from the Gibbs samples and the M -step updates λ via (13). The kth update of the EM algorithm for
λ is represented by

λ(k) =

√
p+G∑G

g=1Eλk−1 [η2g |y]
,

where p denotes the number of covariates and G represents the number of group variables. During
this EM update, the value of η2g is substituted by the sample average of η2g , which is obtained through
the Gibbs sampler using the λ from the previous iteration (k−1). Additionally, hyperparameters such
as the shape and scale parameters of an inverse Gamma prior for the scale parameter, σ, are chosen to
be relatively small: g1 = 0.1 and g2 = 0.1. This decision is based on allowing the data to speak for
themselves in determining the posterior distribution and ensuring computational stability (Gelman,
2006, 2014). Also, two hyperparameters of a Beta prior for π0 are set to a1 = a2 = 1 as default
values. This is equivalent to assuming a standard uniform distribution, resulting in a prior mean of
1/2 and allowing a prior spread (Xu and Ghosh, 2015).

Analogous to the estimation of λ, the hyperparameter t for BSGSSQR and BSGSSMQR, as-
sumes a crucial role in the process of coefficient shrinkage. To estimate this parameter, the Monte
Carlo EM algorithm is adopted, as described by Casella (2001) and Park and Casella (2008). For the
kth EM update,

t(k) =
1

Et(k−1) [ 1
s2 |y]

,

where the posterior expectation of s2 is substituted by the sample average of s2. This average is
obtained through the Gibbs sampler using the t from the previous iteration (k − 1).

3.7. Variable selection process
The Bayesian hierarchical QR models discussed earlier typically yield posterior mean estima-

tors. Nevertheless, as highlighted by Xu and Ghosh (2015), these estimators are not inherently ef-
fective in sufficiently shrinking the regression coefficients toward zero. Consequently, these posterior
mean estimators are less suited for the specific purpose of variable selection. While methods such as
the utilisation of posterior credible intervals (Zhang et al., 2014) can potentially address this limita-
tion, they do introduce additional complexity to the analysis. To avoid this complexity, an alternative
way is to employ the posterior median (Xu and Ghosh, 2015) as an adaptive thresholding estimator.
This approach presents distinct merits in terms of both selection and estimation. Xu and Ghosh (2015)
showed that the use of posterior median thresholding possesses an oracle property under orthogonal
designs, meaning that this thresholding correctly identifies which predictors should be included in a
model and which should be excluded. Therefore, within this work, we advocate for the adoption of
the posterior median estimator as the preferred method for the variable selection process within the
domain of QR.

4. Simulation
Here, our proposed approaches are assessed through two main simulation studies: fixed effects

selection and simultaneous selection (fixed and random effect).
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4.1. Simulation study for fixed effects selection
To assess the efficacy of the proposed methodologies in Sections 3.3 and 3.4, a series of simu-

lation studies were conducted. In this context, the number of group variables (G) was adjusted based
on the specific contextual requirements of each simulation scenario. For each study, a sample size of
100 was employed. While larger samples could enhance estimation precision, the primary objective
at this stage is to evaluate and validate the model’s behaviour, rather than to generalise the findings to
a broader population. Moreover, this sample size is considered sufficient to represent LCGD in realis-
tic settings, particularly for preliminary methodological investigations. Subsequently, the model was
fitted at three different quantiles, τ ∈ {0.10, 0.50, 0.90}, which represent the lower, central, and upper
locations of the response distribution (e.g. weight in the LCGD). Concerning the prior specifications
of our proposed approaches (BGLSSQR and BSGSSQR), we chose to set a1 = a2 = c1,= c2 = 1.0
for the beta priors on both π0 and π1. Additionally, the inverse Gamma priors applied to σ were con-
figured with g1 = g2 = 0.1. For all Bayesian approaches, a Gibbs sampler was employed, running
for a total of 50,000 iterations. To account for convergence issues, an initial burn-in period of 10,000
iterations was implemented.

As is commonly known, LASSO introduces bias into parameter estimates by shrinking the co-
efficients of some variables toward zero. Thus, we need to investigate this property in our proposed
methods as well. Consequently, the first two simulation studies aim to examine the estimation per-
formance of two proposed approaches (BGLSSQR and BSGSSQR) in comparison with both existing
frequentist and Bayesian methods. In terms of the existing frequentist approaches, we consider the
classical quantile regression (CQR) as introduced by Koenker (2005), and both LASSO methods for
quantile regression, i.e. LASSO (LASSOQR) and group LASSO (GLASSOQR) approaches, as pre-
sented by Sherwood et al. (2023). The CQR was implemented using the rq function from the R pack-
age quantreg (Koenker, 2021), while the LASSOQR and GLASSOQR approaches were imple-
mented using the rq.pen(penalty = "LASSO") function and rq.group.pen(penalty
= "gLASSO") function, respectively, from the R package rqPen (Sherwood et al., 2023). It is im-
portant to note that the tuning parameter (λ) for both the LASSO and GLASSOQR methods was cho-
sen based on the Bayesian information criterion (BIC) using the qic.select(method="BIC")
function (Sherwood et al., 2023). Regarding the existing Bayesian approaches, we consider the
Bayesian LASSO quantile regression (BLASSOQR) as reported in Alhamzawi and Ali (2020). The
BLqr function from the R package Brq (Alhamzawi, 2020) was employed to perform the BLAS-
SOQR approach. For both studies, three distinct error ϵ distributions were considered: a standard
normal distribution, a Student’s t-distribution with ν = 3 (tν=3) and a Chi-squared distribution with
ν = 3 (χ2

ν=3).

Scenario I: We treat model (7), which includes grouped continuous predictors, as the true data-
generating model in our initial investigation. Specifically, we restrict attention to three variable groups
(G = 3) to examine the behaviour of parameter estimates from the proposed methods relative to
existing approaches. Among these groups, the first one was designed as the “active group”, where
each coefficient within the group took a value of one, indicating its significance. In contrast, the last
group was designed as the “inactive group”, wherein each coefficient within the group took a value
of zero, indicating its lack of contribution to the response variable. Meanwhile, the second group
was designed to contain at least one inactive coefficient. More specifically, the active coefficients
were established with magnitudes categorised as weak (β = 0.30), moderate (β = 0.50) and strong
(β = 1.00). Thus, the true regression coefficients were set to

β =
(
(1.00, 1.00, 1.00)︸ ︷︷ ︸

X1

, (0.50, 0.30, 0.00)︸ ︷︷ ︸
X2

, (0.00, 0.00, 0.00)︸ ︷︷ ︸
X3

)
.

A group structure with a length of 3 was chosen as the minimal structure capable of accommodat-
ing three magnitudes of coefficients. In this particular scenario, we assume that each predictor is
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independent, following the i.i.d. standard normal distribution. Additionally, we aim to determine the
number of updates and iterations for estimating the hyperparameters λ and t for both BGLSSQR and
BSGSSQR through a Monte Carlo EM algorithm in two distinct scenarios: 100 and 1000.

Scenario II: We adopt one of the simulation designs of Yuan and Lin (2006) to specify a more
complex model with polynomial terms, linear terms, and dummy predictors, allowing for multi-
collinearity among some covariates. We then extend the number of variable groups to four (G = 4):
a group of polynomial basis functions for the continuous covariate (X1), two groups of continuous
predictors (X2, X3), and a group of dummy variables for the multi-level categorical covariate (X4).
Analogous to Scenario I, we classify the magnitude of the active coefficients into categories of weak
(β ∈ {0.30, 0.33}), moderate (β ∈ {0.50, 0.67}) and strong (β ∈ {1.00, 2.00}). Thus, the true model
was

y = 0.67X1−X2
1+0.33X3

1+0.50X2,1+0.30X2,2+0X3,1+0X3,2+0X3,3+2I(X4 = 1)+I(X4 = 2).

Here, X1 and X3 were generated by Xp =
Zp+W√

2
, Zp ∼ N (0, 1), and W ∼ N (0, 1). This im-

plies that both X1 and X3 were correlated with each other. Each predictor of the X2 (i.e. X2,1,
X2,2, and X2,3) was generated to follow the i.i.d standard normal distribution. X4 was generated
by trichotomising X1 as 0, 1, 2 under the conditions that X4 = 0 if X1 < Φ−1(1/3), X4 = 1 if
X1 > Φ−1(2/3), and X4 = 2 otherwise; thus, I(X4 = 1) and I(X4 = 2) indicate whether X4 is
either 1 or 2. Therefore, the true regression coefficients of this model were

β =

(
(0.67,−1, 0.33)︸ ︷︷ ︸

X1

, (0.50, 0.30, 0.00)︸ ︷︷ ︸
X2

, (0.00, 0.00, 0.00)︸ ︷︷ ︸
X3

, (2.00, 1.00)︸ ︷︷ ︸
X4

)
.

To summarise the performance of estimators, we consider mean bias errors (MBE) and root-
mean-square errors (RMSE) for βτ given by MBE(βτ ) = (1/500)

∑500
r=1(β̂τ,r−βτ,r), RMSE(βτ,h) =√

(1/500)
∑500

r=1(β̂τ,r − βτ,r)2.
Our focus now shifts to the evaluation of subset selection and predictive performances in the

remaining studies, where we compare our proposed approaches with existing methods. In particular,
we begin with two existing frequentist approaches, i.e. LASSOQR and GLASSOQR. Subsequently,
we delve into the comparison of relevant existing Bayesian variable selection methods. One such
existing method is the model selection based on credible intervals (MSCI) employed for the BLAS-
SOQR approach. The MSCI method was implemented using the model function provided by the R
package Brq (Alhamzawi, 2020). In these simulation studies, we restrict our study to the standard
normal distribution for the errors. The assessment of each approach was based on two rates and one
score: the true positive rate (TPR), the false positive rate (FPR) and F1 score. These matrices were
calculated using the information provided in the confusion matrix, as presented in Table 1. Addi-
tionally, to assess the predictive performance, we employ the mean weighted absolute errors (MAE),
MAEτ =

∑N
i=1

∑ni

j=1 ϵ
∗
ij,τ (τ − I(ϵ∗ij,τ < 0))/(

∑N
i ni), where ϵ∗ij,τ = yij − Q̂yij |tij (τ) and I(·)

is an indicator function, to measure the variation in the predicted values around the observations.
Smaller MAE values indicate more accurate predictions.

Scenario III: We extend the design to four variable groups (G = 4) and increase the number of
predictors within each group to five, as an initial setting for studying variable selection. The true
regression coefficients were denoted as

β =
(
(0.30,−1.00, 0.00, 0.50, 0.01)︸ ︷︷ ︸

X1

, (0, 0, 0, 0, 0)︸ ︷︷ ︸
X2

, (0.80, 0.80, 0.80, 0.80, 0.80)︸ ︷︷ ︸
X3

, (0, 0, 0, 0, 0)︸ ︷︷ ︸
X4

)
.
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Table 1 Confusion Matrix

# (βp ̸= 0) # (βp = 0)

# (β̂p ̸= 0) True Positive (TP) False Positive (FP)
# (β̂p = 0) False Negative (FN) True Negative (TN)

TPR =
TP

TP + FN
FPR =

FP
FP + TN

F1 =
2TP

2TP + FP + FN

Here, X1 and X3 are treated as active groups, and we consider two scenarios for β: (i) a mix of
strong (β = −1.00), moderate (β = 0.50) and weak (β = 0.30) effects with both positive and
negative signs, and (ii) effects of uniformly strong positive magnitude (β = 0.80). The Predictors
were generated to follow a multivariate normal distribution with mean 0 and variance-covariance
Σx, where off-diagonal elements of Σx are defined as 0.5|i−j| for i ̸= j. This implies that predictors
closer in sequence have a higher correlation.

Scenario IV: For the high sparsity design, we expand the number of variable groups to ten (G =
10). The true regression coefficients of this model were

β =

(
(0.67,−1.00, 0.33)︸ ︷︷ ︸

X1

, (0.5, 0.30, 0.00
)

︸ ︷︷ ︸
X2

, 0︸︷︷︸
X3

, (2, 1)︸ ︷︷ ︸
X4

, 0︸︷︷︸
X5

, 0︸︷︷︸
X6

, 0︸︷︷︸
X7

, 0︸︷︷︸
X8

, 0︸︷︷︸
X9

, 0︸︷︷︸
X10

)
.

We treat X1, X2, and X4 as active groups: X1 contains mixed effect sizes, X2 includes both
active and inactive coefficients, and X4 has strong effects. Here, 0 denotes a zero vector of length
3 for continuous variables and length 2 for categorical variables (dummy variables). For the third-
degree polynomial of X1, X5, X7, we generate these variables using Xp =

Zp+W√
2

, Zp ∼ N (0, 1),
and W ∼ N (0, 1). Each predictor of X2, X3, X9 and X10 was generated from N4(0,ΣX·), where
ΣX· = diag(1, 1, 1, 1). For each dummy predictor of X4, X6 and X8, we trichotomised X1, X5, X7

to meet the conditions that Xp < Φ−1(1/3) = 0, Xp > Φ−1(2/3) = 1, and otherwise equal to 2.
Subsequently, we set dummy predictors as I(X4 = 1), I(X4 = 2), I(X6 = 1), I(X6 = 2), I(X8 =
1) and I(X8 = 2).

4.2. Simulation study for simultaneous selection
Subsequently, our attention shifted towards evaluating the effectiveness of simultaneous selec-

tion using BSGSSMQR in Section 3.5 through a comprehensive simulation study. We thoroughly
investigate the performance in prediction and subset selection, with specific emphasis on both fixed
and random effects. Additionally, we compare this proposed method with AQMM. The simulated
data were generated by

y = Xβ + ui1zij1 + ui2zij2 + ui3zij3 + ui4zij4 + ϵij , i = 1, . . . , 50, j = 1, . . . , 10,

where the fixed effect component follows the specifications, as outlined in Scenario IV. The resid-
uals ϵij were generated from N (0, σ2

ϵ ) with σ2
ϵ set to two scenarios: σ2

ϵ = 1.00 and σ2
ϵ = 9.00.

Specifically, zij1 took the form of a column vector of ones with dimension 1n. Additionally, zijl,
with l ranging from 2 to 4, were generated from a uniform distribution U(−2, 2). We set u =
(ui1, ui2, ui3, ui4)

′ ∼ N (0,Σu), where

Σu =


0.90 0.40 0.06 0.00
0.40 0.50 0.10 0.00
0.06 0.10 0.20 0.00
0.00 0.00 0.00 0.00

 .
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For the Beta priors for π0 and π1, and inverse Gamma priors for σ, we follow the same prior specifi-
cations as mentioned in Section 4.1. The number of updates and iterations for estimating the hyper-
parameter t of s2 through a Monte Carlo EM algorithm was designated as 100. Furthermore, we fix
pl0 of dl to 0.5, while the prior mean and variance of a were set as 0 and 0.5I. We employ a Gibbs
sampler for a total of 25,000 iterations, with an initial burn-in period of 5,000 iterations, considering
a total of 200 simulations.

Regarding the additive quantile mixed model (AQMM), it should be noted that the aqmm func-
tion from the R package aqmm allows only for fitting of non-linear terms through the smooth.terms
specification in the mgcv package. Consequently, variables associated with a third-degree polyno-
mial, such as X1, X5, and X7, were modelled as cubic P-spines on 40 equidistant knots distributed
across the range of each variable. Other variables were assumed to be linear predictors. To select the
variables or predictors, the p-values for a two-tailed t-test from the bootstrap method with 50 repli-
cations were employed, on the understanding that if this p-value is less than the significance level
of 0.05, the variable will be included in the model. To ensure fairness in comparing BSGSSMQR
and AQMM, we exclude predictors from the group variables X1, X5 and X7 when measuring subset
selection performance. This decision was made because the bootstrap testing in AQMM does not
support hypothesis tests of smooth terms.

5. Results
5.1. Results of simulation studies

In Scenario I, classical quantile regression (CQR) consistently produced estimates closer to the
true parameters than the other methods, as shown in Figure 1, where the mean bias error (MBE)
values are close to zero. This pattern held across three distinct quantile levels, multiple error distribu-
tions, and varying coefficient magnitudes (weak, medium, and strong). In contrast, both frequentist
and Bayesian LASSO methods—including our proposed approaches (BGLSSQR and BSGSSQR)—
tended to consistently underestimate the coefficients. These methods also exhibited sensitivity to
non-negative error distributions (χ2-error), resulting in biased estimates with high variability. Never-
theless, they demonstrated robustness against heavy-tailed errors (t3-error). Furthermore, there was
no discernible difference in performance between 100 and 1000 updates and iterations when estimat-
ing λ and t via the Monte Carlo EM method (results not shown). A similar pattern was observed in
Scenario II, which introduced multicollinearity in some predictors, as presented in Figure 2.

Tables 2 and 3 summarise the variable selection metrics (i.e. mean weighted absolute error
(MAE), true positive rate (TPR), false positive rate (FPR), and F1 score) in Scenarios III and IV, com-
paring the performance seven methods on the simulated data. The BLASSOQR method achieved the
best predictive performance across all quantile levels, closely followed by BGLSSQR and BSGSSQR
methods. In contrast, LASSOQR and GLASSOQR exhibited higher prediction errors, particularly in
the extreme quantile models. In terms of model selection accuracy, the proposed methods outper-
formed other approaches across various quantile levels and simulation studies. BSGSSQR achieved
a favourable balance by maintaining a lower FPR alongside a superior F1 score, whereas BGLSSQR
tended to produce a higher FPR. The frequentist methods, LASSOQR and GLASSOQR, failed to
effectively control the FPR, resulting in unacceptably low F1 scores.

In the simultaneous selection study, Table 4 presents the mean of the mean weighted absolute
errors (MAE) under two error variance scenarios (σ2

ϵ ). The results show that both the posterior mean
and posterior median estimators yielded similar prediction errors across the two levels of error vari-
ance. However, both estimators exhibited slightly higher prediction errors compared to the AQMM.
Regarding selection performance, summarised in Table 5, the posterior median estimator proved to
be a robust choice, effectively serving as a thresholding rule for selecting or excluding predictors. As
expected, the performance of BSGSSMQR declined when the data contained high levels of noise. In
contrast, AQMM consistently underperformed across all selection accuracy metrics.

In addition, Table 6 presents the mean TPR, FPR and F1 score obtained from a sensitivity anal-
ysis of BSGSSMQR, in which the hyperparameters π0, π1, and dl′ were varied across nine distinct



384 Thailand Statistician, 2026; 24(2): 371-401

N
(0

,1
)

−
0
.3

−
0
.2

−
0
.1

0
.0

0
.1

MBE

−
0
.3

−
0
.2

−
0
.1

0
.0

0
.1

MBE

−
0
.3

−
0
.2

−
0
.1

0
.0

0
.1

β
1

β
2

β
3

β
4

β
5

β
6

β
7

β
8

β
9

MBE
t3

β
1

β
2

β
3

β
4

β
5

β
6

β
7

β
8

β
9

C
h

is
q

3

tau: 0.10tau: 0.50tau: 0.90

β
1

β
2

β
3

β
4

β
5

β
6

β
7

β
8

β
9

M
e
th

o
d

:
C

Q
R

L
A

S
S

O
Q

R

G
L

A
S

S
O

Q
R

B
L

A
S

S
O

Q
R

B
G

L
S

S
Q

R
−

m
e
a
n

B
G

L
S

S
Q

R
−

m
e
d

ia
n

B
S

G
S

S
Q

R
−

m
e

a
n

B
S

G
S

S
Q

R
−

m
e

d
ia

n

Figure
1

M
ean

B
ias

errors
(M

B
E

)w
ere

obtained
from

eightdifferentm
ethods

across
three

quantiles
(tau)and

three
errordistribution

scenarios—
standard

norm
aldistribution

(N
(0,1)),Student’s

t-distribution
w

ith
ν
=

3
(t3),and

chi-squared
distribution

w
ith

ν
=

3
(C

hisq3)—
underthe

Scenario
Isetting



Taweesak Channgam et al. 385

N
(0

,1
)

−
1
.0

−
0
.5

0
.0

0
.5

1
.0

MBE −
1
.0

−
0
.5

0
.0

0
.5

1
.0

MBE −
1
.0

−
0
.5

0
.0

0
.5

1
.0

β
1

β
2

β
3

β
4

β
5

β
6

β
7

β
8

β
9

β
1

0
β

1
1

MBE

t3

β
1

β
2

β
3

β
4

β
5

β
6

β
7

β
8

β
9

β
1

0
β

1
1

C
h

is
q

3
tau: 0.10 tau: 0.50 tau: 0.90

β
1

β
2

β
3

β
4

β
5

β
6

β
7

β
8

β
9

β
1

0
β

1
1

M
e
th

o
d

:

C
Q

R

L
A

S
S

O
Q

R

G
L

A
S

S
O

Q
R

B
L

A
S

S
O

Q
R

B
G

L
S

S
Q

R
−

m
e
a
n

B
G

L
S

S
Q

R
−

m
e
d

ia
n

B
S

G
S

S
Q

R
−

m
e
a
n

B
S

G
S

S
Q

R
−

m
e
d

ia
n

Fi
gu

re
2

M
ea

n
B

ia
s

er
ro

rs
(M

B
E

)w
er

e
ob

ta
in

ed
fr

om
ei

gh
td

iff
er

en
tm

et
ho

ds
ac

ro
ss

th
re

e
qu

an
til

es
(t

au
)a

nd
th

re
e

er
ro

rd
is

tr
ib

ut
io

n
sc

en
ar

io
s—

st
an

da
rd

no
rm

al
di

st
ri

bu
tio

n
(N

(0
,1

))
,S

tu
de

nt
’s

t-
di

st
ri

bu
tio

n
w

ith
ν
=

3
(t

3)
,a

nd
ch

i-
sq

ua
re

d
di

st
ri

bu
tio

n
w

ith
ν
=

3
(C

hi
sq

3)
—

un
de

rt
he

Sc
en

ar
io

II
se

tti
ng



386 Thailand Statistician, 2026; 24(2): 371-401
Table

2
M

ean
M

A
E

,true
positive

(T
PR

)rate,false
positive

(FPR
)rate

and
F
1

score
forfive

differentm
ethods

underScenario
III

τ
L

A
SSO

Q
R

G
L

A
SSO

Q
R

B
L

A
SSO

Q
R

B
G

L
SSQ

R
B

SG
SSQ

R

m
ean

m
edian

m
ean

m
edian

0.10
M

A
E

(SD
)

0.42
(0.04)

0.41
(0.04)

0.35
(0.03)

0.36
(0.03)

0.37
(0.03)

0.36
(0.03)

0.37
(0.03)

T
PR

0.94
1.00

0.83
1.00

0.94
FPR

0.55
0.78

0.04
0.11

0.06
F
1

0.73
0.70

0.88
0.94

0.94

0.50
M

A
E

(SD
)

0.36
(0.03)

0.37
(0.04)

0.35
(0.03)

0.36
(0.03)

0.37
(0.03)

0.36
(0.03)

0.37
(0.03)

T
PR

0.93
1.00

0.83
1.00

0.94
FPR

0.37
0.39

0.04
0.11

0.06
F
1

0.79
0.83

0.88
0.94

0.94

0.90
M

A
E

(SD
)

0.42
(0.04)

0.41
(0.04)

0.35
(0.03)

0.36
(0.03)

0.37
(0.03)

0.36
(0.03)

0.37
(0.03)

T
PR

0.94
1.00

0.83
1.00

0.94
FPR

0.57
0.76

0.04
0.11

0.06
F
1

0.72
0.70

0.88
0.94

0.94

Table
3

M
ean

M
A

E
,true

positive
(T

PR
)rate,false

positive
(FPR

)rate
and

F
1

score
forfive

differentm
ethods

underScenario
IV

τ
L

A
SSO

Q
R

G
L

A
SSO

Q
R

B
L

A
SSO

Q
R

B
G

L
SSQ

R
B

SG
SSQ

R

m
ean

m
edian

m
ean

m
edian

0.10
M

A
E

(SD
)

0.42
(0.04)

0.42
(0.05)

0.33
(0.03)

0.36
(0.03)

0.37
(0.03)

0.36
(0.03)

0.37
(0.03)

T
PR

0.87
0.98

0.77
0.99

0.92
FPR

0.48
0.50

0.03
0.08

0.03
F
1

0.55
0.62

0.83
0.90

0.91

0.50
M

A
E

(SD
)

0.36
(0.04)

0.39
(0.04)

0.33
(0.03)

0.36
(0.03)

0.37
(0.03)

0.36
(0.03)

0.37
(0.03)

T
PR

0.84
0.98

0.77
0.99

0.92
FPR

0.23
0.20

0.03
0.07

0.03
F
1

0.65
0.79

0.83
0.90

0.91

0.90
M

A
E

(SD
)

0.42
(0.04)

0.42
(0.04)

0.33
(0.03)

0.36
(0.03)

0.37
(0.03)

0.36
(0.03)

0.37
(0.03)

T
PR

0.87
0.99

0.77
0.99

0.92
FPR

0.50
0.55

0.03
0.08

0.03
F
1

0.53
0.60

0.83
0.90

0.91



Taweesak Channgam et al. 387

Table 4 Mean MAE (SD) for AQMM and BSGSSMQR with two posterior estimators in two error
variances for the simulation study in Section 4.2

τ AQMM BSGSSMQRmean BSGSSMQRmedian

0.10 σ2
ϵ = 1 0.15 (0.01) 0.23 (0.02) 0.24 (0.02)

σ2
ϵ = 9 0.49 (0.03) 0.95 (0.05) 0.97 (0.05)

0.50 σ2
ϵ = 1 0.33 (0.02) 0.35 (0.02) 0.36 (0.02)

σ2
ϵ = 9 1.08 (0.06) 1.01 (0.04) 1.02 (0.04)

0.90 σ2
ϵ = 1 0.15 (0.01) 0.23 (0.02) 0.24 (0.02)

σ2
ϵ = 9 0.48 (0.03) 0.95 (0.04) 0.97 (0.05)

Table 5 Mean true positive rate (TPR), false positive rate (FPR) and F1 score for AQMM and
BSGSSMQR in two error variances for the simulation study in Section 4.2

σ2
ϵ = 1 σ2

ϵ = 9

AQMM BSGSSMQRf BSGSSMQRa AQMM BSGSSMQRf BSGSSMQRa

τ = 0.10
TPR 0.53 1.00 1.00 0.27 0.80 0.85
FPR 0.14 0.02 0.03 0.15 0.09 0.12
F1 0.54 0.97 0.97 0.43 0.75 0.81

τ = 0.50
TPR 0.66 1.00 1.00 0.34 0.80 0.85
FPR 0.06 0.02 0.03 0.05 0.09 0.12
F1 0.71 0.97 0.97 0.49 0.75 0.80

τ = 0.90
TPR 0.77 1.00 1.00 0.45 0.80 0.88
FPR 0.07 0.02 0.03 0.11 0.09 0.15
F1 0.77 0.97 0.97 0.54 0.75 0.80

Note: The term f represents only fixed effects were considered and the term a represents both fixed and random
effects were considered.

scenarios. The results indicate that BSGSSMQR exhibited strong stability across all three metrics for
most of the variables and across three quantile models.

5.2. Results of illustrative analysis
We conduct an illustrative analysis using BSGSSMQR on two simulated datasets corresponding

to two levels of error variance, σ2
ϵ = 1 and σ2

ϵ = 9, as described in Section 4.2. The results for the case
of σ2

ϵ = 1 are presented in Table 7. We observe that the BSGSSMQR method correctly identifies both
fixed and random effects when the posterior median is used as the thresholding estimator. However,
the method shows increased sensitivity to large error variance (σ2

ϵ = 9), leading to a slight decline in
overall performance and a more pronounced impact on the selection of random effects (see Table 10 in
Appendix III). In addition, we assess the computational efficiency of the method under these settings.
Using a simulated dataset with 500 observations, 27 predictors, 2 random effects, and 25,000 Gibbs
sampler iterations, the BSGSSMQR approach required approximately 120 minutes of computational
time.
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Table 6 Sensitivity analysis for BSGSSMQR

τ pl0 Hyperprior

a1, a2, c1, c2 = 0.50 a1, a2, c1, c2 = 1.00 a1, a2, c1, c2 = 1.50

TPR FPR F1 TPR FPR F1 TPR FPR F1

0.10 0.30 0.96 0.04 0.94 0.96 0.04 0.94 0.96 0.04 0.94
0.50 0.96 0.03 0.95 0.96 0.03 0.95 0.96 0.02 0.95
0.80 0.96 0.02 0.96 0.96 0.02 0.96 0.96 0.02 0.96

0.50 0.30 0.97 0.03 0.95 0.97 0.03 0.95 0.97 0.03 0.95
0.50 0.97 0.03 0.96 0.98 0.03 0.96 0.97 0.02 0.96
0.80 0.97 0.02 0.97 0.97 0.02 0.97 0.97 0.02 0.97

0.90 0.30 0.97 0.04 0.95 0.97 0.04 0.95 0.97 0.04 0.95
0.50 0.97 0.03 0.96 0.97 0.03 0.96 0.97 0.02 0.96
0.80 0.97 0.02 0.96 0.97 0.02 0.97 0.97 0.02 0.97

6. Application to longitudinal child growth data in Scotland
We apply the BSGSSMQR approach to the Growing up in Scotland (GUS) data (Bradshaw et al.,

2007), which were collected in eleven sweeps between 2005/06 and 2021/23 from Scottish children
(born in 2002/03, 2004/05, and 2010/11) participating in the family longitudinal survey. The GUS
data are available via the UK Data Service (https://ukdataservice.ac.uk/) under special licence access.
However, no physical growth measurements were collected during the 2nd, 3rd, or 5th sweep. Conse-
quently, the data used in this paper consist of measurements from only seven sweeps. After removing
data from these three sweeps and conducting data cleaning, we are left with a sample of 4,563 chil-
dren, including 2,326 males and 2,237 females. In this paper, we focus the analysis exclusively on
identifying risk factors associated with weight measurements at two distinct locations (τ = 0.10 and
0.90), representing the lower and upper bounds of weight growth for children, respectively. These
quantiles help identify children who fall in the lower or higher ends of the weight distribution, often
used in growth monitoring and assessments of underweight and overweight categories. We focus on
this growth measure because childhood obesity has become a concern in Scotland. This choice was
motivated by the Scottish Health Survey Report highlighted an increase in the prevalence of child-
hood obesity in 2021 compared to the 2017 figures (Birtwistle et al., [ISBN: 9781835216569]. 2023).
Also, we aim to determine the appropriate variability of individual linear trends (intercepts and age
slopes) through the selection of random effects. The potential risk factors (independent variables)
were selected by mapping variables in GUS to the framework outlines in “Multiple Risk Factors in
Young Children’s Development” by Sabates and Dex (2015). This framework utilises an ecologi-
cal model of child development, helping to pinpoint risk factors associated with child development.
Furthermore, we consider other potential variables relating to children and their mother demographic
data. The list of these variables is presented in Table 8.

Within this analytical framework, age was exclusively incorporated as a fixed smooth component
in each quantile model as growth patterns tended to follow non-linear trajectories (see Figure 3).
This was achieved by using the cubic B-spline method to establish the bases for this smooth term.
The determination of the number of knots (K) adhered to the guidelines of Ruppert et al. (2003),
settingK as min{40, the number of unique x/4}. These knots were strategically placed at appropriate
quantiles of the variable age. All other independent variables in each model were assumed to be linear.
Additionally, raw weight was centred by subtracting its mean, and all covariates, including the basis
functions for age, were standardised. Furthermore, a design matrix of random effects, Z = [1, X1],
whereinX1 represents the variable of age, was established. This configuration serves as an instrument
to account for the inherent potential heterogeneity among children by incorporating random intercepts

https://ukdataservice.ac.uk/
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Table 7 Posterior mean, posterior median for both the fixed (FEs) and random (REs) effects, and
computational times (in minutes) of three quantile models under the scenario σ2

ϵ = 1.

τ = 0.10 τ = 0.50 τ = 0.90

True Mean Median SD Mean Median SD Mean Median SD

FEs
β1 0.67 0.83 0.84 0.30 0.75 0.75 0.28 0.75 0.74 0.29
β2 -1.00 -1.00 -1.00 0.10 -1.00 -1.00 0.10 -0.99 -0.99 0.10
β3 0.33 0.28 0.30 0.20 0.32 0.34 0.18 0.33 0.34 0.20
β4 0.50 0.49 0.49 0.09 0.48 0.48 0.08 0.48 0.48 0.08
β5 0.30 0.36 0.36 0.08 0.36 0.36 0.08 0.37 0.37 0.08
β6 0.00 0.00 0.00 0.04 -0.01 0.00 0.04 -0.01 0.00 0.04
β7 0.00 -0.01 0.00 0.04 -0.01 0.00 0.04 -0.01 0.00 0.04
β8 0.00 -0.05 0.00 0.07 -0.04 0.00 0.06 -0.03 0.00 0.06
β9 0.00 0.00 0.00 0.04 0.00 0.00 0.04 0.00 0.00 0.04
β10 2.00 1.87 1.86 0.20 1.93 1.93 0.18 1.93 1.93 0.19
β11 1.00 0.94 0.94 0.12 0.97 0.97 0.11 0.98 0.98 0.12
β12 0.00 0.05 0.00 0.11 0.06 0.00 0.11 0.06 0.00 0.11
β13 0.00 0.02 0.00 0.05 0.02 0.00 0.05 0.02 0.00 0.05
β14 0.00 -0.05 0.00 0.10 -0.06 0.00 0.11 -0.05 0.00 0.10
β15 0.00 0.00 0.00 0.05 0.00 0.00 0.05 0.00 0.00 0.05
β16 0.00 0.04 0.00 0.07 0.03 0.00 0.06 0.03 0.00 0.06
β17 0.00 -0.04 0.00 0.09 -0.04 0.00 0.09 -0.04 0.00 0.09
β18 0.00 0.00 0.00 0.04 0.00 0.00 0.04 0.00 0.00 0.04
β19 0.00 -0.02 0.00 0.06 -0.01 0.00 0.06 -0.02 0.00 0.07
β20 0.00 0.02 0.00 0.06 0.03 0.00 0.07 0.02 0.00 0.07
β21 0.00 -0.02 0.00 0.06 -0.02 0.00 0.06 -0.02 0.00 0.05
β22 0.00 0.01 0.00 0.04 0.01 0.00 0.04 0.01 0.00 0.04
β23 0.00 -0.01 0.00 0.04 -0.01 0.00 0.04 -0.01 0.00 0.04
β24 0.00 0.00 0.00 0.04 -0.01 0.00 0.04 -0.01 0.00 0.04
β25 0.00 -0.01 0.00 0.04 -0.01 0.00 0.04 -0.02 0.00 0.05
β26 0.00 0.04 0.00 0.06 0.04 0.00 0.06 0.04 0.00 0.06
β27 0.00 0.02 0.00 0.05 0.02 0.00 0.05 0.03 0.00 0.06

REs
σ11 0.90 0.87 0.84 0.21 0.80 0.77 0.20 0.88 0.86 0.21
σ22 0.50 0.47 0.46 0.11 0.47 0.46 0.11 0.48 0.47 0.11
σ33 0.20 0.12 0.11 0.05 0.11 0.10 0.05 0.12 0.12 0.05
σ44 0.00 0.00 0.00 0.01 0.00 0.00 0.01 0.00 0.00 0.01

Time 124.00 132.00 133.00

and slopes. Regarding the selected prior specifications, we opt for the same specifications of the Beta
priors and the inverse Gamma priors, as outlined in Section 4.2. The hyperparameter t of s2 was
estimated through a Monte Carlo EM algorithm with 100 updates and iterations. To ensure adequate
convergence and accuracy, we ran the Gibbs sampler for 15,000 iterations, with a burn-in period of
5000 iterations. Furthermore, we ran three independent MCMC chains and assessed convergence
by inspecting trace plots and computing the Gelman-Rubin diagnostic (R̂GR) (Gelman and Rubin,
1992). We also evaluated the independence of the samples using the effective sample size (nESS)
(Gelman, 2014).

Table 9 presents the posterior mean and median estimates of the basis functions of age and
selected linear fixed effects related to centred raw weight across two quantile models. The results in-
dicate that the posterior median estimator produced zero estimates for the basis function, S(Age22),
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Table 8 List of independent variables

Variable Name Variable Name

age Age of child nhhs Number of people in household
sex Sex of child equi Equivalised income
lbwe Low birth weight depr Scottish Index of Multiple Deprivation
ceth Ethnicity of a child pjob Current job status of parent(s)
chea Child’s health in general phea Health problem in a year of parent(s)
nacj No of accidents/injuries of child pche Current health status of parent(s)
cbor Child’s birth order mral Drinking alcohol during pregnancy
mmrs Mother’s marital status msmo Smoking cigarettes during pregnancy
urcl Urban-rural classification pral Alcohol drink status of parent(s)
mage Age of mother at first child’s birth

Male Female
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Figure 3 Individual raw weight trajectories from the GUS data by sex

across both quantile models. Another interesting result is that the two quantile models appeared to
have similar estimates of basis functions. The linear (predictor) fixed effects, including low birth
weight, deprivation, and equivalised income, were selected for both 0.10th and 0.90th quantile mod-
els. Regarding the random effects, both the random intercept for age and the random slope of age
were selected in all two quantile models, with the former exhibiting higher variability than the latter.
This indicates that there was variability in individual linear trends (intercepts and temporal slopes)
across the two quantiles.

With regard to the assessment of the MCMC samples for both quantile models (see Figure 5
in Appendix III), the trace plots indicated convergence, with all chains fluctuating around a stable
mean and exhibiting no discernible trends over time. In particular, the plots for the three linear fixed
predictors (risk factors) showed slight pseudo floor or ceiling effects approaching zero, suggesting
that the slab component of the spike-and-slab prior predominantly influenced the selection of each
fixed variable. All R̂GR values were equal to 1, indicating that the chains have likely converged to
the same posterior distribution and are well mixed. Moreover, each nESS value exceeded 1,000,
which generally reflects a sufficient number of effectively independent samples, thereby suggesting
that the MCMC sampling process was robust and that the resulting parameter estimates are likely to
be reliable.
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Table 9 Posterior mean and posterior median for fixed and random effects across two quantile models
for the centred raw weight

τ = 0.10 τ = 0.90

Mean Median SD Mean Median SD

Fixed effects
S(Age1) -3.28 -3.23 0.62 -3.25 -3.20 0.63
S(Age2) 3.42 3.38 0.45 3.43 3.38 0.48
S(Age3) 0.83 0.84 0.34 0.69 0.72 0.38
S(Age4) 1.71 1.71 0.25 1.78 1.77 0.27
S(Age5) 0.48 0.47 0.35 0.46 0.45 0.35
S(Age6) 3.14 3.13 0.23 3.10 3.08 0.24
S(Age7) 2.63 2.66 0.25 2.55 2.58 0.26
S(Age8) 1.82 1.82 0.37 1.81 1.81 0.37
S(Age9) 0.58 0.66 0.38 0.55 0.62 0.38
S(Age10) 0.49 0.51 0.23 0.48 0.50 0.24
S(Age11) 1.16 1.39 0.47 1.25 1.36 0.47
S(Age12) 4.58 4.57 0.24 4.50 4.51 0.24
S(Age13) 4.15 4.16 0.25 4.06 4.07 0.25
S(Age14) 3.43 3.45 0.36 3.39 3.43 0.36
S(Age15) 0.99 1.17 0.51 0.97 1.15 0.51
S(Age16) 1.13 1.14 0.23 1.10 1.10 0.24
S(Age17) 2.07 2.17 0.50 2.05 2.14 0.49
S(Age18) 4.74 4.74 0.36 4.68 4.68 0.36
S(Age19) 5.54 5.55 0.23 5.42 5.43 0.24
S(Age20) 4.24 4.26 0.34 4.20 4.22 0.34
S(Age21) 1.23 1.33 0.48 1.20 1.31 0.48
S(Age22) 0.16 0.00 0.20 0.16 0.00 0.20
S(Age23) 0.50 0.50 0.17 0.50 0.49 0.17
lbwe -0.35 -0.36 0.12 -0.34 -0.35 0.12
depr (Quintile 1b) a

depr (Quintile 2) 0.01 0.00 0.04 0.01 0.00 0.04
depr (Quintile 3) 0.00 0.00 0.04 0.00 0.00 0.04
depr (Quintile 4) 0.13 0.15 0.10 0.13 0.14 0.09
depr (Quintile 5) 0.00 0.00 0.04 0.00 0.00 0.04
equi 0.10 0.10 0.09 0.09 0.10 0.09

Random effects
σ̂0 (Intercept age) 2.79 2.79 0.25 2.79 2.79 0.25
σ̂1 (Slope of age) 1.91 1.91 0.14 1.92 1.92 0.14

a indicates the reference categories.
b indicates this quintile is least deprived.

7. Discussion

In this paper, we propose a novel Bayesian group LASSO approach with spike-and-slab priors
for variable selection in the context of QR. Two main aspects were considered: (i) variable selection
within the QR model, and (ii) variable selection including both fixed and random effects within the
QMM. The first aspect aimed to identify a more effective method for selecting variables in QR mod-
els with only fixed effects. Two novel Bayesian variable selection methods were proposed. These
methods were developed by integrating Bayesian group LASSO methods with spike-and-slab priors
on QR coefficients, similar to the work of Xu and Ghosh (2015). The first method, BGLSSQR, is
based on the BGLASSO, which facilitates the selection of variables exhibiting group structures. The
second method, BSGSSQR, extends the first, allowing for the selection of a group of predictors and
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individual within a group using BSGLASSO. The performance of each method was assessed through
simulation studies and compared with existing methods. The results indicate that these two proposed
methods generally yield biased estimators, similar to other regularisation methods, whether frequen-
tist or Bayesian. Notably, they were superior to both existing frequentist and Bayesian approaches
and maintained their predictive performance and model selection accuracy in both simple and com-
plex scenarios. This included situations with high sparsity, either independence or correlation among
predictors, and a variety of variable groups and predictors. However, BSGSSQR offers an advan-
tage over BGLSSQR as it also provides the ability to select individual levels within a group variable.
Therefore, BSGSSQR was exclusively chosen for incorporation into the quantile mixed model as
the proposed method for the second aspect mentioned earlier. This proposed method, BSGSSMQR,
incorporates elements of BSGSSQR and introduces a decomposition for the covariance matrix of
random effects, enabling the simultaneous selection of both fixed and random effects. Unlike the ad-
ditive quantile mixed models (AQMM) (Geraci, 2019), BSGSSMQR estimates the smooth function
through spline coefficients estimated in a penalised form. In AQMM, however, the smooth function
is estimated by treating a set of spline coefficients as random variables, which are then predicted in
a linear mixed model framework. In this aspect, a simulation study was also conducted to assess the
proposed method in comparison to AQMM. Regarding the fixed effect selection, the proposed method
demonstrates good performance compared with the bootstrap method implemented in AQMM. More-
over, it facilitates the simultaneous selection of random effects. Furthermore, we apply our approach
to the analysis of longitudinal child growth data in Scotland, thus providing practical insights into its
real-world applicability. The selected risk factors are similar between the 0.10th and 0.90th quantiles.
Both random intercepts and random slopes were selected, implying variability in the individual linear
trends.

One limitation of the BSGSSQR and BSGSSMQR approaches is the assumption that group
structures are non-overlapping—for example, groups formed from multiple categorical variables or
basis functions representing continuous covariates. However, in real-world applications such as child
growth studies, risk factors often do not conform to this disjoint structure. Instead, some variables
may belong to multiple conceptual domains. For instance, factors such as family income, parental
education, and housing conditions may simultaneously relate to both economic and environmental
domains. Further extensions of the current methodology could address this limitation by developing
models capable of accommodating overlapping group structures. Another methodological limitation
lies in the treatment of random effect selection in the BSGSSMQR framework. The penalty term as-
sociated with random effects is fixed at one, which may result in misspecification of the random effect
structure and limit the model’s capacity to fully capture the variability present in the real data. Future
research could explore more flexible regularisation strategies. One potential direction is to extend
the Bayesian group LASSO framework by incorporating truncated normal priors for random effects
with group structures, similar to the strategy used for fixed effects selection. In addition, a notable
challenge in implementing the proposed Bayesian approach using traditional MCMC methods is the
substantial computational burden, which escalates with increasing sample size and the number of ran-
dom effects. To address this, future work may consider more computationally efficient alternatives
to MCMC. One promising solution is the Integrated Nested Laplace Approximation (INLA), which
has been successfully applied to Bayesian QR models in recent studies (e.g. Yue and Rue (2011)). A
final concern is that the proposed methods rely on independently estimating each conditional quantile
using a likelihood-based approach via the AL distribution. As a result, they may violate the quantile
monotonicity property, potentially leading to crossing quantile curves—especially at extreme quan-
tiles. This issue is particularly important when constructing reference child growth curves for chil-
dren. Future research should aim to address this limitation, for example by incorporating techniques
that enforce quantile non-crossing.
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8. Conclusions
This study introduced a novel Bayesian variable selection framework for quantile mixed models,

facilitating the identification of both fixed and random effects associated with distributional outcomes
in longitudinal data. Through comprehensive simulation studies, the proposed approach demonstrated
superior performance over existing methods in both variable selection and predictive accuracy. Its ap-
plication to real child growth data further highlighted its practical utility by identifying critical risk
factors associated with weight extremes. By accommodating both categorical and continuous predic-
tors, as well as selecting relevant random effects, the method provides a powerful and flexible tool
for uncovering important determinants of longitudinal outcomes—such as raw weight—in the study
of child growth and development. Future research could extend this framework to more complex
longitudinal settings, including non-linear random effects, overlapping group structures, covariate in-
teractions, and high-dimensional or multivariate outcome data, while also exploring computational
strategies to further improve scalability for large cohort studies.
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Appendix I
Illustrative prior densities of the hypervariance (γ∗) under the spike-and-slab prior specifica-
tion in (11)

Appendix II

Gibbs sampler for BGLSSQR

The full conditional distribution of βg follows a multivariate spike-and-slab distribution, given
by

βg|rest ∼ (1− qg)Nmg
(µg, 2σΣg) + qgδ0(βg), g = 1, . . . , G,

where

µg = ΣgX
′
gV(y −X(g)β(g) − ξv) and Σg =

(
X′

gVXg +
1

η2g
Img

)−1

.

Here, qg is the probability which controls the spike-and-slab of the distribution, computed as:

qg = P (βg = 0|rest)

=
π0

π0 + (1− π0)(η2g)
−mg

2 |Σg|
1
2 exp

{
1
4σ ||Σ

1
2
g X′

gV(y −X(g)β(g) − ξv)||22
} .

https://CRAN.R-project.org/package=rqPen
https://CRAN.R-project.org/package=rqPen
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Figure 4 Densities of the hypervariance γ∗ = γkς
2
k with ν0 = 0.005, a = 5, and b = 50, for two

values of π: π = 0.50 (left) and π = 0.50 (right)

It is worth noting that the term y−X(g)β(g)−ξv represents the residual vector obtained by excluding
the gth factor βg in our quantile regression model. As a result, the elements in X′

g(y−X(g)β(g)−ξv)
are proportional to the correlation between each predictor in the gth group and this residual vector.

Rather than directly defining the full conditional of η2g , an alternative approach is adopted by
introducing the parameter α2

g = 1/η2g . The full conditional of α2
g is subsequently defined under two

distinct conditions. In the case when βg = 0, the full conditional distribution of α2
g is

α2
g|rest ∼ InvGamma

(
s1 =

mg + 1

2
, s2 =

λ2

2

)
,

where s1 and s2 are the shape and scale parameters of an inverse Gamma distribution (InvGamma),
respectively. On the other hand, when βg ̸= 0,

α2
g|rest ∼ InvGaussian

(
µ′ =

√
λ2σ

||βg||2
, λ′ = λ2

)
.

The full conditional distribution of each vi is then an inverse Gaussian distribution (InvGaus-
sian),

vi|rest ∼ InvGaussian

(
µ′ =

1

|yi − x′
iβ|

, λ′ =
1

2σ

)
.

The full conditional distribution of σ is

σ|rest ∼ InvGamma

(
3n

2
+
k

2
+ g1,

(ỹ −Xβ)′V(ỹ −Xβ)

2
+ τ(1− τ)

n∑
i=1

vi + β′Sβ + g2

)
,

where ỹ = y − ξv, k =
∑G

g=1mg1{βg ̸=0}, and S = diag(η−2
1 , . . . , η−2

G ).
The full conditional distribution of π0 is a Beta distribution,

π0|rest ∼ Beta

(
a1 +

G∑
g=1

1{βg ̸=0}, a2 +

G∑
g=1

mg −
G∑

g=1

1{βg ̸=0}

)
.
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Gibbs sampler for BSGLSSQR

The full conditional distribution of bg is then a multivariate spike-and- slab distribution

bg|rest ∼ (1− qg)Nmg (µg,Σg) + qgδ0(bg),

where

µg =

(
1

2σ
Σ

1
2
g K

1
2
g X

′
gV(y −X(g)K

1
2

(g)b
1
2

(g) − ξv)

)
,

Σg =

(
1

2σ
K

1
2
g X

′
gVXgK

1
2
g + Img

)−1

,

and qg be the posterior probability of bg being zero given the remaining parameters and can be
computed by

qg = P (bg = 0|rest)

=
π0

π0 + (1− π0)|Σ| 12 exp
{

1
4σ2 ||Σ

1
2
g K

1
2
g X′

gV(y −X(g)K
1
2

(g)b
1
2

(g) − ξv)||22
} .

The full conditional distribution of θgj is then a spike-and-slab mixture, where the slab compo-
nent is taken to be a normal distribution truncated to the positive value,

θgj |rest ∼ (1− rgj)N
+(ugj , v

2
gj) + rgjδ0(θgj),

where
ugj =

1

2σ
v2gj(y −X(gj)β(gj) − ξv)′VXgjbgj ,

v2gj =

(
1

s2
+

1

2σ
X′

gjVXgjb
2
gj

)−1

,

and
rgj = p(θgj = 0|rest) =

π1

π1 + 2(1− π1)(s2)−
1
2 (v2gj)

1
2 exp

{
u2
gj

2v2
gj

}[
Φ(

ugj

vgj
)

] .
The full conditional distribution of each vi is

vi|rest ∼ InvGaussian

(
µ′ =

1

|yi − x′
iβ|

, λ′ =
1

2σ

)
.

The full conditional distribution of σ is given by

σ|rest ∼ InvGamma

(
3n

2
+ g1,

1

4
(ϵ− ξv)′V(ϵ− ξv) + τ(1− τ)

n∑
i=1

vi + g2

)
,

where ϵ = y −Xβ.
The full conditional distribution of π0 and π1 are given by

π0|rest ∼ Beta(#(bg = 0) + a1,#(bg ̸= 0) + a2),

π1|rest ∼ Beta(#(θgj = 0) + c1,#(θgj ̸= 0) + c2).

Note that #(·) denotes the cardinality or count of the set of elements for which the condition in (·)
holds true.

The full conditional distribution of s2 is given by

s2|rest ∼ InvGamma

(
1 +

1

2
#(θgj = 0), t+

1

2

∑
g,j

θ2gj

)
.
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Gibbs sampler for BSGSSMQR

Let i = 1, . . . , N index individuals and j = 1, . . . , ni index repeated observations for individual
i. Define

yi = (yi1, . . . , yini
)′, y = (y11, . . . , y1n1

, . . . , yN1, . . . , yNnN
)′,

vi = (vi1, . . . , vini)
′, v = (v11, . . . , v1n1 , . . . , vN1, . . . , vNnN

)′,

and
V = diag(v−1),

where v−1 denotes the elementwise inverse of v. For the random-effects part, let

Rij = z′ijDAci, R = (R11, . . . , R1n1
, . . . , RN1, . . . , RNnN

)′,

and define
r1ij =

(
ciℓdm′zijm′ : ℓ = 1, . . . , q, m′ = ℓ+ 1, . . . , q

)′
,

r2ij =
(
zijℓ
(
ciℓ +

ℓ−1∑
m′=1

cim′am′ℓ

)
: ℓ = 1, . . . , q

)′
,

with n =
∑N

i=1 ni.
The full conditional distribution of bg is then a multivariate spike-and- slab distribution

bg|rest ∼ (1− qg)Nmg
(µg,Σg) + qgδ0(bg),

where

µg =

(
1

2σ
Σ

1
2
g K

1
2
g X

′
gV(y −X(g)K

1
2

(g)b
1
2

(g) −R− ξv)

)
,

Σg =

(
1

2σ
K

1
2
g X

′
gVXgK

1
2
g + Img

)−1

,

and qg be the posterior probability of bg being zero given the remaining parameters and can be
computed by

qg = P (bg = 0|rest)

=
π0

π0 + (1− π0)|Σg|
1
2 exp

{
1

4σ2 ||Σ
1
2
g K

1
2
g X′

gV(y −X(g)K
1
2

(g)b
1
2

(g) −R− ξv)||22
} .

The full conditional distribution of θgj is then a spike-and-slab mixture, where the slab compo-
nent is taken to be a normal distribution truncated to the positive value,

θgj |rest ∼ (1− rgj)N
+(ugj , v

2
gj) + rgjδ0(θgj),

where
ugj =

1

2σ
v2gj(y −X(gj)β(gj) −R− ξv)′VXgjbgj ,

v2gj =

(
1

s2
+

1

2σ
X′

gjVXgjb
2
gj

)−1

,

and
rgj = p(θgj = 0|rest) =

π1

π1 + 2(1− π1)(s2)−
1
2 (v2gj)

1
2 exp

{
u2
gj

2v2
gj

}[
Φ(

ugj

vgj
)

] .
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The full conditional distribution of ci is a multivariate normal distribution

ci ∼ N (µci ,Σci),

where

µci
=

ΣciA
′DZ′

iVi

2σ

(
yi − x′

iβ − ξvi

)
and Σci

=

(
A′DZ′

iViZiDA

2σ
+Ω−1

)−1

.

The full conditional distribution of a is a multivariate normal distribution

a ∼ N (µa,Σa) · 1(a ∈ Rd),

where

µa = Σa

(
N∑
i=1

ni∑
j=1

r1ij(yij − x′
ijβ − ξvij)

2σvij

)
and Σa =

(
N∑
i=1

ni∑
j=1

r1ijr
′
1ij

2σvij
+A−1

0

)−1

.

The full conditional distribution of each dl(l = 1, . . . , q) is a zero-inflated half-normal distribu-
tion

dl ∼ ZI −N+(p̂l, µdl
, σ2

dl
),

where

µdl
= σ2

dl

(
N∑
i=1

ni∑
j=1

r2ij(yij − x′
ijβ −

∑
s̸=l′ r2ijsds − ξvij)

2σvij

)
,

σ2
dl

=

(
N∑
i=1

ni∑
j=1

r22ij
2σvij

+ 1

)−1

,

p̂l =

(
1 +

(1− pl0)N(0; 0, 1)(1− Φ(0;µdl
, σ2

dl
))

pl0N(0;µdl
, σ2

dl
)(1− Φ(0; 0, 1)

)−1

,

and Φ(·) is the cumulative normal distribution function.
The full conditional distribution of each vi is

vi|rest ∼ InvGaussian

(
µ′ =

√
1

(yi − x′
ijβ − z′

ijDAci)2
, λ′ =

1

2σ

)
.

The full conditional distribution of σ is

σ|rest ∼ InvGamma

(
3n

2
+ g1,

1

4
(ϵ− ξv)′V(ϵ− ξv) + τ(1− τ)

n∑
i=1

vi + g2

)
,

where ϵ = y −Xβ −R.
The full conditional distribution of each ωl(l = 1, . . . , q) is then a generalised inverse Gaussian

distribution (GIG),
ωl ∼ GIG(ϕ, κ, ψ),

where ψ = −(N + 2)/2, κ2 =
∑N

i=1 c
2
il, and ψ2 = N .

The full conditional distribution of π0 and π1 is given by

π0|rest ∼ Beta(#(bg = 0) + a1,#(bg ̸= 0) + a2),

π1|rest ∼ Beta(#(θgj = 0) + c1,#(θgj ̸= 0) + c2).

The full conditional distribution of s2 is given by

s2|rest ∼ InvGamma

(
1 +

1

2
#(θgj = 0), t+

1

2

∑
g,j

θ2gj

)
.
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Appendix III

Additional results

Table 10 Posterior mean, posterior median for both the fixed (FEs) and random (REs) effects, and
computational times (in minutes) of three quantile models under the scenario σ2

ϵ = 9

τ = 0.10 τ = 0.50 τ = 0.90

True Mean Median SD Mean Median SD Mean Median SD

FEs
β1 0.67 0.45 0.39 0.50 0.44 0.37 0.50 0.43 0.35 0.51
β2 -1.00 -1.08 -1.08 0.25 -1.08 -1.08 0.25 -1.08 -1.08 0.25
β3 0.33 0.16 0.00 0.29 0.16 0.00 0.29 0.17 0.01 0.30
β4 0.50 0.61 0.62 0.24 0.61 0.62 0.24 0.61 0.62 0.24
β5 0.30 0.29 0.29 0.22 0.29 0.29 0.23 0.28 0.28 0.23
β6 0.00 -0.10 0.00 0.17 -0.10 0.00 0.17 -0.10 0.00 0.17
β7 0.00 -0.12 0.00 0.17 -0.11 0.00 0.17 -0.11 0.00 0.17
β8 0.00 -0.07 0.00 0.15 -0.08 0.00 0.15 -0.08 0.00 0.15
β9 0.00 0.04 0.00 0.13 0.03 0.00 0.14 0.03 0.00 0.14
β10 2.00 2.36 2.39 0.41 2.37 2.40 0.42 2.38 2.42 0.42
β11 1.00 1.03 1.04 0.30 1.04 1.05 0.30 1.04 1.06 0.30
β12 0.00 -0.09 0.00 0.21 -0.09 0.00 0.21 -0.10 0.00 0.21
β13 0.00 0.15 0.00 0.21 0.15 0.00 0.21 0.15 0.00 0.21
β14 0.00 -0.07 0.00 0.19 -0.07 0.00 0.19 -0.07 0.00 0.20
β15 0.00 -0.01 0.00 0.12 -0.01 0.00 0.12 -0.01 0.00 0.12
β16 0.00 0.03 0.00 0.13 0.03 0.00 0.13 0.04 0.00 0.13
β17 0.00 -0.13 0.00 0.23 -0.12 0.00 0.22 -0.13 0.00 0.23
β18 0.00 0.07 0.00 0.16 0.07 0.00 0.16 0.07 0.00 0.16
β19 0.00 0.06 0.00 0.18 -0.05 0.00 0.18 0.05 0.00 0.18
β20 0.00 -0.04 0.00 0.15 -0.05 0.00 0.15 -0.04 0.00 0.15
β21 0.00 -0.16 0.00 0.20 -0.16 0.00 0.20 -0.16 0.00 0.21
β22 0.00 -0.05 0.00 0.13 -0.05 0.00 0.13 -0.05 0.00 0.13
β23 0.00 0.00 0.00 0.11 0.00 0.00 0.11 0.00 0.00 0.11
β24 0.00 0.03 0.00 0.12 0.03 0.00 0.12 0.03 0.00 0.12
β25 0.00 -0.04 0.00 0.13 -0.04 0.00 0.13 -0.04 0.00 0.13
β26 0.00 0.05 0.00 0.13 0.05 0.00 0.13 0.05 0.00 0.13
β27 0.00 -0.11 0.00 0.16 -0.11 0.00 0.16 -0.11 0.00 0.16

REs
σ11 0.90 1.13 1.08 0.35 1.10 1.06 0.35 1.10 1.06 0.35
σ22 0.50 0.53 0.52 0.24 0.54 0.52 0.25 0.55 0.54 0.25
σ33 0.20 0.44 0.41 0.23 0.47 0.43 0.26 0.47 0.42 0.25
σ44 0.00 0.19 0.13 0.20 0.21 0.14 0.21 0.20 0.14 0.20

Time 114.00 128.00 120.00
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