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Abstract

The Kenward-Roger (KR) test is an approximate F test, which is to say that it uses a test statistic
that has approximately an F distribution under the null hypothesis. The test statistic is constructed so
that in two special cases the test is an exact F test, with a test statistic that has exactly an F
distribution under the null hypothesis. One of the special cases is testing for the significance of a
fixed group effect in a one-factor ANOVA model. We show that this testing problem can be
extended to a more general class of testing problems in which the KR test is an exact F test.

Keywords: Kenward Roger test, mixed linear model, exact F test, residual maximum likelihood estimator,
fixed effects.

1. Introduction

The Kenward-Roger (KR) test (Kenward and Roger 1997) is a well-known procedure for testing
linear hypotheses about fixed effects in normal mixed linear models. It has been cited more than
4800 times according to Google Scholar. The KR test has been embedded in the MIXED procedure
of the SAS statistical package (SAS Institute Inc 2021). It also has been incorporated in many other
statistical packages (e.g., Matlab Central, R, and SPSS). Many simulation studies have investigated
the performance of the test in mixed linear models and showed that the test performed well
comparing to other available tests (Schaalje et al. 2002; Spike et al. 2005; Wulff and Robinson 2009;
Gregory 2011; Chawla et al. 2014; Halekoh and Hgjsgaard 2014). Alnosaier and Birkes (2019)
provided details of the inner workings of the test, and proposed two alternative similar tests.

Consider y a random vector distributed according to a multivariate normal distribution with mean
Xp and variance-covariance matrix X, where g is a vector of unknown fixed-effects parameters,

and X depends on a vector ¥ of variance-covariance parameters. Suppose we want to test the

linear hypotheses H,:L'#=0 where L is a known matrix with ¢ linearly independent columns.
Kenward and Roger (1997) started their procedure with a Wald-type statistic of the form:

F :%ﬁ’L[L’\//Er(/})LT L'B, (1)



Waseem Alnosaier and David Birkes 495

where g is an estimator of g and Var(L'’8) is an estimator of Var(L'’g). It is usually true that the

test statistic F has approximately an F distribution under the null hypothesis, and this is the test
statistic used for the Satterthwaite test developed by Fai and Cornellious (1996). The Kenward and
Roger’s test may be summarized as described by Alnosaier and Birkes (2019), that is they improve
on the approximation in three ways: First, based on the results of Kackar and Harville (1984) and

Harville and Jeske (1992), Kenward and Roger improve the estimator of Var(ﬁ). Second, they
suppose that there are two positive quantities 4 and m such that a scaled form of F, that is AF, is

distributed approximately as an F distribution with ¢ numerator degrees of freedom and m
denominator degrees of freedom under the null hypothesis. Third, they modify the approach in such
a way that the test is exact for two special cases.

The two special cases used to modify the approach so that the KR test becomes exact tests is
testing for a fixed group effect in a one-factor ANOVA model, in which case the KR test statistic is
the usual F-ratio from the ANOVA table. The other special case is testing independent identical
distributed vectors from a multivariate normal population for a specific value of the mean vector, in
which case the KR test is equivalent to Hotelling’s one-sample T? test. The simulation studies of
Alnosaier and Birkes (2019) have shown that this modification is worth doing and improved the
performance of the KR test significantly. In this paper, we show that the modification applied on the
KR test does not produce exact tests only for the two special cases. In fact, the adjustment of the KR
test for two special cases suffices to achieve exact F tests for much a larger class of testing problems
than the special case of testing a fixed group effect in a one-factor ANOVA model. We present more
general conditions under which the KR test is an exact test. These conditions are satisfied in all
fixed-effects models and many standard testing problems in balanced mixed-effects ANOVA
models. The detailed work of the KR test is described in Section 2, and Section 3 presents more
general testing problems than testing a fixed group effect in a one-way ANOVA model that satisfy
specific assumptions and will be called focused quadratic commutative orthogonal block structure.
In Section 3, some definitions, remarks and theoretical results are presented. The KR test of this type
of testing problems is shown to be an exact test in Section 4.

2. Description of the KR Test
Consider the normal mixed linear model,

y ~N(Xg.Z), @
where E(y)=Xp and variance-covariance matrix Var(y)=X =X(y) where X isaknown nx p
matrix of full column rank, g isa px1 vector of unknown parameters, and X isan nxn positive
definite matrix depends on an rx1 vector y of unknown parameters. The variance-covariance
matrix X is assumed to depend linearly on the parameters y/;, so that £ =y,G, +---+y,G, for
known symmetric matrices G;. Note that a one-factor ANOVA model satisfies this assumption.
Consider the testing problem of the linear hypothesis H,:L'#=L"g, where g, isa px1l
vector and L is a known px¢ matrix of full column rank. To describe the KR test (Kenward and
Roger 1997), Kenward and Roger begin with the idea of a Wald test using a test statistic of the form

-1

T=(LB-L,) [Varwh | (LB-L,) =(B-) L[LVarWhL] L(6-5). @
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where ﬁ and \75r(L’ﬁ) are estimators of g and Var(L’/}), respectively. They choose ﬁ to be an
estimated generalized least-squares estimator (EGLSE), that is,

~ -1 ~
ﬂ:(X'):-lx) X'Ey, (4)
where )f‘.:):(n[/) and  is an estimator of y, and Y is chosen to be residual maximum

likelihood estimator (REML) of . It is often true that a Wild test statistic like T has approximately

a chi-squared distribution with ¢ degrees of freedom under the null hypothesis. The approximation
is improved by (a) using an estimator Var(g) developed by Kackar and Harville (1984), (b) allowing

the approximating null distribution T to be a scaled F distribution, and (c) adjusting the
approximating null distribution to be exact in the two special cases, namely for the one-way
ANOVA fixed effects model, and Hotelling’s one-sample T2 test.

The vector g= ,&(n,//):(X’E‘lX)*1 X'E 'y is called a generalized least-squares “estimator”
(GLSE) (although it is an estimator only if either £ is known or ﬂ(y/) is the same for all y ). Note

that § = B(w). Kackar and Harville (1984) used the expression

Var(ﬁ')=(1)+A (5)
where
® =@ (y)=(XTX) " =Var(f), A=Var(§-§) (6)
and A is approximated by
A=A(y)=@ Zr:iwu (Q; ~PoP, )}‘I’ N

where W = [a)ij l = Var(y),and P, =P, (y) =-X'Z'G 27X,
Q; =Q;(w)=XE'GE'GE'X
The REML y is derived from a residual model not involving g. Let W = W(y/) denote the

inverse of the expected information matrix for the residual model, and W can be approximated by
W =W (). Also, define ® =@ (), A=A(w), P, =P, (%), Q, =Q; (%).
The matrix ® has traditionally been used as a convenient estimator of Var(ﬁ) , but generally it

tends to underestimate, for two reasons. First, although ® is a sensible estimator for @, it is true

that @ is not the same as Var(ﬁ’) unless A =0, which happens only when Zyskind’s condition

(see Section 3) is satisfied. The formula ® + A from Kackar and Harville (1984) is a more accurate

approximation for Var(ﬁ’) than @ is, and correspondingly, ®+A is a better approximation for
Var(ﬁ’) than @ is. But @+ A still tends to underestimate Var(ﬁ). The bias is reduced by using

(i)A = (i)+2f\, and Kenward and Roger (1997) use this quantity as the approximation for Var(/})

in the test statistic T and rescale it by dividing by ¢ . That is
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Fao = (A=) L[L®L] L (f-1,). ®)
The distribution of F,, is approximated by supposing that there are positive numbers A and m
such that the distribution of AF., is approximately an F distribution with £ numerator degrees of
freedom and m denominator degrees of freedom, that is,
M ~F(,m)
Note that m is not required to be an integer. The values of 4 and m are determined by
matching the first two moments of the test statistic F,, and the F distribution, that is,

ME(Fq ) =E[F(¢,m)] and A*Var(F, )= Var[ F(£,m)]. 9
Generally, there are no exact formulas for E(F;) and Var(F, ), but Taylor series expansion

can be used to obtain approximate formulas, say E and V .

E =1+% and V :%(u B) (10)
where B =2i€(Al +6A,), A= Zr:zr:a}jtr(&f’i)tr(&f’j ) A = ii@ijtr(&f’i&ﬁj )

A= &)L[L’&)ALT LD .

By matching the approximate moments of AF,, and the exact moments of F(¢,m):

1p-1 (fM-2)E

where p=——.
2(€)
It can be seen that these formulas do not give the exact distributions of F,, in the two special
cases mentioned above, and Kenward and Roger (1997) make adjustments of the procedure. The

adjustments can be described as modifications of the quantities E and V, say E" and V©
respectively so the produced estimates of the scale factor and the denominator degrees of freedom
match the known exact values for the two special cases:

E :[ —ir and V' =2 1+68 (12)
0 1 (1-c,B) (1-¢,B)

where ¢, =3 ¢, _f-9 ’03:€+2—g for g:w—M and h=3/+2(1-g).
h h h (t+2)A, (42

3. Testing Problems with Focused Quadratic Commutative Orthogonal Block Structure
Consider the mixed linear model as in expression (2). We assume, as is often true, the
following:
(i) G, =1, the identity matrix.
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(i) The set of possible parameter vectors y contains a nondegenrate rectangle in R"
containing the vector y = (O,~~-,O,1) (so that X =T is a possible variance-covariance matrix).
(iii) The matrices G,,..., G, ,, | are linearly independent.
For a linear hypothesis H,:L'# =L'g,, it is convenient to re-express this testing problem by
defining the random vector z = y—Xg, and the parameter vector é = #— f,. Then, the model can

be written as E(z)=Xd , Var(z)=X , and the hypothesis as H, :L'd =0 . Rather than changing

notation from S to o , it is more convenient to keep the original notation S while assuming,
without loss of generality, that #, =0. That is the problem of testing the linear hypothesis can be
statedas H,:L'#=0.

Let P, denote the orthogonal projection matrix on R(X) which denotes the range of X, ¥

denote the set of all possible parameter vectors y , and let V :{ L(y)ye ‘P} (the set of all

possible variance-covariance matrices).

Definition 1 (a) The model is said to satisfy Zyskind’s condition if the matrix P, commutes with the
matricesin V', i.e., P,X =XP, forall X €)) (Zyskind 1967).

(b) The model has orthogonal block structure (OBS) if the matrices in )} commute with one
another,ie, LX, =X %, forall &, , X, eV.

(c) The model has commutative orthogonal block structure (COBS) if it has OBS and satisfies
Zyskind’s condition.

(d) A linear subspace S of symmetric matrices is a quadratic subspace if A*> e S forall AeS.

(e) The model has quadratic orthogonal block structure (QOBS) if it has OBS and the linear
span of 1, denoted by sp()), is a quadratic subspace.

(f) The model has quadratic commutative orthogonal block structure (QCOBS) if it has QOBS
and COBS.

(g) The testing problem is said to satisfy Zyskind’s condition if both the full model and the
hypothesized submodel satisfy Zyskind’s condition.

A few useful remarks about these definitions are presented below.
Remarks (a) The condition of Zyskind is equivalent to the condition that P,G, = P,G, for all

i=1,..,r—1. Another equivalent condition is that the least-squares estimator of g is a uniformly

best linear unbiased estimator, which implies ,&:(x’x)’1X'y. Theorem 2 in Zyskind (1967) gives

several other equivalent conditions.

(b) The definition of OBS considered here is a restatement of the original definition given by
Nelder (1965) and differs from the definition given in VanLeeuwen et al. (1998) and (1999), where
“OBS” is actually “QOBS” in the terminology used here.

(c) If the model has OBS, then the possible variance-covariance matrices have a simultaneous

spectral decomposition, which means that there are nonzero pairwise orthogonal projection matrices

E, such that Gi:iﬂ,mEh for coefficients 4, with A, =1 (so that ZS:Ehzl). Then
h=1

h=1
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= Zr‘}//ici = i“h (w)E, where g, (y)= Zr‘}//izm. An OBS model has QOBS if and only if s=r.To
i=1 h=1

i=1
show that a model has QOBS, it suffices to show that G,G, e sp{G,,---,G,} forall i, j=1,---,r.
(d) The term “commutative” in commutative OBS refers to the commutativity of P, with all

Y eV and not to the commutativity of all X eV with one another. The latter kind of
commutativity is referred to simply as OBS. COBS models have been studied in Fonseca et al.
(2008).

Below and in Section 4, we present some useful theoretical results about models and testing
problems that satisfy conditions described above in this section. Proofs of the results are provided in
the Appendix.

Lemma 1 Assume a testing problem satisfies Zyskind’s condition. Let A = (X’X)fl L, M=P,-P,,

and A=A(y)= (I)L(L’(I)L)f1 L'® (sothat A = A(y) when ®, =®), where U is a matrix such

that R(U)={Xg:L'F=0} , the space of possible mean vectors in the hypothesized submodel. The
(a) R(EXA)=R(XA)=R(M).

(b) XAX' = EXA(A'X'EXA') AX'E=IM.

1 oo
(C) FKR :?yz 1My-

Lemma 2 Assume a model with QCOBS. Let N=1-P, and t, =rank(NE, ). Then
(a) The REML estimator ., satisfies o, (Wpen ) = Y'NE, p/t, .

(b) The inverse of the expected information matrix for the residual model is

rx

V~V:2(C‘1)’ DC™, where C=[4,] . and D:D(z//):diag[ozh (yx)zlth]

4. When the Approximate KR Test is an Exact Test
Consider the mixed linear model and the testing problem as described in Section 3.

Definition 2 The testing problem has focused QCOBS (or FQCOBS) if (i) the full model has
QCOBS, (ii) the hypothesized submodel satisfies Zyskind’s condition, and (iii) R(M)c R(Ef) for

some f ,where M is as described in Lemma 1, and E, is as described in part ¢ of the Remarks in

Section 3.

The models with QCOBS, and testing problems with FQCOBS have been studied by Rady
(1986). The class of models with QCOBS includes all fixed-effects models which include one-way
ANOVA models. For balanced mixed-effects ANOVA models in which the intersection of every
pair of random effects is again a random effect, if the significance of a single fixed effect is tested
(rather than simultaneously test more than one effect), then the testing problem has FQCOBS.

In a testing problem with FQCOBS, Rady (1986) showed that the generalized ANOVA test is
an exact F test. That is,
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1, 1,
FANOVA :7y My/t—yNE, y (13)

f

where the test statistic F,,,,, i the ratio of two mean squares with expected values:

E[% y'Myj :%MXﬂ2 +%tr(M):) = %MXﬂ2 +a, (w)

and
1 1
E[t—y'NEfy}t—tr(NEfz):af () (14)
f f

where M is as described in Lemma 1, and N and t, are as described in Lemma 2. The matrix E,
and «, (://) are as described in part ¢ of the Remarks in Section 3. If the null hypothesis is true, then

MXp =0 and the ratio has an exact F distribution with ¢ numerator degrees of freedom and t;

denominator degrees of freedom. The p-value of the test is P{F(f,tf ) > FANOVA} . For such a testing

problem, we will show below that the KR test coincides with this ANOVA test, that is the KR test is
an exact F test and produces the exact and known values for the denominator degrees of freedom and
the scale factor.

Lemma 3 Assume a testing problem with FQCOBS. Then
(@) tr(AP)=—(Aa, (y/)_l .

(b) tr(APAAP, )= (A Ay, (w) "

Theorem 1 Assume a testing problem with FQCOBS. Then
1, 1,
(@) Fer = Fanova :Zy My/t_yNEf y.

f

(b) m" =t, ,and A" =1.

Therefore, we can say that in a testing problem with FQCOBS, the KR test and the generalized
ANOVA test described above are identical, and they are an exact F test.

5. Conclusions

The approximation of the KR test (Kenward and Roger 1997) was developed by using an
estimator of the variance of the fixed effects estimator developed by Kackar and Harville (1984),
and using a scaled form of the Wald-type statistic to have an F distribution approximately. Then,
they adjusted the approach so that the test coincides with the exact test for two special cases, namely
for the one-way ANOVA fixed effects model, and Hotelling’s one-sample T2 test. Alnosaier and
Birkes (2019) found that the adjustment applied to the KR test was worth doing and enhanced the
performance of the KR test. Although the KR test was adjusted based on the special case of testing a
fixed group effect in a one-way ANOVA model, it was showed that the test is exact for more general
testing problems, that called FQCOBS testing problems. This might explain the significant
improvement of the performance after applying the adjustment on the KR test. Also, it can be seen
as the test approximates to the F distribution sufficiently when the test is not exact.
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Appendix
A.1 Proof of Lemma 1

(a) Since L = X'XA , then R(U)={Xg:AX'Xg=0}=R(X)"R(XA)" .
Similarly, R (ZU)=R(EX)NR(Z'XA) .
The Condition of Zyskind for the model and the submodel implies

R(EX)=R(X) and R(ZU)=R(U),
s0 R(X)NR(Z'XA) =R(U) =R(X)nR(XA)"
Now, R(M)=R (P, —P,)=R(X)nR(U) = R(x)m[n(x)mn(m)f.
1

similarly, R(M)=R(X) m[R(x)m R(z*XA)ﬂ =R(7XA).
Thus, R (Z'XA)=7R(XA),which implies R (XA)=TR(EXA).

(b) XAX' = x<1>L(L’cI>L)’l L'®X', X®L = XO®X'XA = XP, XA = £XA , and

L'®L = A'X'X®L = A'X'ZXA.

Note that X 'XAX' = XA(A’X’):XA)f1 A'X'’E is idempotent with range space

R(XA)=R(M) (by part a), and null space /\/(A’X'):.):R():.XA)l =R(M)l =N (M), so it

must coincide with M.
(c) Recall that we assume without loss of generality that g, = 0. We can write

L'g = AXX(X'X) ™" Xy = AXly.
By Lemma 6 of Alnosaier and Birkes (2019), (i)A =®, and from the proof of part b,
L'DL = A'X'EXA .

-1 ~ . -1 A~
Now, F =~ ﬂ’L(L’(DL) L' = % y’XA(A’X’ZXA) AXYy = % y'E "My by part b.

A.2 Proof of Lemma 2
(a) The REML is the MLE of w in the residual model, i.e., the model induced on the vector

Ny of least-squares residuals, or equivalently, any vector z=K'y where KK’'=N and
K'K =1, . Itis convenient to reparametrize using a = (o, (w),...., (w))'=C'y , which is a one-

to-one function of y . The log-likelihood of the residual model is

log L = constant —%Iog| K'ZK| —%z’(K'):K)’1 z.

Recall that £ = > o, E, , so that 6i2 =E, and

h=1 ay
% logL = —ltr[(KSK)’lK'E KJ+1z’(K2K)’1K’E K(KEK) 'z
oa, 2 " 2 "

1 1.
= —Etr(FEh)JrE y'FE,Fy
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where F=F(y)= K(K’ZK)_lK’. The product FX is idempotent with range space
R(K)=R(N) and null space N (K'Z)=R(ZK) =R(EN) =R(NZ) =R(N) =N (N).

Therefore FZ=N and F=NZ'=XA>2'NE,, s0 FE, =«,'NE, and

h=1

logL = —%ah’lth +%0{h’2 y'NE, y . Setting this derivative to 0, it can be seen that the REML of
ay
a, is @ hremt = y'NE, y/t,.
2 o 1
logL=0if g=h and 3 log L :Ea"_Zth —-a;°y'NE,y.

g h

(b)

a,0a

ay

2
Since E(y'NE,y)=tr(NE,X)=tr(NE,Zq, ) =t,a,, then —E(aa ~log LJ:%ahzth‘ Thus, the

expected information matrix for the residual model is %D’l when a is used as the parameter
vector. The information matrix changes to %CD*C’ when the parameter vector is changed to
w=(C")"a,sothat W(y)=2(C') ' DC™.

A.3 Proof of Lemma 3
(a) ~tr(4P,) =tr(AX'’E"G,Z'X) =tr(XAX'Z'G,Z™)
=tr(MZZ'G 2" )_ tr(MG,Z") (by Lemma 1b)

v|mfSae ) [am el

tr

(A () M) = 2y, () 11 (M)

Next, tr(M)=tr(P)-t ( v) = rank(X)—rank(U)=p—(p-¢)=",so,
tr(AP,) = ~t2; (v)

(b) Similarly, tr(AP,AP, ) =tr(MEEZ'G,Z'MZL "G )= tr(MG,Z'MG z™)

= tr[M/l.faf (‘/’)f1 o (‘/’)flJ = Ay (‘/’)72
A.4 Proof of the Theorem
(@) By Lemma 1c and 2a, F, = % y'Z My =% y'{zr:ah (a[/)'l E, }My :
h=1

1, 1,1,
= yMy/a, () =7 My /= y'NE, y

f

(b) By Lemma 3a, A = ZZ 2 dga (9) = a, () Zr:z%i,fl :

i=1 j=1 i=1 j=1



Waseem Alnosaier and David Birkes 503

r

A Ay is the (f,f) entry of the matrix C'WC (by Lemma 3b)

r
Note that i

1j

I
-

I
LN

_20(C) ' BCIC=2D,50 33,4 Ay = 2a, () 11, and A =201,

ij 7Hf
i=1 j=1

By Lemma 3b, A, =>'>'& 04 A, (1[1)72 =A/0=20/t,. By Lemma 1 of Alnosaier and Birkes

i1 j=1

(2019), m" =2¢/ A, =t, ,and A" =1.
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