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Abstract
In this paper we obtain some new results on complete convergence for weighted sums
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some results established for sequences of independent random variables.
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1. Introduction

The concept of complete convergence was introduced by Hsu and Robbins in

[1] as follows: A sequence of random variables {Xn,nZI} are said to converge

00
completely to a constant C if ZHZIP(| X, —C[>€&)<00 for all £>0. From then

on, many authors have devoted their study to complete convergence.

Recently, Sung [2] proved the following two results. In Theorems A and B we

assume that {Xn,n 21} is a sequence of zero-mean independent random variables
stochastically dominated by a random variable X, thatis, P(| X [>x) <CP(X > x)
for all x>0 and al n 21 and some positive constant C . Moreover,
{ani,iZ I,bn=1} is an aray of real numbers satisfying such that
SUp > i> la,; [<90 and Z:ioflamXi is finite almost surely for all n 2> 1. Finally, let

tZ—l,—OO<B<OO,p >0 be constants such that Y:p(t+B+1)>O.

Theorem A. Assume that E|X\y<OO and

0

> la, [*=0(n”) for some & <y. (1)
=
MIF1<Y<2,or
(i) if Y =2, and
iaﬁi =0(n?) for some q<2/p, 2)
i=1
then
SR | Ya, X, [> £) <o forall &>0. @)
n=1 i=1

Theorem B. Assume that E | X ‘Y log| X |[< Q0 and

> la, ['=0(n”) forall n>1. (4)

i=1

(i If1<y<2or
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@y If y>2 and Z?:Olaii =0(n?) for some q<2/p,

then (3) holds.

Let Z be the set of integers and {a_, ,n >1,k EZ} be an array of
constants. Denote

N(n,m+1)=#{k € Z Jap |2 (m+ 1)—1/p Lp=2n>1,m=>1,
where the symbol #A stands for the number of elements in the set A . For two
sequences of real numbers {am,m21} and {bm,mZI}, we write a_ Rb_ as
m—>0,ifa_=O(b_ ) andviseversa b =0(a ) as m—>00.

Wang et al. [3] proved the following result:

Theorem C. Let r>1 and {Xi ,iEZ} be a sequence of i.i.d. random variables and

let {a .,n Z1i€ Z} for be an array of constants.

() If p>2 and

N(n,m+1) ~m*“ ' n>1 as m— o0, when 2<q< p, (5)
EX =0, when1<q(r-1), (6)
Y al =0(n’),n -, when 2<q(r-1), forsome 0<s5<2/p, (7)
iz

then the following statements are equivalent:

HEIx P <00,

o0
i(r—1 —1/
X2 max Pl n P Y a X, FE <00 forall £>0.
i=1 2 <n<d! xeZ
(HIf p=q=2 and

(r—1)

N(n,m+1)=m ,n=>1,as m—»00,

EX =0, when 1 <2(r —1),
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2(r—1)
D la | =0(1),n —> 00,
el
then the following statements are equivalent:

GE X" log(14]x ) < 00;

o0
i(r—1 —1/2
Y2 max Pl a7 Ya, X, FE <00, forall £>0.
i=1 2 <nd! keZ

The main purpose of this paper is to generalize the above mentioned results for

p -mixing random variables (see the definition below). Theorem A and Theorem B and

the sufficient part of Theorem C are extended and improved for p -mixing case.

Let {Q,S,P} be a probability space. In the following, all random variables
are assumed to be defined on {Q,S,P}. For a sequence of random variables

{Xn,HZI} we denote SS :G(Xn :nE€SC N). Given two O -subalgebras
31,32 CS,denote

P(3,.3,) =supl|corr(C, ML EL, (I NEL, (I}

where the correlation coefficient is defined in usual way
E(C)—ECEN
corr(C,M) =
A/ Var(C)Var(T])

and by L2 (S) we denote the space of all S-measurable random variables CJ such

that E(C2)<OO.

Stein [4] introduced the following coefficients of dependence (with slightly

different notations):

[3(1() = sup{p(sS ’ST ): all finite subsets S,T C N such that dist(S,T) =k},
0<p

k = 0. Obviously, (k+1D)<Pk)<1,k=0, and PO)=1.
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Definition. A sequence of random variables {Xn,nZ 1} are said to be a ﬁ-mixing
sequence if there exists k € N such that [N)(k)<1 . An array of random variables
{Xnk k > 1,n 21} are said to be an array of rowwise r) -mixing random variables, if,

for every positive integer n the sequence of random variables {Xnk,kZ 1} is a [3 -

mixing sequence.

For fixed n -th row of an array of rowwise p -mixing random variables
{Xnk,nZI,kZI} we denote the coefficients of dependence of the sequence
{Xnk,kZI} as [3“(°) for every n > 1.

The notion of ﬁ -mixing assumption is similar to p -mixing, but they are quite

different from each other. A number of publications are devoted to [3 -mixing sequence.

We refer to Bradley [5,6] for the central limit theorem, Bryc and Smolenski [7] for moment
inequalities and almost sure convergence, Shanchao [8] for

moment inequalities and strong law of large numbers, Gut and Peligrad [9], Wu [10,11],
and Shixin [12] for almost sure convergence, Utev and Peligrad [13] for maximal
inequalities and the invariance principle, Dehua and Shixin [14,15] for complete
convergence, Dehua and Shixin [16] for Hajeck-Rényi inequality and strong law of large
numbers among many others.

Recall that a measurable function h is said to be slowly varying if for each

A>0
h(Ax) B

lim
x—>00 h(x)
We refer to Seneta [17] for other equivalent definitions and for detailed and

comprehensive study of properties of such functions.

o0

Throughout this paper, we assume that Z a_. X

= ni X ni is finite almost surely, C

is a positive constant which may vary from one place to another, the symbol [x]

denotes the greatest integer less than x, and the symbol LXJ denotes the least

integer more than x.
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2. Lemmata
In order to prove our main result, we need the following lemmas. The proof of

the first lemma could be found in Utev and Peligrad [13].

Lemma 1. For a positive integer J and 0 <r<1 and u=2, there exists a positive

constant C=C(u,J,r) such that if {Xn,nZI} is a sequence of random variables

with ﬁ(J)Sr,EXk =0,and E| X |u<OO for every k =1, then forall n =1,

u u/2

i n n

2

E max |2.X,| <Cq2EIX,|"+H 2EX;
1<i<n|—1 k=1 k=1

The second lemma is well known and we do not present the proof.

Lemma 2. Let {Xnk,nZLkZl} be an array of random variables stochastically

dominated by a random variable X, then there exists a constant D such that for all

u>0and x>0,
M EIXy | 10X, [S0OSDEIX]" 10X Sx)+x"PX P x)},

(i) EI1X g | 10Xy Px)<DE|X|" 1(X[>x).

The proof of the last lemma could be found in Bai and Su [18]

Lemma 3. Let h(x)>0 be a slowly varying function as x —> +00, then
h(x)
i) lim sup - 1,
k—+00,k <, kTR

o) )
lim x h(x)==400, lim x h(x)=0, forall > 0.
x—>+00 x—>00

(ii) For all 8 >0,T >0, and all positive integers k

d

koo
2"t < ZZJSh(ZJ M <c-2ne" .

1
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(iii) For all 6 <0,1] >0 all positive integers k

8 o i8] 8
Ot < T2%n@ <2 e .

=k

C-2

3. Main Results and Proofs
With the preliminaries accounted for, we can now formulate and prove main

results of this paper.

Theorem 1. Let p > O,t,B be constants such that t+ B >—1, h(x)>0 be aslowly
varying function, {Xnk,nZI,kZI} be an array of zero-mean rowwise ﬁ -mixing
random variables stochastically dominated by a random variable X , and
{ani , > I,n > 1} be an array of constants satisfying (1). Assume that
— = Y p
lim supP,(k)<land E|X|" h(X]|" )<0,
k—>0 n

where ’Y:p(t+B+1)>0.

If t=—1 we additionally assume that E | X |Y <00.

()If Y=1,and E[X[<00, then

sz(tﬂ)h(zj) max p(n—”p |Z:amxni |> gj <o forall £>0, (8)

i=0 2l <n<aitl i=1

moreover
Znth(n)P(n‘”p 1D 8, X, > gj <o forall £>0. (9)
n=1 i=1

(i) If 1< <2, then (8) and (9) hold.
(i) f Y=2,{a;,n=>1,i=>1} satisfies (2), and E|X |2 <00, then (8) and (9) hold.

(v)If Y =2 and {a_,n>1,i 21} satisfies (2), then (8) and (9) hold.

Proof. First of all we note that it is enough to show that (8) holds. Really, by

Lemma 3 we have
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o0 y o0

t _

2P| n P DX €
i=1

n=l1

® i 2
=> > n'h(n)P| n 12Xy P E

02 i< T i=1

o0 o0
j(t+1 ] —1/
<c+cX2"nel) max B P Y, X, P E <o,
0 V<no it i=1
therefore, (9) holds.

If t<—1, then by Lemma 3 (i) we obtain that (8) holds. Thus, we assume that
t>—1. Since Y .ca X . is finite amost surely f h n>1, th ist
= . Since —@niXp; is finite almost surely for each nZ1, there exists

positive integer kn such that

o0
—1/ —t—2
P(n p| Z a,; X, > €2)<n ),foralanI.
i=k_+1

n
By Lemma 3 (jii), in order to prove (8), it is enough to show that
0 kn
2.2"Ph(2") max P(NP ) aX, > e/2) <. (10)
j=0 2l <n<2lt i=1

Without loss of generality, we assume that a; > 0 for all

. oo O
nerlzl’SupiZI,nZIani =1,and Zi=1ani SnB . Thus, for any GZO , we have

0

Za;ﬁ*a <n’. (11)

i=1
For iZl,n 21 we define

B 1/p B 1/p
Uni = Xnil(‘anixni |Sn )’Vni a Xni1(|anani o).

ni

Since EXni =(, we obtain
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o k

i(t+1 ' —1/p &
M) max PP DXy 2 E2)
0 V<ot i=1

s i(tH1) 1p &
. _
<227Th@D max PP 25Uy —EU L) €M)
0 Ml i=1

o0 ( +1) . 1/ kn

. _

+ E 2! h') ~max  P(n P E Ani (Vo —EV,)[>€/4)
=0 21<pap ™! i=1

Def

=J,+1,. (12)
We estimate each term J1 and J2 separately.

For J2 , we first prove that

k

"> a,EV,>0asn—w. (13)

i=1

If Y =1,since E|X|<00, by Lemma2 and (11), we have
kn B
—l1/p —1/p+ 1/p
n YA EV.I<n E|X|I(X[>n *)
i=1

<n g x 10X 0"P) =0 as n —> 00,

If Y>1,t>—1, select T| such that max{pB,OL,l}<T]<’Y. Since

E|X\’y h(|X|p)<OO, then by Lemma 3 (i), we have E|X|n<00. Therefore, by

Lemma 2 and (11), we obtain
1/ @ Up (M—1)/ n 1/
—lp —Up —=bp p
n |ZaniEVni |S n Zn E| anani I anani Fn ")
i=1 i=1

Sn_n/erBqun I(X[>n'"P)
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= n(pB_n)/pE | X |n I(X> nl/p)—)O as n —> 00,

If Y >1,t=—1, since E|X|y<OO we obtain

K 0

—l/p L —l1/p —(Y—D/p l/p

n P e EVISn TDhn v E|anani|yI(|anani|>n )
1=1

i=1
<o VB XV ixpa?)

—E1X) 1xn'"?)—>0as n —> 0,

Thus, (13) holds. Hence, there exists n large enough such that
kn

"> a,EV,l<el8. (14)
i=1

Select 8>0 such that ’Y-8>0 and y—6>OL, by (14), (11), Lemma 2 (ii) and

Lemma 3 (ii),we have

k
n

o0
j(t+1 j —1/
1, <c+ Y2 ey max  Pln P12V > €8
0 2 <nar ™ i=1

o0 k
SC‘FZZJ(H_])h(ZJ) max Zn:annani |>n1/P)
=0 2an<2j+1 i=1
0 . 00
<c+ Z2J(t+l)h(2j) max ZD_(Y_S)/pE|anani |’Y_8 I(ja ;X |>nl/p
=0 < i=1

)

© + L iv—8 +.B -5 .
<c+ STV TIVTORFIP g V7O x5 277
0

—c+ 32 hehE x T 10x 2 217)
=0
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S i e -0 i i+1)/
—c+ 32 e x ! 127P < x <21y
0 i=j

i

w . . . .
=C+ Y E|X \7_6 12" < x < 2(1+1)/p)22J8/p h(2”)

=0 0
Z i i/ i+1)/
<c+cYhehE x [ 1" qx <20
=0
<CH+CE|X [ h(X )<, (15)

In order to estimate Jl' we first note that obviously for every positive integer n ,

{Uni —EU ISiSkn} is a sequence of zero-mean ﬁ -mixing random variables

ni’
with the mixing coefficient not greater than P ().

Fix any v 22 and v> 'Y (the value of v will be specified later). By Markov's

inequality, Lemma 1, and Cr -inequality, , we have

0 k k

i(t+1) j —v/ 1 v o 2 .v/2

1Se22REY max n PO ElagU 1T HQEla Uy )
=0 21<pep T i=1 i=1

o0 (0.0] o0

i(t+1) i —v/ v 2. v/2

SCZ‘?‘J h(zj) . maX-+ n ’ Z“E|aIliUIli| +(ZE|aniUni| )
=0 21<pen T i=1 i=1

Def

=J,+1J,. (16)

—l/p

. =1/ o0
tet 1, ={i:(k+1D " <a ISk " hLk=1Ln21, then U, 1, =N for

ni‘

(v—0L)/p S j(V—OC)/p

all n>1. Since v>7 >0, we have k forall k> j,j,k >1.

For OL>0
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B - o < oL, —ou/
nm 2D a =0 D a2 D H (kFD)
i=1 kiliEInk k=1

—v/p (v—0Q)/p

o0
> > # (k41
k=i

(G+D

o0
—ou —vip (v=OL)/
SRR YT I S A
k=i

For OL <0, we also have

B < o < 0 —QU/
nC 2D a =0 D a2 H Ok T

i=1 kzliEInk k=1
Z —v/ —QL)/
k=]
Therefore,
D LK <Cn? I forall j>1. (17)

k=j
By the same way as we proved (15) and by Lemma 2(i), we have

-

Js <022J<”1>h(2') max N pZ[ PP(a, X > n'P)+E|a, X | I(a,X |<n"?)

j=0 2icn<2l* =1
<CY21N(2!) max ZP(Ia X [>n''?)
j=0 21 <neal*

o0 ) o0
+cX2 el ma Y@ om0 P EIX] 10X < ((k+1))
0 <nea ™ ey

l/p)
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Y n(k+1)

—c:+c:22l“*1 h(2') max Z(#Ink)(nk) DEIX] (-1 g X [<ivP)
=0 2l<n<2il i i=1
Y on
—C+CZZ"‘”)h(2’) max Z(#Ink)(nk) ZE| X1 -1)YP g X [<it'P)
j=0 2l <n<2 it
Y n(k+1)
+CZZ”“1)h(2’) max Z(#l H)OK)P DT EX (I -D)YP < X <iYP)
21<n<2l* i=2n+1
Def
=C+J,+J,. (18)

Since v>7 , we have that (Y —v)/p <0. Then by (17) and Lemma 3

o0 2n
i(t+1 j —v/p+ 1/ 1/
<>l Cmax  n BZE|X\V 1(Gi—D P <x|<i ™)
=0 i<t i=1

© 4
ScZzJ(y V)P he)YE X 16— g x<i?)

=0 i=1
o 2
+csz(y_V)/ph(2j) S EIx G—0" <x<i'?)
Fl =5
o0 o0
<c+cYEIXN G- xRy Y TP
i=5 j:|_log2iJ—2
<C+CZ TPp6Ex )" G- < x<i™)
i=5
<C+CE| X[ h(| X |") <. (19)

Next,



154 Thailand Statistician, 2012; 10(1):141-162

Q0 0 0] o0
i(t+1 j —V/] . 1/ 1/
J6SC22J( 'h2d) max > > Gk PEIX G T EX<i )
0 a1,

n

o0 o0 .
: : — 1 —(y—
ScZzJ(tﬂ)h(zJ) max Y, n V/erB(—) CTOP e Y 1G - < x <Py

j i1
=0 2<n<2’ im0 n

o0
ScZi_(V_OWpEmV 1G—1)" < x <i'’)

i=3

o0 o0
+cZzJ(t+l)h(2J) > 2J(ﬁ_o°/p)i_(v_o°)/p15|x Y iG—=n"? < x <i'?)
Fl i=2?

A (=) 1/ o D82 o ae
<CE[X| 4+CDi e x YV iG—0"P < x i) > LIV oy
i=2 1

@ —(v—Y)/ 1/ 1/
<c+c)li VP e x)Y 1G—)"P < x<iP)
i=2
<C+CE[X ] h(X[P) <. (20)
Therefore, from (18), (19) , and (20) we have that J; < Q0 for YZI.

For J, . if ’YZZ by (2) we have
Y ElaU,F<CYE|a,X [<Cn". (21)
i=1 i=1

Since q <2/p, we can chose v large enough such that (t+1)+v(g/2 —1/p)<0.

By Lemma 3 (jii) we obtain

3, <CY2I9h@1) max nPnE <CY MOV YL F) < o, (22)

i=0 2l en<i*l i=0

If 1S’Y<2, let v=2, then J, =J3<OO. Therefore J, <00 for YZI. By (12),

(20) holds.



Kamon Budsaba 155

Remark 1. (i) If there exists a positive constant M >0 such that h(x)ZM for

p(t+B+D)

sufficiently large x, then the assumption E | X| h(] X \p)<OO implies that

+B+1
EIXIp(t B )<oo,

(i) Let h(x):1,Xni:Xi,foralliZl,nZl , and {Xi,iZI} be a

sequence of independent random variables. Then Theorem A follows from Theorem 1,

since independent random variables are a special case of [N) -mixing random variables.
(iii) Let BzO,t:r—2, and h(x)=1. If condition (5) holds, then (1) holds

according to (2.11) of Wang et al. [2], with OL=q (r —1),Y =p(r—1),2 <q<q<p.
2
When 0<q(r—1)<2, by (2.11) of Wang et al. [2], we have that Ziezani =0(1).

2 )
Therefore, if (5) and (7) hold, we have Z‘,iezani =0(n ), for 0< d< 2/p . Thus

Theorem 1 extends and improves the sufficient part of Theorem C (l) for the case of [N) -

mixing random variables.
If condition (1) on the weights is replaced by a weaker condition (4), we obtain

the following theorem.
Theorem 2. Let {Xnk,kZI,nZI} be an array of zero-mean rowwise [N) -mixing

random variables stochastically dominated by a random variable X . Assume that

Ek_)oosupnﬁn(k)<l and E|X\y log | X |< 00, where ’Y:p(t+B+1)>0
and p>0. Let {ani,i > I,n > 1} be an array of real numbers satisfying (4).

() If 1<y <2, then

3210 may p(n‘l/P 1D 8 X, > gj <o forall £>0, (23)
=0 2l <n<l*l i=1
moreover

Zn‘P(n‘”p 1> a2 X,; 1> g] <o forall £>0. (24)
n=1 i=1



156 Thailand Statistician, 2012; 10(1):141-162

(i) If Y=2 and {a_;,i=1,n2>1} satisfies (2), then (23) and (24) hold.
Proof. Let U , .,V ,1»J} be as in the proof of Theorem 1. From this proof, it is
sufficient to show J, <00 and Jj <00,j=4,5,6 with h(x)=1.

For J2 , we first prove that

—1/p 1
n |ZaniEVni |[— 0 as n —> 00,

Since E\X|y log | X |[< OO, we have E|X|Y<OO and hence

k
—l1/p —l/p —( )/p 1/p
n | EV Z Ly |anani |y I(|anani Pn")
i=1 i=1

_y/p+BE X |y I(X|>nl/p)

e X Y 1(xpnP) =0 as n —> 00,

Therefore, there exists n large enough such that

—l/p kn
n " DA EV, <€A
i=1

Thus, similar to the proof of (15)

j(t+1) LU
1, <c+ 22 ZP(|ame )
=0 J<n<2J
< i(t+1) =Y/ Y 2V
it p p
<c+302 N Zp ElayXy|' ayX, o)
=0 J<n<2J i

o0
SC+C22](H‘1)2_JY/P+JBE X ‘Y (X > 2J/P)
=0
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w .
—c+cXEx [ 1gx 2"
=0

o0 00
e+ SEIx [T 10" 4x < PR
o=
o0
—c+cYiEx) 10" qx < R (TP
=0

)

£c+c1~:|x|Y log | X |< 00.

Since v > 'Y , we have

B o0 o0 o0 _
S NTTLED 3 SRPIN LS 3¢ e & S

i=1 kiliEInk k=1

Z —v/ —Y)/

>3 k+n P+ TP
k=]

o0
S VP Z(#Ink)k_V/pj(V_y)/p.
k=j

Hence

D (#1, )k <Cnf TP forall j>1. (25)

k=]

By (25), similar to the proof of (19), we obtain

o0 2n
j(t+1 —v/p+ 1/ 1/
JSSCZ2J( ) Cmax  n " Bfﬁmv 1Gi—D P <X <i P
0 i<t i=1

o0
SC+CZi(y_V)/pE|X|V 1G—1"P <|x<i'™?)
=5
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SC+CE|X|y<OO.

By (25), similar to the proof of (20), we obtain

o0
—(v=Y) . 1/ 1/
Io<CY TP X 1= < x =iy
i=1
o () - i(B—y/p) . —(v—a)/ 1/ 1/
0I5 BTV T T V)P < x <P
7l =)

o0
<ce|x|[! +CZi_(V_y)/pE x| 1G=" < x <i'?)y

i=1
OO— =Y/ 1/ 1/
<c+cXi VTP x Y G- < x <)
i=2
SC+CE|X|y<OO.

Similar to the proof of Theorem 1, we have J4 <00,
Remark 2. Obviously, Theorem B follows from Theorem 2 by let

h(x):1,Xni:Xi,foralliZl,nZl , and {Xi,iZI} be a sequence of

independent random variables. Furthermore, Theorem 2 extends and improves the

sufficiency part of Theorem C (ll) for the case of 5 -mixing random variables.

Corollary 1. Let {Xnk,kZLnZl} be an array of zero-mean rowwise [3 -mixing

random variables stochastically dominated by a random variable X . Assume that

Ek_)oosupnr)n(k)<l and E|X|p<OO for some p>2 . |Let

{a ;i >1,n =1} be an array of real numbers satisfying (2) and

o0

(04
Z|ani |7 =0(1) for some 2 < 0L < p.
=1
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Then

o O 1 o0
Z2J max P| n p\ZananiPS <00 forall £>0

it
0 2'<n<d! i=1

o0 Y o0
DP(n TDa X, [>€)<00forall€>0.

n=1 i=1

Proof. Let t=0 and BZO and h(x)=1. Clearly |a . |=O(l). Thus the result
follows from Theorem 1 (iii).
Corollary 2. Let {Xnk,kZI,nZI} be an array of zero-mean rowwise [S-mixing

random variables stochastically dominated by a random variable X . Assume that

- ~ 2 )
limg—>o08up, P, (k)<1 and E|X| log|X|<0O. Let {ani,lzl,HZI} be an

array of real numbers satisfying

o0
> lay 17 =0(1)
-1

Then

0 o &
22" max Pln PDa,X,>E [<00 forall €0
0 <! i=1

and

& 172 2
DP(n DX, [>€)<00forall €>0.

n=1 i=1

Proof. Let t=O,B=O, and p=2. Clearly |a . [= O(1). Thus the result follows from

Theorem 2 (ii).
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Remark 3. Set X . =X, for all n>1and i1, let {Xi,iZI} be a sequence of

i.i.d. random variables. In this particular case Corollaries 1 and 2 were proved by Li et al.
[19]. Hence Corollaries 1 and 2 extend the results of Li et al. [19].

As a corollary of Theorem 1, we can obtain the following result on the rate of
convergence for moving average processes.
Corollary 3. Let {Xnk ke Z,n EZ} be an array of zero-mean rowwise ﬁ -mixing

random variables stochastically dominated by a random variable X . Assume that

p(t+2) <00

Ek_)oosupnr)n(k)<l and E|X]| for some 0<p<2 and

p(t+2)>1. Let {a ,—00<n<00} be a sequence of real numbers such that

o0 _\itn .
Zn:—oo|an |<O.seta, = Zj=i+1aj foreach 1 and n . Then

00 x

j(t+1 —1 >
ZZJ( ) max Pl n p| a ;X .[>€ |<00 forall €>0,
=0 ZJSn<2J_H i=—00

and

o0 o0 1
Yn'P( Y a X, 1 T >€)<00 forall €0,
n=l  i=—00

Proof. Repeats the proof of Sung [2] and hence omitted.
Remark 4. Corollary 3 extends Corollary 3 of Sung [2] for arrays of rowwise ﬁ -mixing

random variables.
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