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Abstract 

In this paper, the estimator of bivariate normal distribution for incomplete data 

called the J_Anderson estimator is proposed.  The first  r  pairs of  ( 1 2X , X )  were 

distributed as a bivariate normal distribution with mean vector ( µ µ1 2, ) and a variance 

covariance matrix 
 σ σ
 =
 σ σ 

2
1 12

2
12 2

Σ , whereas the rest −n r  observations of  1X  were 

distributed as a normal distribution with mean µ1  and variance σ2
1 .  The factored 

maximum likelihood estimators, µ1And
ˆ , µ2And

ˆ , σ2
1And

ˆ and σ2
2And

ˆ , were proposed by 

Anderson.  In addition, the Anderson’s method was found that σ2
1And

ˆ and σ2
2And

ˆ  were 

biased estimators of σ2
1  and σ2

2  respectively.  In this study, Jackknife’s method of bias 

reduction was introduced to modify σ2
1And

ˆ  and  σ2
2And

ˆ .  In this case, the proposed 

estimators were denoted by σ2
1J _ And

ˆ and σ2
2J _ And

ˆ .  Moreover, the simulation study 

found that the absolute relative biases of  σ 
 

2
1J _ And

E ˆ  and  σ 
 

2
2J _ And

E ˆ  were smaller 
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than those of ( )σ2
1And

E ˆ  and ( )σ2
2And

E ˆ  respectively whatever sample size and 

percentage of missing data.  Additionally, the mean square error of the proposed 

estimators seemed to decrease when the sample size was large whatever percentage of 

missing data. 

______________________________ 

Keywords: biased estimator, bivariate normal distribution, Jackknife’s method, missing 

data, normal distribution. 

 

1. Introduction 

A sample from a bivariate normal population is such that not all the 

observations are observed with respect to all the variables and it is desired to estimate 

the population parameters from the sample.  The sample data may be incomplete for 

various reasons: the cost of collecting the data may make it inadvisable to collect all of it; 

the collection of part of the data may be impossible.  Moreover, incomplete data usually 

introduce bias and inefficiency in parameter estimation. 

Principally, although incomplete data may possibly be analyzed using standard 

statistical methods through which missing data are ignored, an important limitation is that 

those methods are only appropriate for studies which contain fewer missing data.  

Moreover, standard statistical approaches can also cause deficiency of data, since 

incomplete cases are completely discarded. Data deficiency always causes imprecision 

and also escalation in biases [1].  In addition, Acock [2] mentioned that these may 

reduce or exaggerate statistical power. Likewise, Fitzmaurice [3], Gorelick [4], Roth et al. 

[5], Rotnitzky and Wypij [6] mentioned that these may possibly result in invalid 

conclusions, since degree of bias and loss of precision is dependent not only on the 

fraction of complete cases and patterns of missing data, but also differences between 

the complete and incomplete cases, and the parameters of interest. 

Likelihood function-based methods have consequently been of interest and 

employed in the management of missing data, particularly the analysis of incomplete 

data sets.  Scholars, such as Anderson [7], Edgett [8], and Lord [9] examined the 

application of estimating parameters of trivariate and multivariate normal population by 

using maximum likelihood estimation. In Particular, Lord [9], studied problems when 

estimating parameters of trivariate normal populations from file matching incomplete data 

by using maximum likelihood estimation. Subsequently, Edgett [8] proposed maximum 

likelihood estimators for the parameters of a trivariate normal distribution from univariate 

incomplete data and further applied the findings on the linear regression model. Later, 
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Anderson [7] introduced a factored likelihood function for normal data and estimated 

parameters of a multivariate normal population with incomplete data.  Further, Little and 

Rubin [1], in reference to Anderson [7], presented an appropriate factorization of the 

likelihood function for a general monotone missing data pattern. 

Generally, in the present study incomplete data with bivariate normal 

distribution were examined.  On the first  r  pairs of  ( 1 2X , X ) were completely observed 

with bivariate normal distribution but, the rest  −n r  observations of  2X  were lost and 

there were only  −n r   observations ( < <0 r n ) of 1X  collected.  The factored likelihood 

function of Anderson [7] was desired to estimate µ1 , µ2 , σ2
1  and σ2

2 .  In addition, the 

estimators of σ2
1  and σ2

2  from Anderson’s method were biased estimators. 

Efron and Tibshirani [10], Kim and Anderson [11], Smith and Pontius [12] have 

applied Jackknife’s method [13] of bias reduction to the estimation of parameters.  They 

shown the biases of the estimators were decreasing to zero.   

In this study, the parameters µ1 , µ2 , σ2
1  and σ2

2  from a bivariate normal 

distribution with missing data were derived by Anderson’s method [7] and the reduction 

of bias of Anderson’s estimators using Jackknife’s method [13].  In addition, the 

proposed estimators were called J_Anderson estimator. 

 

2.  The Proposed Estimators 
2.1 The Factored Maximum Likelihood Estimators  

Consider the incomplete bivariate sample from a bivariate normal distribution 

with mean vector ( µ µ1 2, ), a variance covariance matrix  
 σ σ
 =
 σ σ 

2
1 12

2
12 2

Σ  and 

correlation coefficient ρ .   

 

  

 

 

  

 
Figure 1.  Monotone missing data pattern for a bivariate normal distribution. 

 

Observations:    1      2   …  r  r+1 …  n 

Variable 1:    11x      12x    … 1rx  +1,r 1x  … 1nx  

Variable 2:    21x      22x      … 2rx   
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It may be noted that  ( )1j 2jx , x   , =j 1,2, ..., n , are paired observations.  The 

factored likelihood function of ( )2 2
1 2 1 2 12, , , ,θ = µ µ σ σ σ  can be written as  

( ) ( ) ( )n r
2 2

Obs X 1j 1 1 X | X 2j 0 1 1j 2 |11 2 1j 1 j 1
L | X f x , f x x ,

= =
θ = µ σ β +β σ∏ ∏  

for   β = µ − β µ0 2 1 1  ,  
σ

β = ρ
σ

2
1

1
  and  ( )2 2 2

2 |1 21σ = − ρ σ . 

The factored maximum likelihood estimators of µ1 , σ2
1 , β0 , β1  and  σ2

2 |1   can 

be obtained by solving ( )ObsL X 0∂
θ =

∂θ
.  Then, Anderson‘s estimators are given by   

=
µ = = ∑

n

1 1 1jAnd j 1

1x xˆ
n

,   ( )
n 22

1 1j 1And j 1

1 x xˆ
n =

σ = −∑ ,    

( ) ( )

( )

r

1j 1 2j 2
j 1

1 r 2
1j 1

j 1

x - x x - x
ˆ

x x

=

=

′ ′

β =

′−

∑

∑
, ′ ′β = − β0 2 1 1

ˆ ˆx x     and  
′

′σ = −
′

2
2 2 12
2 |1 2 2

1

s
sˆ

s
 

for ′ ∑
r

1 1j
j=1

1x  =  x
r

, ′ ∑
r

2 2j
j=1

1x  =  x
r

, ( )
r 22

1 1j 1
j=1

1s  =  x x
r

′ ′−∑ , ( )
r 22

2 2j 2
j=1

1s  =  x x
r

′ ′−∑        

and       ( ) ( )
r

12 1j 1 2j 2
j=1

1s  =  x x x x
r

′ ′ ′− −∑ . 

 
Additionally, the Anderson‘s estimators of 2µ  and σ2

2  are given by   

( )2 2 1 1 1And
ˆx x xˆ ′ ′µ = − β −    and    σ = σ + β σ2 2 2 2

2 2|1 1 1And
ˆˆ ˆ ˆ   respectively. 

Lord [9] mentioned that µ1And
ˆ and µ2And

ˆ  were unbiased estimators of µ1  and 

µ2  respectively.  However, σ2
1And

ˆ and σ2
2And

ˆ  were biased estimators of σ2
1  and σ2

2  

respectively.  In section 2.2, the modifications of σ2
1And

ˆ and σ2
2And

ˆ using Jackknife’s 

method [13] will be explained.  
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2.2 The Jackknife’s Method for J_Anderson estimator  

In this section, we will derive the J_Anderson estimator.  In addition, two biased 

estimators,σ2
1And

ˆ and σ2
2And

ˆ , will be modified by Jackknife’s method.  Moreover, these 

are denoted by  σ2
1J _ And

ˆ and σ2
2J _ And

ˆ  respectively. 

 

2.2.1 The J_Anderson Estimator of 2
1σ  

The estimator σ2
1And

ˆ is modified by Jackknife’s method as follows:  

1) Suppose we have a sample ( )11 12 1n 21 22 2rX x , x , ... , x , x , x , ... , x= and an 

estimator ( )Xδ   where      ( ) ( )
n 22

1 1j 1And j 1

1X x xˆ
n =

δ = σ = −∑  
=

= −∑
n

2 2
1j 1j 1

1 x x
n

 

 
2) The Jackknife focuses on the samples that leave out one observation at a time: 

for  i = 1, 2, …, n, 

( ) ( ) ( ) ( ) ( )( )11 12 1n 21 22 2ri 1 i 1 1 i 1 2 i 1 2 i 1X x , x , ... , x , x , ... , x , x , x , ... , x , x , ... , x− − + − +=           

 are called Jackknife samples. 

 

3) Let  ( )( )iX −δ   be the ith Jackknife replication of ( )Xδ   

where   ( )( )
( )

2
1i And i

X ˆ−
−

δ = σ    
≠ ≠

 
 = −
 − − 

∑ ∑
2n n

2
1j1jj i j i

1 1x x
n 1 n 1

 

 

  
= =

    
    = − − −

    − −    
∑ ∑

2
n n

2 2
1j 1i1j 1ij 1 j 1

1 1x x x x
n 1 n 1

 

 

  
( )

( )
n

2 2 2 2 2
1 1 1i21j 1i 1ij 1

1 1x x n x 2nx x x
n 1 n 1=

 
 = − − − +
 − − 
∑  for  i=1, 2, …, n 
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4) Calculate the pseudo values in the form of iJ   

where   ( ) ( ) ( )( )i iJ n X n 1 X −= δ − − δ  

( ) ( )
2 2
1 1And And i

n n 1ˆ ˆ
−

= σ − − σ  

( )
( )

( )
n

2 2 2 2 2 2
1 1 1 1i 1i2And 1j 1ij 1

1 1n n 1 x x n x 2nx x xˆ
n 1 n 1=

  
  = σ − − − − − +  − −   

∑

 
( ) ( )

n
2 2 2 2 2 2
1 1 1 1iAnd 1j 1i 1ij 1

1n x x n x 2nx x xˆ
n 1=

 
 = σ − − + − +
  − 
∑  

 

5) The J_Anderson estimator  of 2
1σ  is given by ( )J Xδ  

where ( )
n

2
J 1 iJ _ And i 1

1X Jˆ
n =

δ = σ = ∑  

  
( ) ( )

n n
2 2 2 2 2 2
1 1 1 1iAnd 1j 1i 1ii 1 j 1

1 1n x x n x 2x x xˆ
n n 1= =

  
  = σ − − + − +

  −   
∑ ∑  

      
( )

2n n n
2 2 2 2 2
1 1And 1j 1i 1ij 1 i 1 i 1

1 n 2n 1n x x x xˆ
n n 1 n n 1= = =

    −    = σ − − + +
    − −    

∑ ∑ ∑  

                
( )

2n n n n
2 2 2 2 2 2

11j 1 1j 1i 1ij 1 j 1 i 1 i 1

1 1 n 2n 1n x x x x x x
n n n 1 n n 1= = = =

      −      = − − − + +
      − −      

∑ ∑ ∑ ∑  

        
( )

2 n
2 2
1 1ii 1

n 2n 1 1n x x
n 1 n n n 1 =

   −   = − + +
  − −  

∑  

                ( )
n 2

1i 1
i 1

1 x x
n 1 =

= −
− ∑  

 

 Further, we know that ( )
=

  σ = − = σ    −  
∑
n 22 2

1 1i 1 1J _ And i 1

1E E x xˆ
n 1

.  Hence,   

( )
=

σ = −
− ∑

n 22
1 1i 1J _ And i 1

1 x xˆ
n 1

is unbiased estimator of σ2
1 . In this case, the 

modification in section 2.2.1 indicates that the bias of σ2
1And

ˆ  reduces to zero by using 

Jackknife’s method. 

 

 



Juthaphorn  Sinsomboonthong                                   157 

2.2.2 The J_Anderson Estimator of 2
2σ  

The estimator σ2
2And

ˆ is modified by Jackknife’s method as follows:  

1) Suppose we have a sample ( )11 12 1n 21 22 2rX x , x , ... , x , x , x , ... , x=  and an  

       estimator 

     ( ) 2 2 2 2
2 2|1 1 1And And

ˆX ˆ ˆ ˆδ = σ = σ + β σ             (1) 

        where 
( ) ( )

( )

r

1j 1 2j 2
j 1

1 r 2
1j 1

j 1

x x x x
ˆ

x x

=

=

′ ′− −

β =

′−

∑

∑
,      ( )

n 22
1 1j 1And j 1

1 x xˆ
n =

σ = −∑ ,   

                 
′

′σ = −
′

2
2 2 12
2 |1 2 2

1

s
sˆ

s
,       ( ) ( )

r

12 1j 1 2j 2
j=1

1s  =  x x x x
r

′ ′ ′− −∑ ,     

                 ( )
r 22

1 1j 1
j=1

1s  =  x x
r

′ ′−∑ ,       ( )
r 22

2 2j 2
j=1

1s  =  x x
r

′ ′−∑ , 

      ∑
n

1 1j
j=1

1x =  x
n

,   ′ ∑
r

1 1j
j=1

1x  =  x
r

        and    ′ ∑
r

2 2j
j=1

1x  =  x
r

. 

 
2) The ith Jackknife sample consists of the data set with the ith observation removed. 

( ) ( ) ( ) ( ) ( )( )11 12 1n 21 22 2ri 1 i 1 1 i 1 2 i 1 2 i 1X x , x , ... , x , x , ... , x , x , x , ... , x , x , ... , x− − + − +=

        for  i = 1, 2, …, n. 

 

3) Let  ( )( )iX −δ  be the ith Jackknife replication of ( )Xδ   for i = 1, 2, …, r, r+1, r+2,…, n   

( )( ) ( ) ( ) ( ) ( )
2 2 2 2
2 1i 2|1 i 1 iAnd i And i

ˆX ˆ ˆ ˆ− − −− −
δ = σ = σ + β σ                          (2) 

                 
( )( ) ( )( )

( )( )

r

1j 2 j1 i 2 i
j i

r 2
1j 1 i

j i

x x x x

x x

− −
≠

−
≠

′ ′− −

′−

∑

∑
    for   i = 1, 2, …, r 

where    ( )1 i
ˆ

−β =  

               β 1ˆ      for   i = r+1, r+2, …, n 
 

        
( ) ( )( )n 22

1 1j 1 iAnd i j i

1 x xˆ
n 1 −−

≠
σ = −

− ∑    
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              ( )
( )

( )

2
12 i2

2 i 2
1 i

s
s

s
−

−
−

′
′ −

′
      for   i = 1, 2, …, r 

( )
2
2 |1 iˆ −σ =  

                  σ2
2 |1ˆ    for   i = r+1, r+2, …, n 

 

            ( )( ) ( )( )r

1j 2j1 i 2 i
j i

1 x x x x
r 1 − −

≠

′ ′− −
− ∑ for   i = 1, 2, …, r 

( )12 is  =−′  

                 ′12s     for   i = r+1, r+2, …, n 
 

                         ( )( )r 2
1j 1 i

j i

1 x x
r 1 −

≠

′−
− ∑      for   i = 1, 2, …, r   

( )
2

1 is  =−′  

                  ′21s        for   i = r+1, r+2, …, n 
 

             ( )( )r 2
2j 2 i

j i

1 x x
r 1 −

≠

′−
− ∑      for   i = 1, 2, …, r   

( )
2
2 is  =−′  

                ′22s      for   i = r+1, r+2, …, n 
 

          ( )
n

1j1 i
j i

1x x
n 1−

≠
=

− ∑  

 

             
≠− ∑
r

1j
j i

1 x
r 1

        for   i = 1, 2, …, r   

( )1 ix −′ =  

                 ′1x     for   i = r+1, r+2, …, n 
 

                   
≠− ∑
r

2 j
j i

1 x
r 1

       for   i = 1, 2, …, r   

( )2 ix −′ =  

                ′2x     for   i = r+1, r+2, …, n 
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4) Calculate of the pseudo values in the form of iJ   

        where           ( ) ( ) ( )( )i iJ n X n 1 X −= δ − − δ    ( ) ( )
2 2
2 2And And i

n n 1ˆ ˆ
−

= σ − − σ  

5) The J_Anderson estimator  of σ2
2  is given by ( )J Xδ  

        where     ( )
n

2
J 2 iJ _ And i 1

1X Jˆ
n =

δ = σ = ∑  

     ( ) ( )
n

2 2
2 2And And ii 1

1 n n 1ˆ ˆ
n −

=

 
= σ − − σ 

 
∑  

 

     
( )

( )
n n

2 2
2 2And And ii 1 i 1

n 11 n ˆ ˆ
n n −

= =

−
= σ − σ∑ ∑  

 

     
( )

( )
n

2 2
2 2And And ii 1

n 1
n ˆ ˆ

n −
=

−
= σ − σ∑  

 
 

  In conclusion, the estimators of µ1 , µ2 , σ2
1  and σ2

2  from bivariate normal 

distribution with incomplete data are 
n

1 1jAnd j 1

1 xˆ
n =

µ = ∑  , ( )2 2 1 1 1And
ˆx x xˆ ′ ′µ = − β − , 

( )
n 22

1 1i 1J _ And i 1

1 x xˆ
n 1 =

σ = −
− ∑  and 

( )
( )

n
2 2 2
2 2 2J _ And And And ii 1

n 1
nˆ ˆ ˆ

n −
=

−
σ = σ − σ∑  where  

2
2And

σ̂ and 
( )

2
2And i

ˆ
−

σ  are given by the form of equation (1) and (2) respectively. 
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3. Simulation Study 

In order to empirically evaluate the validity and reliability of the proposed 

estimator, a simulation study was conducted by SAS 9.1 programming.  In the study, 

populations of ( 1 2X , X ) at a size of N = 100,000 were generated in the form of a 

bivariate normal distribution with µ =1 2 , µ =2 3 , σ =2
1 4  and σ =2

2 9 .  Correlations of 

( 1 2X , X ) at  0, 0.1, 0.2, …, 1  with sample sizes of n = 20, 30 and 60 were made using a 

simple random sampling with replacement method with 2,000 times repetitions and 

missing data were  set at 0, 10, 20 and 30 percent of the total cases, thus creating 132 

situations for the simulation study.  After that, absolute relative bias (ARB) and mean 

square error (MSE) comparisons of the J_Anderson estimator and the Anderson’s 

estimator were empirically performed for σ2
1And

ˆ versus σ2
1J _ And

ˆ  and σ2
2And

ˆ versus 

σ2
2J _ And

ˆ .  The results of the study are shown in the following. 

The measure of biasedness for the estimator was computed in terms of the 

absolute relative biases of ( )σ2
1And

E ˆ ,  σ 
 

2
1J _ And

E ˆ , ( )σ2
2And

E ˆ  and  σ 
 

2
2J _ And

E ˆ .  

These were calculated using the method of Horton et al. [14]. 

 

( ) ( )σ − σ
 σ = ×   σ

2 2
1 1And2

1 2And
1

E ˆ
ARB E 100ˆ  

 σ − σ 
   σ = ×     σ

2 2
1 1J _ And2

1 2J _ And
1

E ˆ
ARB E 100ˆ         

( ) ( )σ − σ
 σ = ×   σ

2 2
2 2And2

2 2And
2

E ˆ
ARB E 100ˆ        and 

 σ − σ 
   σ = ×     σ

2 2
2 2J _ And2

2 2J _ And
2

E ˆ
ARB E 100ˆ . 
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             And_n20             And_n30              And_n60 

             J_And_n20     J_And_n30          J_And_n60 
 

Figure 2. The comparison of ARB of ( )σ2
1And

E ˆ and  σ 
 

2
1J _ And

E ˆ  when n=20, 30 and  60 

for non-missing data. 

 

For this simulation study, the ARB of  σ 
 

2
1J _ And

E ˆ  is smaller than that of 

( )σ2
1And

E ˆ  whatever the sample size (see Table 1 and Figure 2).  In addition, the ARB of 

( )σ2
1And

E ˆ  seems to reduce to zero when large sample size.  However, the ARB of 

 σ 
 

2
1J _ And

E ˆ   seems to reduce to zero whatever the sample size.  It is found that no 

difference for the ARB of ( )σ2
1And

E ˆ  when the increasing of ρ  for all sample sizes.  

Furthermore, the conclusion is that the ARB of  σ 
 

2
1J _ And

E ˆ  is similar to that of 

( )σ2
1And

E ˆ .  
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Table 1.  The absolute relative biases (ARB) of ( )σ2
1And

E ˆ  and  σ 
 

2
1J _ And

E ˆ  for non-

missing data 
 

n Method 
ρ  

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

20 
Anderson 3.88 3.88 3.88 3.88 3.88 3.88 3.88 3.88 3.88 3.88 3.88 

J_Anderson 1.18 1.18 1.18 1.18 1.18 1.18 1.18 1.18 1.18 1.18 1.18 

30 
Anderson 3.32 3.32 3.32 3.32 3.32 3.32 3.32 3.32 3.32 3.32 3.32 

J_Anderson 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 

60 
Anderson 1.13 1.13 1.13 1.13 1.13 1.13 1.13 1.13 1.13 1.13 1.13 

J_Anderson 0.54 0.54 0.54 0.54 0.54 0.54 0.54 0.54 0.54 0.54 0.54 
 
 
The results of the simulation study indicate that the mean square errors of 

σ2
1And

ˆ and σ2
1J _ And

ˆ  seem to decrease whenever the sample size increases whatever 

the correlation coefficient between 1X  and 2X  (see Figure 3).  In addition, the mean 

square error of σ2
1And

ˆ seems to have no difference from that of σ2
1J _ And

ˆ  in each 

situation.     

 

 
 

             And_ n20            And_n30              And_n60 

             J_And_n20     J_And_n30          J_And_n60 

 

Figure 3. The MSE of σ2
1And

ˆ and  σ2
1J _ And

ˆ  when n=20, 30 and  60 for non-missing data. 
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        And_Miss0        And_Miss10        And_Miss20          And_Miss30 
        J_And_Miss0    J_And_Miss10    J_And_Miss20      J_And_Miss30 
 
Figure 4. The comparison of ARB of ( )σ2

2And
E ˆ  and  σ 

 
2
2J _ And

E ˆ when n=20, 30 and  60. 
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Likewise, the ARB of  σ 
 

2
2J _ And

E ˆ is smaller than that of ( )σ2
2And

E ˆ  whatever 

the sample size and percentage of missing data (see Table 2 and Figure 4). In addition, 

it was found that the ARB of ( )σ2
2And

E ˆ  seems to decrease to zero for all percentages of 

missing data, and values of ρ when large sample size. However, the ARB of  

 σ 
 

2
2J _ And

E ˆ seems to reduce to zero whatever the sample size (see Table 2 and 

Figure 5). 

Table 2.  The absolute relative bias (ARB) of ( )σ2
2And

E ˆ  and  σ 
 

2
2J _ And

E ˆ  

n ρ  Non-missing data Missing 10% Missing 20% Missing 30% 
And1 J_And2 And J_And And J_And And J_And 

20 

0 5.67 0.71 6.31 1.00 6.61 1.05 7.38 1.61 
0.1 5.70 0.74 6.29 0.99 6.61 1.06 7.44 1.66 
0.2 5.69 0.72 6.22 0.93 6.54 1.01 7.42 1.66 
0.3 5.64 0.67 6.10 0.83 6.42 0.92 7.33 1.60 
0.4 5.55 0.57 5.94 0.69 6.25 0.79 7.16 1.47 
0.5 5.41 0.43 5.72 0.50 6.02 0.60 6.91 1.27 
0.6 5.24 0.25 5.46 0.26 5.72 0.37 6.56 1.01 
0.7 5.01 0.01 5.14 0.02 5.37 0.08 6.13 0.66 
0.8 4.73 0.28 4.78 0.35 4.96 0.26 5.58 0.23 
0.9 4.39 0.64 4.36 0.73 4.48 0.66 4.91 0.32 
1 3.97 1.08 3.93 1.13 3.96 1.10 4.08 1.01 

30 

0 2.95 0.40 2.96 0.69 3.99 0.05 3.47 0.78 
0.1 3.02 0.33 2.97 0.68 4.04 0.10 3.52 0.72 
0.2 3.09 0.25 2.99 0.65 4.08 0.16 3.56 0.64 
0.3 3.16 0.18 3.02 0.60 4.10 0.21 3.60 0.55 
0.4 3.24 0.10 3.05 0.55 4.10 0.25 3.63 0.45 
0.5 3.31 0.02 3.09 0.48 4.08 0.28 3.65 0.35 
0.6 3.38 0.05 3.14 0.40 4.03 0.30 3.66 0.23 
0.7 3.44 0.11 3.19 0.31 3.96 0.30 3.65 0.12 
0.8 3.49 0.16 3.24 0.21 3.85 0.28 3.62 0.02 
0.9 3.49 0.17 3.29 0.10 3.68 0.22 3.55 0.06 
1 3.40 0.07 3.33 0.01 3.42 0.07 3.39 0.05 

60 

0 1.52 0.15 1.73 0.11 1.85 0.18 2.52 0.26 
0.1 1.57 0.10 1.77 0.06 1.88 0.15 2.56 0.31 
0.2 1.60 0.07 1.80 0.02 1.89 0.13 2.57 0.34 
0.3 1.63 0.04 1.82 0.00 1.88 0.12 2.54 0.34 
0.4 1.64 0.03 1.82 0.01 1.86 0.12 2.48 0.33 
0.5 1.63 0.03 1.80 0.01 1.81 0.13 2.39 0.29 
0.6 1.61 0.05 1.76 0.02 1.75 0.15 2.26 0.23 
0.7 1.57 0.10 1.69 0.06 1.66 0.19 2.09 0.13 
0.8 1.50 0.17 1.59 0.14 1.55 0.25 1.88 0.00 
0.9 1.40 0.28 1.44 0.26 1.40 0.34 1.59 0.18 
1 1.21 0.47 1.21 0.46 1.19 0.49 1.23 0.45 

                                                           
1 Anderson’s method 
2 J_Anderson’s method 
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        And_n20               And_n30             And_n60 

                        J_And_n20           J_And_n30         J_And_n60 
 

Figure 5.  The comparison of ARB of ( )σ2
2And

E ˆ  and  σ 
 

2
2J _ And

E ˆ  when percentages of 

missing data are 10, 20 and  30. 
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         And_n20             And_n30             And_n60 

                         J_And_n20         J_And_n30         J_And_n60 
 

Figure 6. The MSE ofσ2
2And

ˆ and  σ2
2J _ And

ˆ when percentages of missing data  are 10, 

20 and 30. 
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Figure 6 illustrates that the mean square error of σ2
2And

ˆ  seems to have no 

difference from that of σ2
2J _ And

ˆ  in each situation.  In particular, the mean square error 

of σ2
2And

ˆ  and that of σ2
2J _ And

ˆ  seem to decrease when the sample size was large 

whatever percentage of missing data.    
 

4. Discussion 

The simulation results presented that σ2
1And

ˆ  and σ2
2And

ˆ  seemed to be biased 

estimators.  Hence, biases of σ2
1And

ˆ  and σ2
2And

ˆ  can be reduced by Jackknife’s method 

as reported in research studies of (Efron and Tibshirani [10]; Smith and Pontius [12]).  

These findings can be applied in researches in education, psychology, medicine and 

other fields.   Jackknife’s method can be applied in the elimination of biases of the 

parameter estimation (Lehmann and Casella [15]) for incomplete samples from bivariate 

normal populations.   

 
5. Summary and Conclusions 

This paper proposes the estimators for µ1 , µ2 , σ2
1  and σ2

2  of the monotone 

incomplete bivariate sample from a bivariate normal distribution.  The proposed 

estimators were derived from Anderson’s method [7] whose approach was to construct a 

factored likelihood function.  Then, Anderson’s estimators were given by µ1And
ˆ , µ2And

ˆ , 

σ2
1And

ˆ and σ2
2And

ˆ .  However, σ2
1And

ˆ and σ2
2And

ˆ  were biased estimators of σ2
1  and σ2

2  

respectively .  In this paper, a Jackknife’s method of bias reduction was introduced to 

modify the estimators σ2
1And

ˆ and σ2
2And

ˆ . Moreover, these were denoted by σ2
1J _ And

ˆ  

and σ2
2J _ And

ˆ  respectively.  The simulation study found that the absolute relative bias of 

 σ 
 

2
1J _ And

E ˆ  was smaller than that of ( )σ2
1And

E ˆ . Likewise, the absolute relative bias of 

 σ 
 

2
2J _ And

E ˆ  was smaller than that of ( )σ2
2And

E ˆ  whatever sample size and percentage 

of missing data.  Furthermore, the mean square errors of σ2
1And

ˆ and σ2
1J _ And

ˆ  seemed 

to decrease whenever the sample size increases whatever the percentage of missing 
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data and correlation coefficient between 1X  and 2X .  Moreover, the mean square error 

of σ2
2And

ˆ  seemed to have no difference from that of σ2
2J _ And

ˆ  in each situation of this 

simulation study.  In particular, the mean square error of σ2
2And

ˆ and that of σ2
2J _ And

ˆ  

seemed to decrease when the sample size was large whatever percentage of missing 

data. 
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