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Abstract 

 
Microarray data, which come from many steps of production, have been known 

to contain noise. The pre-processing is implemented to reduce the noise, where the 

background is corrected. Prior to further analysis, many IlluminaBeadArrays users had 

applied the convolution model, a model which had been adapted from when it was first 

developed on the Affymetrix platform, to adjust the intensity value:  corrected 

background intensity value. 

Several models based on the different underlying distributions and or the 

parameters estimation methods have been proposed and applied. For instance: the 

exponential-gamma, the normal-gamma, and the exponential-normal convolutions with 

maximum likelihood estimation, non-parametric, Bayesian and moment methods of the 

parameters estimation, including two recent exponential-lognormal and gamma-

lognormal convolutions. 

In this paper, we propose models and derive the corrected background intensity 

based on the generalized betas and the generalized beta-normal convolutions as a 

generalization of the existing models. 
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1. Introduction 

It has become common knowledge that data from microarray experiments will 

contain some non-biological noise. Therefore, the data needs to be adjusted. In this 

case, implementing the pre-processing will adjust [1-3] or correct the background 

intensity value.  

There are several steps in pre-processing where one of the steps is the 

background correction. In the background correction, the noise can be modeled as 

additive or multiplicative (See, Huber et al. [1,2], Bolstad et al. [4], Irizarry et al. [5-7], Li 

and Wong [8], Silver et al. [9] and Wu et al. [10]. 

In the robust multi-array average (RMA), Irizarry et al. [5-7] have modeled the 

noise as an additive, to adjust the intensity value. Although the RMA was developed for 

the Affymetrix platform initially, it was also been used for the data from the Illumina 

platform. 

Currently, there are some models to correct the intensity value of the Illumina 

platform available, for instance: the model-based background correction method (MBCB) 

from Ding, et al. [11] and Xie, et al. [12],  the exponential-gamma from Chen et al. [13], 

the gamma-normal from Plancade et al. [14]) and the exponential(gamma)-lognormal 

from Fajriyah [15]. 

Posekany’s et al. study [16], show us that by using the Affymetrix and the 

Invitrogen platforms the noises in microarray data is not Gaussian but far more heavy-

tailed. On the other hand, Chen et al. [13] show that the noise distribution in the Illumina 

platform is usually skewed in different degrees. 

Therefore, while the intensity values are widely accepted as a skewed 

distribution, the noise distribution could possibly symmetrical or skewed. Note that in this 

paper, noise and intensity mean the negative control probes intensity and the observed 

probes intensity values respectively. 

McDonald and Xu [17] have introduced a distribution tree of generalized beta 

distribution, which is used to model the income distribution. It is similar in nature to the 

microarray data where the random variable is a non-negative value. This distribution tree 

helps us to understand the relationship among the available distributions. Moreover, 

quite recently, Leemis and McQueston [18] have explained the relationships among the 

univariate distributions in statistics. See the distribution tree from McDonald and Xu [17] 
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in Figure 1. 

 

Figure 1. Distribution tree, McDonald and Xu [17]. 

 

This paper aims to present the estimator of the true intensity value, the 

corrected background intensity, where the noise is symmetric and skewed distribution. If 

the noise is skewed distribution, the underlying distributions of the proposed convolution 

model are the generalized beta distributions, a generalized model of the existing ones. If 

the noise is a symmetrically distributed, the proposed model is generalized beta-normal 

convolution, which is a generalized model of the model of Plancade et al. [14]. 

In general, the background correction is applied toward each array, where in 

each array there are probes (perfect match and mismatch probes), probesets and genes 

(terminology for the Affymetrix platform) or bead and bead-type level probes (terminology 

for the Affymetrix platform). 

The current publicly available benchmarking data set for the Illumina platform is 

the raw data from the bead studio, which is the average of the bead-type level probes, 

not corrected background and of unnormalized intensity. Therefore, the background 

correction in this paper is applied to the gene (bead-type level probes) intensity in each 

array. 

Suppose we have ܬ arrays and for each array there are I regular genes and ܹ 

negative control genes. Throughout the paper, the convolution model is applied for each 

array ݆ and represented as follows: 
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௜ܲ ൌ ௜ܵ ൅  ௜           (1)ܤ

 

where ௜ܲ, ௜ܵ and ܤ௜ are the regular (observed) true/corrected background and noise 

intensity values respectively of the ith gene, ݅ ൌ 1, 2, … ,  ݓ For a negative control gene .ܫ

at array ݆, ݓ ൌ 1, 2, … ,ܹ, the observed intensity, denoted by ଴ܲ௪ is assumed to be ଴ܲ௪ ൌ

 .଴௪ is the noise intensity. ௜ܲ and ଴ܲ௪ are assumed to be independentܤ

This paper is organized as follows: Section 2 reviews previous work related to 

the background correction for the IlluminaBeadArrays, Section 3 explains the results of 

our investigation and Section 4 provides discussion and remarks. 

 

2. Previous work 

2.1. Basic concepts 

 

Definition 2.1. Suppose ܺ is a random variable of generalized beta distribution. 

McDonald and Xu [17] define the probability function of the generalized beta distribution 

as follows: 

 

;ݔሺܤܩ~ܺ ܽ, ܿ, ݀, ,ݑ ሻݒ ൌ
|௔|௫ೌೠషభቀଵିሺଵି௖ሻቀ

ೣ
೏
ቁ
ೌ
ቁ
ೡషభ

ௗೌೠ஻	ሺ௨,௩ሻቀଵା௖ቀ
ೣ
೏
ቁ
ೌ
ቁ
ೠశೡ ; 0 ൏ ௔ݔ ൏

௕ೌ

ଵି௖
       (2) 

 

,ݑሺܤ 	ሻ is the beta function, 0ݒ ൑ ܿ	 ൑ 1, ܽ, ݀,  .positive ݒ and ݑ

 

Definition 2.2. Let ܺ and ܻ be two continuous random variables with density functions 

ଵ݂ሺݔሻ and ଶ݂ሺݕሻ respectively. Assume that both ଵ݂ሺݔሻ and ଶ݂ሺݕሻ are defined for all real 

numbers. Then the convolution ଵ݂ሺݔሻ and ଵ݂ ∗ ଶ݂ of ଵ݂ and ଶ݂ is the function given by 

 

ሺ ଵ݂ ∗ ଶ݂ሻሺݖሻ ൌ ׬ ଵ݂ሺݖ െ ሻݕ
ஶ
ିஶ ଶ݂ሺݕሻ	݀ݕ ൌ ׬ ଵ݂ሺݔሻ

ஶ
ିஶ ଶ݂ሺݖ െ  (3)       ݔ݀	ሻݔ

 

Theorem 2.1. Let ܺ and ܻ be two independent random variables with density function 

௑݂ሺݔሻ and ௒݂ሺݕሻ defined for all ݔ and ݕ.  The sum ܼ ൌ ܺ ൅ ܻ is a random variable with a 

density function of ௓݂ሺݖሻ, where ௓݂ሺݖሻ is the convolution of  ௑݂ and ௒݂. 
 

2.2. Background correction by RMA 

In the RMA model ([4] and [5-7]), it is assumed that the intensity values are 

affected by the noises of the chip. The RMA model is as in the Equation (1), where ௜ܲ ൌ
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 ௜ is the observed probe level intensity of perfect match probes of the ݅௧௛ gene, ௜ܵ isܯܲ

the true intensity of the ݅௧௛ gene, with ௜ܵ~ ଵ݂൫ݏ௜; ௝൯ߠ ൌ Exp൫ߠ௝൯, ௝ߠ ൐ 0, and ܤ௜ is the 

background noise of the ݅௧௛ gene with ଶ݂ ൌ ܰሺߤ, ,ଶሻߪ ߤ ∈ Թ, ଶߪ ൐ 0.  

Assuming independence, the joint density of the two-dimensional random 

variables ሺ ௜ܵ ,   :௜ሻ isܤ

 

ௌ݂೔,஻೔൫ݏ௜, ܾ௜; ,௝ߤ ௝ߪ
ଶ, ௝൯ߠ ൌ ௝݁ߠ

ି௦೔ఏೕ
ଶ݂൫ܾ௜; ,௝ߤ ௝ߪ

ଶ൯, ,௜ݏ ܾ௜ ൐ 0    

  

Furthermore, the transformation formula for two-dimensional densities gives the joint 

density of ௜ܵ and ௜ܲ is 

 

ௌ݂೔,௉೔൫ݏ௜, ;௜݌ ,௝ߤ ௝ߪ
ଶ, ௝൯ߠ ൌ ௝݁ߠ

ሺ
ഇೕ
మ഑ೕ

మ

మ
ି൫௣೔ିఓೕ൯ఏೕሻ

ଶ݂൫ݏ௜; ௜݌ െ ௝ߤ െ ௝ߪ
ଶߠ௝, ௝ߪ

ଶ൯, 0 ൏ ௜ݏ ൏  ௝     (4)݌

 

From equation (4) we get the marginal density of ௜ܲ and the conditional density of ௜ܵ 

given ௜ܲ  in equations (5) and (6) below, respectively: 

 

௉݂೔ሺ݌௜ሻ ൌ ௝݁ߠ
ቆ
഑ೕ
మ

మഇೕ
మି

ቀ೛೔షഋೕቁ

ഇೕ
మ ቇ

൬Φ ൬
ఓೄ.ು,ೕ
ఙೕ
൰ ൅ Φ൬

௣೔ିఓೄ.ು,ೕ
ఙೕ

൰ െ 1൰        (5) 

 

ௌ݂೔|௉೔ሺݏ௜|݌௜ሻ ൌ
௙మ൫௦೔;ఓೄ.ು,ೕ,ఙೕ

మ൯

ቆ஍ቆ
ഋೄ.ು,ೕ
഑ೕ

ቇା஍ቆ
೛೔షഋೄ.ು,ೕ

഑ೕ
ቇିଵቇ

          (6) 

 

where ߤௌ.௉,௝ ൌ ௜݌ െ ௝ߤ െ ௝ߪ
ଶߠ௝ 

The corrected background intensity is computed by the conditional expectation 

ሺܧ ௜ܵ| ௜ܲ ൌ ௜ሻ݌ ൌ
ଵ

ቆ஍ቆ
ഋೄ.ು,ೕ
഑ೕ

ቇା஍ቆ
೛೔షഋೄ.ು,ೕ

഑ೕ
ቇିଵቇ

׬ ଶ݂൫ݏ௜; ,ௌ.௉,௝ߤ ௝ߪ
ଶ൯݀ݏ௜

௣೔
଴  .       (7) 

 

The substitution ݏ௜ ൌ ௌ.௉,௝ߤ ൅  ௜, yields the corrected background intensity inݐ௝ߪ

the Equation (7) equal to 

 

ௌ.௉,௝ߤ ൅ ௝ߪ
థቆ

ഋೄ.ು,ೕ
഑ೕ

ቇିథቆ
೛೔షഋೄ.ು,ೕ

഑ೕ
ቇ

஍ቆ
ഋೄ.ು,ೕ
഑ೕ

ቇା஍ቆ
೛೔షഋೄ.ು,ೕ

഑ೕ
ቇିଵ

 .          (8) 
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2.3. Exponential-normal MBCB 

Xie et al. [12] use the same underlying distributions as the RMA for the 

background correction. The differences between the MBCB and the RMA ([4] and [5-7]) 

are 

1. Xie et al. [12] take the infinite value for the upper bound of the integral to 

compute the marginal density function and the conditional expectation of the 

true intensity value. On the other hand, the RMA put p as the upper bound of 

the integral.  The corrected background intensity of this model is 

ௌ.௉,௝ߤ  ൅ ௝ߪ
థቆ

ഋೄ.ು,ೕ
഑ೕ

ቇ

஍ቆ
ഋೄ.ು,ೕ
഑ೕ

ቇ
           (9) 

2. Under convolution model of (1), where the true intensity value is assumed 

exponentially distributed and the noise is normally distributed, we then need to 

estimate the parameters and ߠ௝,  ௝. Xie et al. [12] offer three parametersߪ ௝ andߤ

estimation methods: the non-parametric, maximum likelihood and Bayesian. On 

the other hand, RMA apply the ad-hoc method. 

Ding et al. [11] use the exponential-normal convolution model to correct the 

background of the Illuminaplatform by using a Markov chain Monte Carlo simulation. 

 

2.4. Gamma-normal convolution 

Plancade et al. [14] introduced the gamma-normal convolution to model the 

background correction of the IlluminaBeadArrays. The model is based on the RMA 

background correction of AffymetrixGeneChips. Plancade et al. [14] assume that the true 

intensity value is gamma distributed and the noise is normally distributed. 

Under the model background correction in (1), ௉݂೔ is the convolution product of 

ௌ݂೔ and ஻݂೔. The true intensity ௜ܵ is computed by the conditional expectation of ௜ܵ given 

௜ܲ ൌ  :௜݌

ሺܧ ௜ܵ| ௜ܲ ൌ ௜ሻ݌ ൌ ሚܵ௜ሺ݌௜ሻ ൌ
௦೔௙ഀ׬ ೕ,ഇೕ

೒ೌ೘ሺ௦೔ሻ௙ഋೕ,഑ೕ
೙೚ೝ೘ሺ௣೔ି௦೔ሻௗ௦೔

׬ ௙ഀ
ೕ,ഇೕ

೒ೌ೘ሺ௦೔ሻ௙ഋೕ,഑ೕ
೙೚ೝ೘ሺ௣೔ି௦೔ሻௗ௦೔

        (10) 

 

where ఈ݂ೕ,ఏೕ
௚௔௠൫ݔ௜; ,௝ߙ ௝൯ߠ ൌ

ఏೕ
ഀೕ௫೔

ഀೕషభ௘షഇೕೣೕ

୻൫ఈೕ൯
,௝ߙ			, ,௝ߠ ௜ݔ ൐ 0,  is the gamma density. 

When ௜ܵ is gamma distributed and ܤ௜ is normally distributed, then the equation 

(10) does not have analytic expression as it dies in Equations (8) and (9). Therefore, 

Plancade et al. [14] implemented the Fast Fourier Transform to estimate the parameters 

and to correct the background. For the background correction with Fast Fourier 
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Transform, Equation (10) is rewritten as 

 

ሚܵ௜ሺ݌௜|Θሻ ൌ
ఈೕఏೕ ׬ ௙ഀ ೕశభ,ഇೕ

೒ೌ೘ ሺ௦೔ሻ௙ഋೕ,഑ೕ
೙೚ೝ೘ሺ௣೔ି௦೔ሻௗ௦೔

׬ ௙ഀ
ೕ,ഇೕ

೒ೌ೘ሺ௦೔ሻ௙ഋೕ,഑ೕ
೙೚ೝ೘ሺ௣೔ି௦೔ሻௗ௦೔

         (11) 

where Θ ൌ ൫ߤ௝, ,௝ߪ ,௝ߙ ௜ݏ  ௝൯ andߠ ఈ݂ೕ,ఏೕ
௚௔௠ሺݏ௜ሻ ൌ ௝ߠ௝ߙ ఈ݂ೕାଵ,ఏೕ

௚௔௠ ሺݏ௜ሻ is valid for every ݏ௜ ൐ 0	. 

 

2.5. Exponential-gamma convolution 

Chen et al. [13] proposed in favor of the distribution of the true intensity and its 

noise, under the convolution model of Equation (1), the exponential and gamma 

distribution respectively. Therefore, ௜ܵ 	~ ଵ݂൫ݏ௜; ௝൯ߠ ൌ Exp൫ߠ௝൯, and ܤ௜	~ ଶ݂൫ܾ௜; ,௝ߙ ௝൯ߚ ൌ

GAM൫ߙ௝, ,௜ݏ ௝൯, whereߚ ܾ௜, ,௝ߠ ,௝ߙ ௝ߚ ൐ 0. 

The corrected background intensity for the proposed model ([13]) is 

 

௜݌ െ
׬ ௕೔

ഀೕ௘
షቆ

భ
ഁೕ

షഇೕቇ
ௗ௕೔

೛೔
బ

׬ ௕೔
ഀೕ௘

షቆ
భ
ഁೕ

షഇೕቇ
ௗ௕೔

೛೔
బ

          

(12) 

 

2.6. Exponential-lognormal convolution, Fajriyah [15] 

Under model (1), when the true intensity ௜ܵ is assumed to be exponentially 

distributed ௜ܵ 	~ ଵ݂൫ݏ௜; ௝൯ߠ ൌ ௝eߠ
ିఏೕ௦೔; ,௝ߠ ௜ݏ ൐ 0, and the background noise ܤ௜ is assumed to 

be log normally distributed, ܤ௜	~ ଶ݂൫ܾ௜; ,௝ߤ ௝ߪ
ଶ൯ ൌ

௘
ష
ቀౢ౤್೔షഋೕቁ

మ

మ഑ೕ
మ

௕೔ఙೕ√ଶగ
; 	௝ߤ ∈ 	Թ, ௝ߪ

ଶ, ܾ௜ ൐ 0, the 

corrected background intensity value is 

 

௜݌ െ
௘ഋೕశ

഑ೕ
మ

మ ஼మ,ೕ
஼భ,ೕ

           (13) 

where 

 

ଶ,௝ܥ ൌ ∑
ఏೕ
ೖ௘

ೖቀഋೕశ
ೖశమ
మ ഑ೕ

మቁ

௞!
Φ ൬

୪୬௣೔ି൫ఓೕାሺ௞ାଵሻఙೕ
మ൯

ఙೕ
൰ஶ

௞ୀ଴ , and ܥଵ,௝ ൌ ∑
ఏೕ
ೖ௘

ೖቀഋೕశ
ೖ
మ഑ೕ

మቁ

௞!
ஶ
௞ୀ଴ Φ൬

୪୬௣೔ି൫ఓೕା௞ఙೕ
మ൯

ఙೕ
൰ 

 

2.7. Gamma-lognormal convolution, Fajriyah [15] 

Under model (1), when the true intensity ௜ܵ is assumed to be gamma distributed 

௜ܵ~ ଵ݂൫ݏ௜; ,௝ߙ ௝൯ߚ ൌ
௦೔
ഀೕషభ௘షഇೕೞೕ

ఉೕ୻൫ఈೕ൯
,௝ߙ			, ,௝ߚ ௜ݏ ൐ 0 and the background noise ܤ௜ is assumed to be 
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lognormally distributed, ܤ௜	~ ଶ݂൫ܾ௜; ,௝ߤ ௝ߪ
ଶ൯ ൌ

௘
ష
ቀౢ౤್೔షഋೕቁ

మ

మ഑ೕ
మ

௕೔ఙೕ√ଶగ
; 	௝ߤ ∈ 	Թ, ௝ߪ

ଶ, ܾ௜ ൐ 0, the corrected 

background intensity value is 

 

ସ,௝ܥ௜݌
ଷ,௝ܥ

																																																																														 																																																											(14)

 

        

 

where 

 

ସ,௝ܥ ൌ ෍෍
ሺെ1ሻ

௞ቀ
ఈೕ
௞
ቁ
݁
ሺ௞ା௡ሻቆఓೕାሺ௞ା௡ሻ

഑ೕ
మ

మ
ቇ

௜݌
௞ߚ௝

௡݊!

ஶ

௡ୀ଴

Φቆ
ln ௜݌ െ ൫ߤ௝ ൅ ሺ݇ ൅ ݊ሻߪ௝

ଶ൯

௝ߪ
ቇ , and

ஶ

௞ୀ଴

 

 

ଷ,௝ܥ ൌ ෍෍
ሺെ1ሻ௞ ൬

௝ߙ െ 1
݇

൰ ݁
ሺ௞ା௡ሻቆఓೕାሺ௞ା௡ሻ

഑ೕ
మ

మ
ቇ

௜݌
௞ߚ௝

௡݊!

ஶ

௡ୀ଴

Φቆ
ln ௜݌ െ ൫ߤ௝ ൅ ሺ݇ ൅ ݊ሻߪ௝

ଶ൯

௝ߪ
ቇ

ஶ

௞ୀ଴

 

 

In the exponential-lognormal and gamma-lognormal models, Fajriyah [15] 

implements three methods for the parameters estimation: Maximum likelihood estimation 

(MLE), method of moments, and plug-in. 

 

3. Results 

In the subsequent sections, we will explain the generalized beta convolution 

model and its corrected background intensity value. 

 

3.1. Generalized beta distribution convolution 

3.1.1. The joint density function 

Under the convolution model of Equation (1), where ௜ܲ is the observed intensity 

of regular probes of the ݅௧௛	gene, ௜ܵ is the true intensity of the ݅௧௛	gene, with 

 

௜ܵ~ ଵ݂൫ݏ௜; ܽଵ,௝, ܿଵ,௝, ݀ଵ,௝, ,ଵ,௝ݑ ଵ,௝൯ݒ ൌ
หܽଵ,௝หݏ௜

௔భ,ೕ௨భ,ೕିଵ ൬1 െ ൫1 െ ܿଵ,௝൯ ൬
௦೔
ௗభ,ೕ
൰
௔భ,ೕ
൰
௩భ,ೕିଵ

݀ଵ,௝
௔భ,ೕ௨భ,ೕܤ	൫ݑଵ,௝, ଵ,௝൯ݒ ൬1 ൅ ܿଵ,௝ ൬

௦೔
ௗభ,ೕ
൰
௔భ,ೕ
൰
௨భ,ೕା௩భ,ೕ

 

																																																																			0	 ൑ ܿଵ,௝ 	൑ 1, ܽଵ,௝, ݀ଵ,௝, ௜ݏ ଵ,௝ positiveݒ ଵ,௝ andݑ ൐ 0. 
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And ܤ௜ is the background noise with 

 

~௜ܤ ଶ݂൫ܾ௜; ܽଶ,௝, ܿଶ,௝, ݀ଶ,௝, ,ଶ,௝ݑ ଶ,௝൯ݒ ൌ
หܽଶ,௝หܾ௜

௔మ,ೕ௨మ,ೕିଵ ൬1 െ ൫1 െ ܿଶ,௝൯ ൬
௕೔
ௗమ,ೕ
൰
௔మ,ೕ
൰
௩మ,ೕିଵ

݀ଶ,௝
௔మ,ೕ௨మ,ೕܤ	൫ݑଶ,௝, ଶ,௝൯ݒ ൬1 ൅ ܿଶ,௝ ൬

௕೔
ௗమ,ೕ
൰
௔మ,ೕ
൰
௨మ,ೕା௩మ,ೕ

 

																																																																			0	 ൑ ܿଶ,௝ 	൑ 1, ܽଶ,௝, ݀ଶ,௝, ଶ,௝ positive ܾ௜ݒ ଶ,௝ andݑ ൐ 0. 

 

The joint density function of ௜ܵ and ௜ܲ is  

 

ௌ݂೔,௉೔ሺݏ௜, ௜ሻ݌ ൌ
หܽଵ,௝หݏ௜

௔భ,ೕ௨భ,ೕିଵ ൬1 െ ൫1 െ ܿଵ,௝൯ ൬
௦೔
ௗభ,ೕ
൰
௔భ,ೕ
൰
௩భ,ೕିଵ

݀ଵ,௝
௔భ,ೕ௨భ,ೕܤ	൫ݑଵ,௝, ଵ,௝൯ݒ ൬1 ൅ ܿଵ,௝ ൬

௦೔
ௗభ,ೕ
൰
௔భ,ೕ
൰
௨భ,ೕା௩భ,ೕ

	 

ൈ
หܽଶ,௝หሺ݌௜ െ ௜ሻݏ

௔మ,ೕ௨మ,ೕିଵ ൬1 െ ൫1 െ ܿଶ,௝൯ ൬
௣೔ି௦೔
ௗమ,ೕ

൰
௔మ,ೕ
൰
௩మ,ೕିଵ

݀ଶ,௝
௔మ,ೕ௨మ,ೕܤ	൫ݑଶ,௝, ଶ,௝൯ݒ ൬1 ൅ ܿଶ,௝ ൬

௣೔ି௦೔
ௗమ,ೕ

൰
௔మ,ೕ
൰
௨మ,ೕା௩మ,ೕ

 

 

3.1.2. The marginal density function 

The marginal density function of ௜ܲ is 

௉݂೔ሺ݌௜ሻ ൌ න ௌ݂೔,௉೔ሺݏ௜, ௜ݏ݀	௜ሻ݌

௣೔

଴

 

ൌ ෍	ܭ ෍ ෍቎
ሺെ1ሻ௟ା௠ା௡ା௥൫1 െ ܿଵ,௝൯

௟
൫1 െ ܿଶ,௝൯

௠
ܿଵ,௝
௡ ܿଶ,௝

௥

݀ଵ,௝
௔భ,ೕሺ௟ା௡ሻ݀ଶ,௝

௔మ,ೕሺ௠ା௥ሻ

ஶ

௡ୀ଴

ஶ

௠ୀ଴

ஶ

௟ୀ଴

	 

xൈ ൬
ଵ,௝ݒ െ 1

݈
൰ ቀݒଶ,௝ െ 1

݉
ቁ ቀݑଵ,௝ ൅ ଵ,௝ݒ ൅ ݊ െ 1

݊
ቁ ቀݑଶ,௝ ൅ ଶ,௝ݒ ൅ ݎ െ 1

ݎ
ቁ 

ൈන ௜ݏ
௔భ,ೕ൫௨భ,ೕା௟ା௡൯ିଵሺ݌௜ െ ௜ሻݏ

௔మ,ೕ൫௨మ,ೕା௠ା௥൯ିଵ݀ݏ௜

௣೔

଴

቏ 																																												(15) 

     

Let  
௦೔
௣೔
ൌ   ௜, then the equation (15) becomesݖ

 

௜݌ଵܭ
௔భ,ೕ௨భ,ೕା௔మ,ೕ௨మ,ೕିଵܥହ,௝           (16) 
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where 

 

ଵܭ ൌ
หܽଵ,௝หหܽଶ,௝ห

݀ଵ,௝
௔భ,ೕ௨భ,ೕ݀ଶ,௝

௔మ,ೕ௨మ,ೕܤ	൫ݑଵ,௝, ,ଶ,௝ݑ൫	ܤଵ,௝൯ݒ ଶ,௝൯ݒ
, and 

 

ହ,௝ܥ ൌ෍ ෍ ෍෍቎
ሺെ1ሻ௟ା௠ା௡ା௥൫1 െ ܿଵ,௝൯

௟
൫1 െ ܿଶ,௝൯

௠
ܿଵ,௝
௡ ܿଶ,௝

௥

݀ଵ,௝
௔భ,ೕሺ௟ା௡ሻ݀ଶ,௝

௔మ,ೕሺ௠ା௥ሻ

ஶ

௥ୀ଴

ஶ

௡ୀ଴

ஶ

௠ୀ଴

ஶ

௟ୀ଴

 

ൈ ൬
ଵ,௝ݒ െ 1

݈
൰ ቀݒଶ,௝ െ 1

݉
ቁ ቀݑଵ,௝ ൅ ଵ,௝ݒ ൅ ݊ െ 1

݊
ቁ ቀݑଶ,௝ ൅ ଶ,௝ݒ ൅ ݎ െ 1

ݎ
ቁx 

ൈ ௜݌	
௔భ,ೕሺ௟ା௡ሻା௔మ,ೕሺ௠ା௥ሻ

ଵ,௝ݑ൫ܽଵ,௝൫	ܤ ൅ ݈ ൅ ݊൯ െ 1, ܽଶ,௝൫ݑଶ,௝ ൅ ݉ ൅ ൯ݎ െ 1൯ቃ. 

 

3.1.3. The conditional density function 

The conditional density function of ௜ܵ where it is known that ௜ܲ ൌ  ௜ is݌

 

ௌ݂೔|௉೔ሺݏ௜|݌௜ሻ ൌ
ௌ݂೔,௉೔ሺݏ௜, ௜ሻ݌

௉݂೔ሺ݌௜ሻ
 

ൌ
௜ݏ
௔భ,ೕ௨భ,ೕିଵ ൬1 െ ൫1 െ ܿଵ,௝൯ ൬

௦೔
ௗభ,ೕ
൰
௔భ,ೕ
൰
௩భ,ೕିଵ

ሺ݌௜ െ ௜ሻݏ
௔మ,ೕ௨మ,ೕିଵ

௜݌
௔భ,ೕ௨భ,ೕା௔మ,ೕ௨మ,ೕିଵܥହ,௝ ൬1 ൅ ܿଵ,௝ ൬

௦೔
ௗభ,ೕ
൰
௔భ,ೕ
൰
௨భ,ೕା௩భ,ೕ

൬1 െ ൫1 െ ܿଶ,௝൯ ൬
௣೔ି௦೔
ௗమ,ೕ

൰
௔మ,ೕ
൰
௩మ,ೕିଵ

൬1 ൅ ܿଶ,௝ ൬
௣೔ି௦೔
ௗమ,ೕ

൰
௔మ,ೕ
൰
௨మ,ೕା௩మ,ೕ

 

 

3.1.4. The corrected background intensity value 

The corrected background intensity under this generalized beta convolution is 

 

௜݌
଺,௝ܥ
ହ,௝ܥ

																																																																																																																																										(17) 

         

where 

଺,௝ܥ ൌ෍ ෍ ෍෍൦
ሺെ1ሻ௟ା௠ା௡ା௥൫1 െ ܿଵ,௝൯

௟
൫1 െ ܿଶ,௝൯

௠
ܿଵ,௝
௡ ܿଶ,௝

௥ ൬
ଵ,௝ݒ െ 1

݈
൰ ቀݒଶ,௝ െ 1

݉
ቁ

݀ଵ,௝
௔భ,ೕሺ௟ା௡ሻ݀ଶ,௝

௔మ,ೕሺ௠ା௥ሻ

ஶ

௥ୀ଴

ஶ

௡ୀ଴

ஶ

௠ୀ଴

ஶ

௟ୀ଴

 

ݔ ቀݑଵ,௝ ൅ ଵ,௝ݒ ൅ ݊ െ 1
݊

ቁ ቀݑଶ,௝ ൅ ଶ,௝ݒ ൅ ݎ െ 1
ݎ

ቁ p୧
ୟభ,ౠሺ୪ା୬ሻାୟమ,ౠሺ୫ା୰ሻ	B	൫aଵ,୨൫uଵ,୨ ൅ l ൅ n൯, aଶ,୨൫uଶ,୨ ൅ m ൅ r൯ െ 1൯቏ 
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3.1.5. The likelihood function 

The likelihood function (L) to estimate ܽଵ,௝, ܿଵ,௝, ݀ଵ,௝, ,ଵ,௝ݑ ,ଵ,௝ݒ ܽଶ,௝, ܿଶ,௝, ݀ଶ,௝,  ଶ,௝ andݑ

 ଶ,௝ isݒ

 

ൌෑ
หܽଵ,௝หหܽଶ,௝ห݌௜

௔భ,ೕ௨భ,ೕା௔మ,ೕ௨మ,ೕିଵܥହ,௝

݀ଵ,௝
௔భ,ೕ௨భ,ೕ݀ଶ,௝

௔మ,ೕ௨మ,ೕܤ	൫ݑଵ,௝, ,ଶ,௝ݑ൫	ܤଵ,௝൯ݒ ଶ,௝൯ݒ

ூ

௜ୀଵ

 

ෑݔ
หܽଶ,௝หܾ଴௪

௔మ,ೕ௨మ,ೕିଵ ൬1 െ ൫1 െ ܿଶ,௝൯ ൬
௕బೢ
ௗమ,ೕ
൰
௔మ,ೕ
൰
௩మ,ೕିଵ

݀ଶ,௝
௔మ,ೕ௨మ,ೕܤ	൫ݑଶ,௝, ଶ,௝൯ݒ ൬1 ൅ ܿଶ,௝ ൬

௕బೢ
ௗమ,ೕ
൰
௔మ,ೕ
൰
௨మ,ೕା௩మ,ೕ

ௐ

௪ୀଵ

 

 

The log-likelihood function  is 

 

ൌ෍ൣln൫หܽଵ,௝ห൯

ூ

௜ୀଵ

൅ ln൫หܽଶ,௝ห൯ ൅ ൫ܽଵ,௝ݑଵ,௝ ൅ ܽଶ,௝ݑଶ,௝ െ 1൯ ln  ௜݌

൅ ln൫ܥହ,௝൯ െ ܽଵ,௝ݑଵ,௝ ln൫݀ଵ,௝൯ െܽଶ,௝ݑଶ,௝ ln൫݀ଶ,௝൯ 

െ lnܤ	൫ݑଶ,௝, ଶ,௝൯൧ݒ ൅	෍ൣln൫หܽଶ,௝ห൯ ൅ ൫ܽଶ,௝ݑଶ,௝ െ 1൯ lnሺܾ଴௪ሻ
ௐ

௪ୀଵ

 

൅	൫ݒଶ,௝ െ 1൯ln ቆ1 െ ൫1 െ ܿଶ,௝൯ ቆ
ܾ଴௪
݀ଶ,௝

ቇ
௔మ,ೕ

ቇ 

െܽଶ,௝ݑଶ,௝ ln൫݀ଶ,௝൯ െ ln ቀܤ	൫ݑଶ,௝, ଶ,௝൯ቁݒ െ	൫ݑଶ,௝ ൅ ଶ,௝൯ݒ ln ൬1 ൅ ܿଶ,௝ ൬
௕బೢ
ௗమ,ೕ
൰
௔మ,ೕ
൰൨.      (18) 

 

The likelihood equations are as follows 

 

∂l
∂aଶ,௝

ൌ ෍ ൦
1

หaଶ,௝ห
൅ ଶ,௝ݑ lnሺܾ଴௪ሻ ൅ ൫ݒଶ,௝ െ 1൯

െ൫1 െ ܿଶ,௝൯ ln ൬
௕బೢ
ௗమ,ೕ
൰ ൬

௕బೢ
ௗమ,ೕ
൰
௔మ,ೕ

൬1 െ ൫1 െ ܿଶ,௝൯ ൬
௕బೢ
ௗమ,ೕ
൰
௔మ,ೕ
൰

െ ଶ,௝ݑ ln൫݀ଶ,௝൯

୛

୵ୀଵ

 

െ൫ݑଶ,௝ ൅ ଶ,௝൯ݒ
ܿଶ,௝ ln ൬

௕బೢ
ௗమ,ೕ
൰ ൬

௕బೢ
ௗమ,ೕ
൰
௔మ,ೕ

1 ൅ ܿଶ,௝ ൬
௕బೢ
ௗమ,ೕ
൰
௔మ,ೕ ൪ ൌ 0 

∂l
∂cଶ,௝

ൌ ෍ ൦൫ݒଶ,௝ െ 1൯
൬
௕బೢ
ௗమ,ೕ
൰
௔మ,ೕ

൬1 െ ൫1 െ ܿଶ,௝൯ ൬
௕బೢ
ௗమ,ೕ
൰
௔మ,ೕ
൰

୛

୵ୀଵ

െ൫ݑଶ,௝ ൅ ଶ,௝൯ݒ
൬
௕బೢ
ௗమ,ೕ
൰
௔మ,ೕ

1 ൅ ܿଶ,௝ ൬
௕బೢ
ௗమ,ೕ
൰
௔మ,ೕ൪ ൌ 0 

l
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∂l
∂dଶ,௝

ൌ ෍ ൦൫ݒଶ,௝ െ 1൯
െ൫1 െ ܿଶ,௝൯ܾ଴௪

௔మ,ೕ൫െܽଶ,௝൯݀ଶ,௝
ି൫௔మ,ೕାଵ൯

൬1 െ ൫1 െ ܿଶ,௝൯ ൬
௕బೢ
ௗమ,ೕ
൰
௔మ,ೕ
൰

୛

୵ୀଵ

 

െ൫ݑଶ,௝ ൅ ଶ,௝൯ݒ
ܿଶ,௝ܾ଴௪

௔మ,ೕ൫െܽଶ,௝൯݀ଶ,௝
ି൫௔మ,ೕାଵ൯

1 ൅ ܿଶ,௝ ൬
௕బೢ
ௗమ,ೕ
൰
௔మ,ೕ ൪ ൌ 0 

∂l
∂uଶ,௝

ൌ ෍ ൦ܽଶ,௝ lnሺܾ଴௪ሻ ൅ ܽଶ,௝ ln൫݀ଶ,௝൯ െ

ப஻൫௨మ,ೕ,௩మ,ೕ൯

డ௨మ,ೕ

,ଶ,௝ݑ൫ܤ ଶ,௝൯ݒ
െ ln ቆ1 ൅ ܿଶ,௝ ቆ

ܾ଴௪
݀ଶ,௝

ቇ
௔మ,ೕ

ቇ൪

୛

୵ୀଵ

ൌ 0 

∂l
∂vଶ,௝

ൌ ෍ ൦ln ቆ1 െ ൫1 െ ܿଶ,௝൯ ቆ
ܾ଴௪
݀ଶ,௝

ቇ
௔మ,ೕ

ቇ െ

ப஻൫௨ೕ,௩ೕ൯

డ௩ೕ

,௝ݑ൫ܤ ௝൯ݒ
െ ln ቆ1 ൅ ܿଶ,௝ ቆ

ܾ଴௪
݀ଶ,௝

ቇ
௔మ,ೕ

ቇ൪

୛

୵ୀଵ

ൌ 0 

∂l
∂aଵ,௝

ൌ ෍൦
1

หaଵ,௝ห
൅ ଵ,௝ݑ lnሺ݌௜ሻ ൅

பେళ,ೕ
பୟభ,ೕ

C଻,௝
െ ଵ,௝ߤ ln൫݀ଵ,௝൯൪

୍

୧ୀଵ

ൌ 0 

∂l
∂cଵ,௝

ൌ෍൦

பେళ,ೕ
பୡభ,ೕ

C଻,௝
൪

୍

୧ୀଵ

ൌ 0 

∂l
∂dଵ,௝

ൌ ෍൦

பେళ,ೕ
பୢభ,ೕ

C଻,௝
െ
aଵ,௝ߤଵ,௝
݀ଵ,௝

൪

୍

୧ୀଵ

ൌ 0 

∂l
∂uଵ,௝

ൌ ෍൦ܽଵ,௝ lnሺ݌௜ሻ ൅

பେళ,ೕ
ப୳భ,ೕ

C଻,௝
െ

ப஻൫௨భ,ೕ,௩భ,ೕ൯

డ௨భ,ೕ

,ଵ,௝ݑ൫ܤ ଵ,௝൯ݒ
൪

୍

୧ୀଵ

ൌ 0 

∂l
∂vଵ,௝

ൌ ෍൦

பେళ,ೕ
ப୴భ,ೕ

C଻,௝
െ

ப஻൫௨భ,ೕ,௩భ,ೕ൯

డ௩భ,ೕ

,ଵ,௝ݑ൫ܤ ଵ,௝൯ݒ
൪

୍

୧ୀଵ

ൌ 0 

 

where 

,ଶ,௝ݑ൫ܤ∂ ଶ,௝൯ݒ
ଶ,௝ݑ߲

ൌ Γ൫ݒଶ,௝൯
Γ൫ݑଶ,௝൯ ቀെߛ ൅ ∑ ଵ

௞

௨మ,ೕିଵ
௞ୀଵ ቁ െ Γ൫ݑଶ,௝൯ ቀെߛ ൅ ∑ ଵ

௞

௨మ,ೕା௩మ,ೕିଵ
௞ୀଵ ቁ

Γ൫ݑଶ,௝, ଶ,௝൯ݒ
 

ൌ ,ଶ,௝ݑ൫ܤ ଶ,௝൯ݒ ቌ ෍
1
݇

௨మ,ೕିଵ

௞ୀଵ

െ ෍
1
݇

௨మ,ೕା௩మ,ೕିଵ

௞ୀଵ

ቍ 
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,ଶ,௝ݑ൫ܤ∂ ଶ,௝൯ݒ
ଶ,௝ݒ߲

ൌ Γ൫ݑଶ,௝൯
Γ൫ݒଶ,௝൯ ቀെߛ ൅ ∑ ଵ

௞

௩మ,ೕିଵ
௞ୀଵ ቁ െ Γ൫ݒଶ,௝൯ ቀെߛ ൅ ∑ ଵ

௞

௨మ,ೕା௩మ,ೕିଵ
௞ୀଵ ቁ

Γ൫ݑଶ,௝, ଶ,௝൯ݒ
 

ൌ ,ଶ,௝ݑ൫ܤ ଶ,௝൯ݒ ቌ ෍
1
݇

௩మ,ೕିଵ

௞ୀଵ

െ ෍
1
݇

௨మ,ೕା௩మ,ೕିଵ

௞ୀଵ

ቍ 

 

suppose C଻,௝ is written as  

 

෍ ෍ ෍C଻௟௠௡

ஶ

௡ୀ଴

ஶ

௠ୀ଴

ஶ

௟ୀ଴

 

 

then 

∂C଻,௝
∂aଵ,௝

ൌ ෍ ෍ ෍

ۏ
ێ
ێ
ێ
ۍ

C଻௟௠௡

ۉ

ۈ
ۇ
ሺ݈ ൅ ݉ሻ ln ቆ

p୧ െ μଵ,୨
dଵ,୨

ቇ

ஶ

௡ୀ଴

ஶ

௠ୀ଴

ஶ

௟ୀ଴

൅ ൫ݑଵ,௝ ൅ ݉ ൅ ݊൯൮ ෍
1
݇

௔భ,ೕ൫௨భ,ೕା௠ା௡൯ିଵ

௞ୀଵ

െ ෍
1
݇

௔భ,ೕ൫௨భ,ೕା௠ା௡൯ି௡ିଵ

௞ୀଵ

൲

ی

ۋ
ۊ

ے
ۑ
ۑ
ۑ
ې

 

∂C଻,௝
∂cଵ,௝

ൌ ෍ ෍ ෍ቈC଻௟௠௡ ቆ
൫1 െ ܿଵ,௝൯݉ െ ݈ܿଵ,௝
ܿଵ,௝൫1 െ ܿଵ,௝൯

ቇ቉

ஶ

௡ୀ଴

ஶ

௠ୀ଴

ஶ

௟ୀ଴

 

∂C଻,௝
∂dଵ,௝

ൌ ෍ ෍ ෍ቈC଻௟௠௡ ቆെ
ܽଵ,௝ሺ݈ ൅ ݉ሻ

݀ଵ,௝
ቇ቉

ஶ

௡ୀ଴

ஶ

௠ୀ଴

ஶ

௟ୀ଴

 

∂C଻,௝
∂uଵ,௝

ൌ ෍ ෍ ෍

ۏ
ێ
ێ
ێ
ۍ

C଻௟௠௡

ۉ

ۈ
ۇ
ቌ ෍

1
݇

௨భ,ೕା௩భ,ೕା௠ିଵ

௞ୀଵ

െ ෍
1
݇

௨భ,ೕା௩భ,ೕିଵ

௞ୀଵ

ቍ

ஶ

௡ୀ଴

ஶ

௠ୀ଴

ஶ

௟ୀ଴

൅ ܽଵ,௝ ൮ ෍
1
݇

௔భ,ೕ൫௨భ,ೕା௠ା௡൯ିଵ

௞ୀଵ

െ ෍
1
݇

௔భ,ೕ൫௨భ,ೕା௠ା௡൯ି௡ିଵ

௞ୀଵ

൲

ی

ۋ
ۊ

ے
ۑ
ۑ
ۑ
ې

 

∂C଻,௝
∂vଵ,௝

ൌ ෍ ෍ ෍൦C଻௟௠௡ ൮ቌ ෍
1
݇

௩భ,ೕିଵ

௞ୀଵ

െ ෍
1
݇

௩భ,ೕି௟ିଵ

௞ୀଵ

ቍ ൅ ܽଵ,௝ ቌ ෍
1
݇

௨భ,ೕା௩భ,ೕା௠ିଵ

௞ୀଵ

െ ෍
1
݇

௨భ,ೕା௟ା௠ି௡ିଵ

௞ୀଵ

ቍ൲൪

ஶ

௡ୀ଴

ஶ

௠ୀ଴

ஶ

௟ୀ଴
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3.2. Generalized beta - Normal convolution 

Although Figure 1. covers normal distribution, we cannot derive the estimator of 

the true intensity value when the noise is normal, from the Equation (1). The normal 

distribution in Figure 1. is the normal distribution with one parameter. Therefore, in this 

section, we derive the formula to compute the corrected background intensity when the 

noise is symmetrically distributed, a normal distribution. 

 

3.2.1. The joint density function 

Under the convolution model in Equation (1), where ௜ܲ is the observed intensity of the 

regular ݅௧௛	gene, ௜ܵ is the true intensity of the ݅௧௛	gene, with 

௜ܵ~ ଵ݂൫ݏ௜; ௝ܽ, ௝ܿ , ௝݀ , ,௝ݑ ௝൯ݒ ൌ
ห ௝ܽหݏ௜

௔ೕ௨ೕିଵ ൬1 െ ൫1 െ ௝ܿ൯ ൬
௦೔
ௗೕ
൰
௔ೕ
൰
௩ೕିଵ

௝݀
௔ೕ௨ೕܤ	൫ݑ௝, ௝൯ݒ ൬1 ൅ ௝ܿ ൬

௦೔
ௗೕ
൰
௔ೕ
൰
௨ೕା௩ೕ

, 

 0	 ൑ ௝ܿ 	൑ 1, ௝ܽ, ௝݀ , ௜ݏ ௝ positiveݒ ௝ andݑ ൐ 0. 

 

And ܤ௜ is the background noise with 

~௜ܤ ଶ݂൫ܾ௜; ,௝ߤ ௝ߪ
ଶ൯ ൌ

݁
ି

భ

మ഑ೕ
మ൫௕೔ିఓೕ൯

మ

ߨ௝√2ߪ
; 	௝ߤ ∈ 	Թ, ௝ߪ

ଶ ൐ 0, ܾ௜ ൐ 0. 

 

The joint density function of ௜ܵ and ܤ௜ is 

 

fୗ౟,୆౟ሺs୧, b୧ሻ ൌ
หa୨หs୧

ୟౠ୳ౠିଵ ൬1 െ ൫1 െ c୨൯ ൬
ୱ౟
ୢౠ
൰
ୟౠ
൰
୴ౠିଵ

d୨
ୟౠ୳ౠB	൫u୨, v୨൯ ൬1 ൅ c୨ ൬

ୱ౟
ୢౠ
൰
ୟౠ
൰
୳ౠା୴ౠ

e
ି

భ

మಚౠ
మ൫ୠ౟ିஜౠ൯

మ

σ୨√2π
	. 

 

The joint density function of S୧ and P୧ is 

fୗ౟,୔౟ሺs୧, p୧ሻ ൌ
หa୨หs୧

ୟౠ୳ౠିଵ ൬1 െ ൫1 െ c୨൯ ൬
ୱ౟
ୢౠ
൰
ୟౠ
൰
୴ౠିଵ

d୨
ୟౠ୳ౠB	൫u୨, v୨൯ ൬1 ൅ c୨ ൬

ୱ౟
ୢౠ
൰
ୟౠ
൰
୳ౠା୴ౠ

e
ି

భ

మಚౠ
మ൫୮౟ିୱ౟ିஜౠ൯

మ

σ୨√2π
	. 
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3.2.2. The marginal density function 

The marginal density function of ௜ܲ is 

f୔౟ሺp୧ሻ ൌ
หa୨ห

d୨
ୟౠ୳ౠB	൫u୨, v୨൯σ୨√2π

 

ൈ෍෍

ۏ
ێ
ێ
ێ
ሺെ1ሻ୪ା୫൫1ۍ െ c୨൯

୪
c୨
୫ ൬

v୨ െ 1
l

൰ ቀu୨ ൅ v୨ ൅ m െ 1
m

ቁ׬ s୧
ୟౠ൫୳ౠା୪ା୫൯ିଵe

ି
భ

మಚౠ
మ൫୮౟ିୱ౟ିஜౠ൯

మ

ds୧
୮౟
଴

d୨
ୟౠሺ୪ା୫ሻ

ے
ۑ
ۑ
ۑ
ஶې

୫ୀ଴

ஶ

୪ୀ଴

 

    (19) 

Let  
ቀୱ౟ି൫୮౟ିஜౠ൯ቁ

஢ౠ
ൌ z୧ therefore, the equation (21) becomes 

ൌ
หa୨ห

d୨
ୟౠ୳ౠB	൫u୨, v୨൯σ୨√2π

 

ൈ෍෍ ෍൦
ሺെ1ሻ୪ା୫൫1 െ c୨൯

୪
c୨
୫ ൬

v୨ െ 1
l

൰ ቀu୨ ൅ v୨ ൅ m െ 1
m

ቁ

d୨
ୟౠሺ୪ା୫ሻ൫p୧ െ μ୨൯

୬

ஶ

୬ୀ଴

ஶ

୫ୀ଴

ஶ

୪ୀ଴

 

ൈ ൬a୨൫u୨ ൅ l ൅ m൯ െ 1
n

൰ ൫p୧ െ μ୨൯
ୟౠ൫୳ౠା୪ା୫൯ିଵσ୨

୬ න z୧
୬eି

౰౟
మ

మ dz୧

ಔౠ
ಚౠ

ି
ቀ౦౟షಔౠቁ

ಚౠ ے
ۑ
ۑ
ۑ
ې

																				(20) 

      

Let 
௭೔
మ

ଶ
ൌ  ௜, therefore, the equation (22) becomesݔ

 

 (21)																																																																																																																																										଻,௝ܥଶܭ

        

where 

Kଶ ൌ
หa୨ห	p୧

ୟౠ୳ౠିଵ

2√π	d୨
ୟౠ୳ౠB	൫u୨, v୨൯

, 

C଻,୨ ൌ ෍෍ ෍൦
ሺെ1ሻ୪ା୫൫1 െ c୨൯

୪
c୨
୫ ൬

v୨ െ l
l

൰ ቀu୨ ൅ v୨ ൅ m െ 1
m

ቁ൬a୨൫u୨ ൅ l ൅ m൯ െ 1
n

൰

d୨
ୟౠሺ୪ା୫ሻ൫p୧ െ μ୨൯

୬

ஶ

୬ୀ଴

ஶ

୫ୀ଴

ஶ

୪ୀ଴

 

ൈ ൫p୧ െ μ୨൯
ୟౠሺ୪ା୫ሻσ୨

୬2
౤
మγ ൭

n ൅ 1
2

, ቆ
μ୨
σ୨
ቇ
ଶ

൱ െ γ൭
n ൅ 1
2

, ቆ
p୧ െ μ୨
σ୨

ቇ
ଶ

൱൩ 

 

and		઻ሺ∙,∙ሻ is the lower incomplete gamma function. 



160 Thailand Statistician, 2015; 13(2): 145-167 

 

3.2.3. The conditional density function 

The conditional density function of S୧ where it is known that P୧ ൌ p୧ is 

 

fୗ౟|୔౟ሺs୧|p୧ሻ ൌ 	
√2	p୧

ଵିୟౠ୳ౠs୧
ୟౠ୳ౠିଵ ൬1 െ ൫1 െ c୨൯ ൬

ୱ౟
ୢౠ
൰
ୟౠ
൰
୴ౠିଵ

e
ି

భ

మಚౠ
మ൫୮౟ିୱ౟ିஜౠ൯

మ

C଻,୨σ୨ ൬1 ൅ c୨ ൬
ୱ౟
ୢౠ
൰
ୟౠ
൰
୳ౠା୴ౠ

 

 

3.2.4. The corrected background intensity value 

The corrected background intensity under this generalized beta-normal 

convolution is 

 

௜݌
௝,଼ܥ
଻,௝ܥ

																																																																																																																																									(22) 

        

where 

C଼,୨ ൌ ෍෍ ෍൦
ሺെ1ሻ୪ା୫൫1 െ c୨൯

୪
c୨
୫ ൬

v୨ െ l
l

൰ ቀu୨ ൅ v୨ ൅ m െ 1
m

ቁ൬a୨൫u୨ ൅ l ൅ m൯
n

൰

d୨
ୟౠሺ୪ା୫ሻ൫p୧ െ μ୨൯

୬

ஶ

୬ୀ଴

ஶ

୫ୀ଴

ஶ

୪ୀ଴

 

ൈ ൫p୧ െ μ୨൯
ୟౠሺ୪ା୫ሻσ୨

୬2
౤
మγ ൭

n ൅ 1
2

, ቆ
μ୨
σ୨
ቇ
ଶ

൱ െ γ൭
n ൅ 1
2

, ቆ
p୧ െ μ୨
σ୨

ቇ
ଶ

൱൩ , 

 

and  γሺ∙,∙ሻ is the lower incomplete gamma function. 

 

3.2.5. The likelihood function 

The likelihood function (L) to estimate a୨, c୨, d୨, u୨, v୨, ௝ and σ୨ߤ
ଶ is 

 

ൌෑ
หa୨หp୧

ୟౠ୳ౠିଵC଻,୨

2√π	d୨
ୟౠ୳ౠB	൫u୨, v୨൯

୍

୧ୀଵ

ෑ
e
ି

భ

మಚౠ
మ൫ୠబ౭ିஜౠ൯

మ

σ୨√2π

୛

୵ୀଵ

 

 

The log-likelihood functionl is 

 

ൌ෍ቈln൫หa୨ห൯ ൅ ൫a୨u୨ െ 1൯ ln p୧ ൅ ln൫C଻,୨൯ െ lnሺ2ሻ െ
lnሺπሻ

2
െ a୨u୨ ln൫d୨൯ െ ln ቀB	൫u୨, v୨൯ቁ቉

୍

୧ୀଵ
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൅෍ ൥െ
൫b଴୵െμ୨൯

ଶ

σ୨
ଶ െ

lnሺ2ሻ ൅ lnሺπሻ

2
െ	 ln൫σ୨൯൩ 																																																																	(23)

୛

୵ୀଵ

 

       

The likelihood equations are as follows 

 

∂l
∂μ௝

ൌ ෍ ቈ
൫b଴୵െμ୨൯

σ୨
ଶ ቉

୛

୵ୀଵ

ൌ 0 

∂l
∂σ௝

ൌ ෍ ൥
൫b଴୵െμ୨൯

ଶ

σ୨
ଷ െ

1
σ௝
൩

୛

୵ୀଵ

ൌ 0 

∂l
∂a௝

ൌ෍൦
1

หa௝ห
൅ ௝ݑ lnሺ݌௜ሻ ൅

பେళ,ೕ
பୟೕ

C଻,௝
െ ௝ߤ ln൫ ௝݀൯൪

୍

୧ୀଵ

ൌ 0 

∂l
∂c௝

ൌ෍൦

பେళ,ೕ
பୡೕ

C଻,௝
൪

୍

୧ୀଵ

ൌ 0 

∂l
∂d௝

ൌ෍൦

பେళ,ೕ
பୢೕ

C଻,௝
െ
a௝ߤ௝

௝݀
൪

୍

୧ୀଵ

ൌ 0 

∂l
∂u௝

ൌ෍൦ ௝ܽ lnሺ݌௜ሻ ൅

பେళ,ೕ
ப୳ೕ

C଻,௝
െ

ப஻൫௨ೕ,௩ೕ൯

డ௨ೕ

,௝ݑ൫ܤ ௝൯ݒ
൪

୍

୧ୀଵ

ൌ 0 

∂l
∂v௝

ൌ෍൦

பେళ,ೕ
ப୴ೕ

C଻,௝
െ

ப஻൫௨ೕ,௩ೕ൯

డ௩ೕ

,௝ݑ൫ܤ ௝൯ݒ
൪

୍

୧ୀଵ

ൌ 0 

 

where 

,௝ݑ൫ܤ∂ ௝൯ݒ
௝ݑ߲

ൌ Γ൫ݒ௝൯
Γ൫ݑ௝൯ ቀെߛ ൅ ∑ ଵ

௞

௨ೕିଵ
௞ୀଵ ቁ െ Γ൫ݑ௝൯ ቀെߛ ൅ ∑ ଵ

௞

௨ೕା௩ೕିଵ
௞ୀଵ ቁ

Γ൫ݑ௝, ௝൯ݒ
 

ൌ ,௝ݑ൫ܤ ௝൯ቌ෍ݒ
1
݇

௨ೕିଵ

௞ୀଵ

െ ෍
1
݇

௨ೕା௩ೕିଵ

௞ୀଵ

ቍ 

,௝ݑ൫ܤ∂ ௝൯ݒ
௝ݒ߲

ൌ Γ൫ݑ௝൯
Γ൫ݒ௝൯ ቀെߛ ൅ ∑ ଵ

௞

௩ೕିଵ
௞ୀଵ ቁ െ Γ൫ݒ௝൯ ቀെߛ ൅ ∑ ଵ

௞

௨ೕା௩ೕିଵ
௞ୀଵ ቁ

Γ൫ݑ௝, ௝൯ݒ
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ൌ ,௝ݑ൫ܤ ௝൯ቌ෍ݒ
1
݇

௩ೕିଵ

௞ୀଵ

െ ෍
1
݇

௨ೕା௩ೕିଵ

௞ୀଵ

ቍ 

 

Suppose C଻,௝ is written as 

෍ ෍ ෍C଻௟௠௡

ஶ

௡ୀ଴

ஶ

௠ୀ଴

ஶ

௟ୀ଴
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∂C଻,௝
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ൌ෍ ෍ ෍
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ێ
ێ
ێ
ۍ
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ۈ
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ቇ

ஶ
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ஶ

௠ୀ଴

ஶ
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൲

ی
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ۑ
ۑ
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ஶ
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ஶ

௠ୀ଴

ஶ

௟ୀ଴
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ێ
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C଻௟௠௡

ۉ

ۈ
ۇ
ቌ ෍

1
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௞ୀଵ

െ ෍
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݇
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ቍ
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௟ୀ଴
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െ ෍
1
݇
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௞ୀଵ

൲
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∂C଻,௝
∂v௝
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1
݇

௩ೕିଵ
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݇
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௞ୀଵ
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݇

௨ೕା௩ೕା௠ିଵ

௞ୀଵ
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1
݇
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ቍ൲൪
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ஶ

௟ୀ଴

 

 

4. Discussion and Remarks 

We have studied the additive models of background correction for BeadArrays 

and proposed the generalized model where the true intensity and the noise are assumed 

skewed distribution and where the true intensity is skewed but the noise is symmetric 

distribution. In this paper, we have shown the corrected background intensity value of the 
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proposed models. 

This proposed model is a generalization of the available convolution models as 

in papers [4, 5–7] and [12–15]. The generalization comes from the property of the tree-

generalized beta distributions [17] and is explained in [17, 19]. The parameters of the 

generalized beta distribution are ܽ, ݀, ܿ,  The gamma, exponential, and lognormal .ݒ and ݑ

distributions are the special cases of the generalized beta distribution. 

The gamma distribution is the generalized beta distribution when ܿ ൌ 1, ݒ →

∞, ݀ ൌ ݒߚ
భ
ഀ and ܽ ൌ 1; the exponential distribution is the generalized beta distribution 

when ܿ ൌ 1, ݒ → ∞, ݀ ൌ ݒߚ
భ
ഀ, ܽ ൌ 1 and ݌ ൌ 1; and the lognormal distribution is the 

generalized beta distribution when	ܿ ൌ 1, ݒ → ∞, ݀ ൌ ݒߚ
భ
ഀ, ߚ ൌ ඥሺߪଶܽଶሻ, ݑ ൌ

௔ఓାଵ

ఙమ௔మ
  

and → 0 . 

There are some aspects to be considered while implementing these models: 

1. Parameters estimation 

 In parameters estimation, there are some methods have been suggested by 

some researchers. McDonald and Xu [17] used and suggested: the method of 

maximum likelihood (also was used by Fajriyah [20–22]), the method of 

moments and the maximum product spacing estimation. 

When ܿ ൌ 1, the generalized beta distribution is a generalized beta of second 

kind. Graf and Nedyalkova [23] and Graf et al. [24] have observed that the 

pseudo maximum likelihood [25–27], the nonlinear least squares on the quantile 

function [28] and the nonlinear fit for indicator can be implemented to estimate 

the parameters of the generalized beta of the second kind. The available ܸܯܣܩ 

package in R helps to estimate the parameters of this distribution. 

The existing convolution models use various methods: 

a) The ad-hoc method which is implemented by the RMA method, more 

details can be found in [5–7], [12] and [19]  

b) Markov chain Monte Carlo simulations, more details can be found in 

[11] 

c) Maximum likelihood, nonparametrics and method of moments, more 

details can be found in [12, 13, 15]  

d) Plug-in method, more details can be found in [15] 

e) Fast Fourier transform, more details can be found in [14]  

In general, we first need to provide the initial parameters to optimize the log- 

likelihood function in Equations (18) and (23). The initial parameters of the noise 
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are easily provided since the benchmarking data set of the negative control 

probe is available publicly. The initial parameters of the true intensity can be 

estimated from the observed intensity data subtracted by the mean (or median) 

of the negative control intensity. 

Secondly, once the initial parameters are available, then they will be used to 

optimize the likelihood function by implementing the optimization method. There 

are some packages in R which can be used to compute the parameters of the 

model, for example the optim or optimx package. These parameters are then 

used to compute the corrected background intensity based on the formula of the 

chosen model. Remember that the background correction is implemented for 

each array. 

2. the corrected background intensity computation 

 The corrected background intensity computation includes computations of the 

infinite summations: C5,j , C6,j , C7,j and C8,j . In the author’s experience (in [15]) 

these infinite summations are close to being constant after certain terms. As a 

consequence, the ratios of C6,j and C8,j are able to be computed. Therefore the 

C5,j and C7,j difficulty in computing the summations used to compute the 

corrected background intensity can be eliminated. A sophisticated program 

written in R, C, Python and its parallelization, could help to speed up the 

computation.  

3. the benchmarking data set 

During the implementation of this generalized estimator, the Illumina users need 

to be aware of the availability of the Illumina Spike-in data set. Once the model 

is fitted into this data set, the model can then be used to adjust the intensity 

value. 

Apart from the benchmarking criteria for the AffymetrixGeneChips, in 

the author’s knowledge, the benchmarking criteria for the IlluminaBeadArrays 

have not been formalized yet. Some researchers, i.e. [12–14, 30] have 

developed the criteria to assess which background correction methods perform 

better than the others for the IlluminaBeadArrays.  

These criteria together with the criteria in the Affycomp package [31, 

32] can be used as the benchmarking criteria for the IlluminaBeadArrays. These 

criteria have been implemented by Fajriyah [15]. The method has been used by 

Shi et al. [33] also can be used to assess the best performance of the 

background correction methods.  
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4. the benchmarking data set 

 It is possible that the negative control probes data set is unavailable. In this 

case, we can adapt the proposed model to the convolution model for 

background correction without the negative control probes intensities, as in the 

RMA model. 

Considering these statements, clearly the application of this generalized model 

towards other platforms is possible. 
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