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Abstract 
We consider the Nelder–Mead (NM) simplex algorithm for optimization of discrete–event 

stochastic simulation models. We propose seven new modified algorithms based on NM to reduce 
computational time and to improve quality of the estimated optimal solutions. Our modifications 
include utilizing past information of already seen solutions, using adaptive sample size, and using 
Restart. We compare the performance of these extensions on four test functions with 5 levels of random 
variations. We find that using past information leads to reduction of computational efforts by up to 
50%. The adaptive modifications need fewer resources than the non-adaptive counterparts by up to 
30% but there is no difference in quality. Although the Restart consumes 60% more resources than 
non–Restart, the Restart gives up to 50% improvement in the optimal solution. In summary, we find 
that a Restart with memory algorithm gives the best performance either with or without adaptivity.  
______________________________ 
Keywords: Nelder–Mead simplex, adaptive Nelder–Mead simplex, discrete stochastic optimization, 
local selection, memory utilization, restart. 

 
1.    Introduction 

An Optimization via Simulation (OvS) is a problem of finding possible sets of input variables or 
decision variables that give maximum or minimum objective function values. In addition, OvS also 
aims at minimizing computational resources spent while maximizing the information obtained in a 
simulation experiment (Carson and Maria 1997). Most OvS problems in practice involve discrete 
decision variables with stochastic objective functions (see, for example, Swisher et al. 2004; Ólafsson 
and Kim 2002; Alon et al. 2005).  

Optimization algorithms are important tools for effective use of stochastic simulation to improve 
real systems. An example of stochastic simulation that is considered in various industrial operations 
is blending of raw materials to make products (Kumral 2003). The Buffer Allocation Problem (BAP) 
is well–known in the design of production lines. The objective is to allocate a fixed number of buffer 
spaces, ,n  to the 1m − niches between successive m machines, in order to measure the performance 
of the system, such as steady–state throughput. There are two reasons why the BAP is a difficult 
optimization problem. The first reason is that, for a given buffer allocation, the exact value of an 
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objective function (for example, the steady–state throughput) is often difficult or impossible to 
calculate. In fact, complete knowledge of the objective function is only available for relatively small 
production lines in which the processing times have an exponential distribution. In a more general 
setting, the BAP is typically a noisy or simulation–based optimization problem, i.e., via discrete–
event simulation. The second reason why the BAP is difficult is that finding the optimum of the 
objective function, even if this function is completely known, comprises a combinatorial optimization 

problem over a potentially every large set with 
2

1
n m

m
+ − 

 − 
 elements (Alon et al. 2005). 

Many OvS tools have been developed for unconstrained problems. Most of them are based on a 
random search method that takes the objective function values from a set of sample points and uses 
that information to select the next points. Various techniques differ in the choice of sampling 
strategies (Andradóttir 2006). A point–based strategy involves sampling points in a neighborhood of 
the current solution, e.g., the Stochastic Ruler (Yan and Mukai 1992) and Simulated Annealing 
(Kirkpatrick et al. 1983). A set–based strategy generates a set of candidate solutions from a subset of 
the feasible region, e.g., the Nested Partitions Method (Shi and Ólafsson 1997), Hooke–Jeeves pattern 
search (Hooke and Jeeves 1961) and the Nelder–Mead Simplex method (Nelder and Mead 1965). A 
population–based strategy creates a collection of candidate solutions using some properties of the 
previously visited solutions; for example, Genetic Algorithms (Holland 1992) and Evolutionary 
Strategies (Schwefel 1993). 

In this paper, we focus on the Nelder–Mead (NM) simplex algorithm (Nelder and Mead 1965). 
This algorithm was originally developed for solving unconstrained deterministic optimization 
problems. It demonstrates wide versatility and ease of use. It is implemented in MATLAB as a 
function fminsearch. Since the NM is also robust with respect to small random variations in the 
observed objective function values, it is now widely used for optimizing stochastic problems (Tomick 
1995; Humphrey and Wilson 2000).  For example, it has been used to study a food refluent treatment 
model for plant design (Bonello et al. 2002), a microsimulation model for breast cancer screening 
(Branco 2006), and a quality assurance program of manufactured parts (Gosavi and Phatakwala 
2006). However, in the case that variability in the objective function values are sufficiently large, the 
NM may terminate before reaching the global optima. To overcome this problem, Barton and Ivey 
(1996) proposed the algorithm RS9 that improved NM performance for stochastic problems by 
increasing the shrink parameter and recalculating every point of the shrink simplex. Tippayawannakorn 
and Pichilamken (2013), have proposed variants of the NM for the continuous stochastic optimization 
by utilizing past information of already seen solutions, expanding search space to the neighborhood 
of already seen solutions and using adaptive sample sizes. Their results show that using past 
information reduces computational effort by up to 20%, that adaptive variants need more resources 
but give better–quality solutions. However, searching in the neighborhood of already seen solutions 
was found not to save computation effort and not to improve estimates of optimization.  

In this work, we extend Tippayawannakorn and Pichilamken (2013) to discrete search spaces. 
We incorporate past information and adaptive sample size into the Nelder–Mead with discrete 
stochastic solution space. We also incorporate the use of restart to escape from getting stuck in local 
minima. With numerical experiments, we show that our algorithms provide better solutions while 
requiring less computational effort than the original NM.  

Generally, the OvS problem can be defined as follows (Andradóttir 2006): The objective is to 
determine an optimal solution, * ,x  that minimizes an unknown objective function, :µ →Θ   over a 

continuous feasible region, ;d∈Θ   that is,  
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 * arg min ( ),µ
∈

=
x Θ

x x  

where ∈x Θ  is a vector of d  decision variables, and x  is called a solution. The objective function 
( )µ x cannot be observed directly; thus, it is estimated with stochastic simulation, i.e. 

 [ ]( ) ( , ) ,E Gξµ ξ=
x xx x  (1) 

where ( , )G ξxx is a simulation output evaluated at ,x  and ξx  is an unbiased random element with 

[ ] 0E ξ =x  and 2[ ] .V ξ σ=x x  The estimate of ˆ( ), ( ),µ µx x  is a sample mean of m  independent 
simulation outputs,  

 1

1ˆ ( ) ( ) ( , ).
m

i
i

G G
m

µ ξ
=

= = ∑x x x  (2) 

This paper is organized as follows: Section 2 describes the original form of the NM simplex 
algorithm and its existing variants. Section 3 discusses our extensions. Section 4 consists of numerical 
experiments. Section 5 contains and discussion and conclusions.   

 
2.    The Nelder–Mead Simplex Algoirthm 
2.1.   Original Nelder–Mead simplex (NM) 

The simplex method for optimization of deterministic problems was first proposed by Spendley 
et al. (1962). The original simplex consists of the reflection of one vertex through the centroid of the 
opposite face. Sometimes a sequence of reflections brings the search back to where it starts. Nelder 
and Mead (1965) added expansion and contraction moves to accelerate the search, and a shrink step 
is introduced to decrease the lengths of edges adjacent to the current best vertex by half, in case that 
none of the steps brings acceptable improvement to the original simplex.  Flow charts for the Nelder-
Mead method are shown in Figures 1 and 2.  Figure 1 illustrates 2–dimensional trial points for a 
simplex consisting of 0 1,x x  and 2.x  The solid lines show the initial simplex. Other line–style 

simplexes show various simplex operations, e.g., an expansion point is 2 ,Ex  a reflection point is 

2 ,Rx  internal and external contraction points are iC
2x  and eC

2 ,x  respectively, and C is the centroid of 
the 2 best points. 

 

 
 

Figure 1 All simplex operations of the Nelder–Mead simplex 
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By the default setting of fminsearch (the NM implementation in MATLAB), a single simulation 
output ( 1m =  in (2)) is an estimate of the objective function ˆ( ).µ x  

The overall logical steps of the NM algorithm are shown in Figure 2, and it can be explained in 
more details as follows. 

 
Let  count = 0.  
 
Initialization: Create an initial simplex.  
a. Select a starting point 0 ,∈x Θ  a vector of d dimensions. Then initialize the iteration number 

1.j =  

b. Form an initial simplex of 1d +  points, by defining 
 1 2[ , , , , , ], 1, 2, , ,j

i i i dx x x s x i d= + =x     (3) 

where is  are the user-specified initial step sizes. 

c. Estimate the objective function values at each of the 1d +  simplex points from m  independent 
simulation outputs by computing sample averages via (2) to get 0ˆ ( ),jµ x   

 

 

0 1ˆ ˆ ˆ( ) ( ) ( )R
d dµ µ µ −≤ ≤x x x

R
d d=x x

0ˆ ˆ( ) ( )R
dµ µ<x x

R
d d=x x

1ˆ ˆ ˆ( ) ( ) ( )R
d d dµ µ µ− < <x x x

( )C
d dβ= + −x C x C

 ˆ ˆ( ) ( )C
d dµ µ<x x

C
d d=x x

( ) ( )0ˆ ˆE
dµ µ<x x

E
d d=x x

R
d d=x x d d=x x

 
Figure 2 Flow chart for the jth iteration of the Nelder–Mead simplex algorithm 
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1ˆ ˆ( ), , ( ).j j
dµ µx x  Then update the number of observations of simulation outputs,  

( 1).count count m d= + +  

d. Re-order the simplex points in a non-decreasing order so that 0 1ˆ ˆ ˆ( ) ( ) ( ).x x x≤ ≤ ≤

j j j
dµ µ µ  

While 01,2,...,
ˆ ˆmax j j

ii d
ε

=
− ≤ xx x , ˆ01,2,...,

ˆ ˆ ˆ ˆmax ( ) ( ) ,j j
ii d µµ µ ε

=
− ≤x x  search<j N and  ˆ<count Nµ  are true. 

 
Step 1: Calculate the reflection point. Find the worst point on the simplex (recall that we consider 
a minimization problem, so the worst point is one with the highest sample mean xd ).  Replace the 
worst point dx  with another point which has a lower objective function value as follows. Let R

dx  be 

the reflection of the worst point in the centroid C of the other 1d −  points. These centroid and 
reflected point are computed as  

 
1

0

1 ,
d

k
kd

−

=

= ∑C x
 

 ( ),R
d dα= + −x C C x  

where 0α >  is a reflection parameter; typically 1. Then the objective function value ˆ ( )R
dµ x  is 

estimated via outputs of m  simulations.  Then set .= +count count m  

 
Step 2: Update the simplex. Figure 3 shows an initial simplex with dashed lines and an updated 
simplex with solid lines. The updated simplex depends on the relationship between ˆ ( )R

dµ x  and 

0 1ˆ ˆ( ), ( ), ,j jµ µx x 
ˆ ( );j

dµ x  that is,     

a. If 0 1ˆ ˆ ˆ( ) ( ) ( ),j R j
d dµ µ µ −≤ <x x x  set j R

d d←x x  and ˆ ˆ( ) ( )j R
d dµ µ←x x  as shown in Figure 3(a). Then go 

to Step 4. 
b. If 0ˆ ˆ( ) ( ),R j

dµ µ<x x  the search continues in the same direction by calculating the expansion point, 

( ),E R
d dγ= + −x C x C  where 0γ >  is an expansion parameter, typically 2. Then ˆ ( )E

dµ x is estimated 
from outputs of m  simulations by (2), then set .count count m= +  The expansion point is accepted 
if it improves over the best point in the simplex, 0 ,x as shown in Figure 3(b); otherwise, the 
reflection point is accepted. Then; go to Step 4. 

c. If 1ˆ ˆ( ) ( ),j R
d dµ µ− ≤x x  the search reduces the simplex size by calculating the contraction point, 

 ( ),C
d dβ= + −x C x C  

where 0β >  is a contract parameter (generally 0.5), and dx  is R
dx  if ˆ ˆ( ) ( )R j

d dµ µ<x x  and j
dx  

otherwise. The objective function ˆ ( )C
dµ x  is estimated then .count count m= +  If ˆ ˆ( ) ( ),C j

d dµ µ≥x x  go 
to Step 3; otherwise, the contraction point is accepted, i.e.,  
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.j C
d d←x x  The updated simplex can be one of the two solid-line simplexes in Figure 3(c) depending 

on which as the optimal *ˆ jx  and *ˆ ˆ( ),jµ x  respectively. When the search terminates, contraction 

point ( ic
2x  or ec

2x ) is used. Then; go to Step 4.  
 
Step 3: Shrink the simplex. If the reflection point and contraction point provide no improvement, 
then the simplex is shrunk toward the best point 0x  as shown in Figure 3(d). Compute the new 
simplex as follows: 
 0 1 0 2 0 0[ , (1 ) , (1 ) , , (1 ) ],j j j j j j j

dτ τ τ τ τ τ+ − + − + −x x x x x x x         (4) 
where τ  is a shrink parameter, typically 0.5. The objective function values of these new points are 
estimated .count count md= +  Then; go to Step 4.  
 
Step 4: Re-order the simplex points in ascending orders of ˆ ˆ( ).µ x  Then let 1.j j= +   
End while 
Return *x̂  and *ˆ ˆ( ).µ x  
 
2.2.   Barton and Ivey stochastic modification of NM and its variant (RS9 and ANRS9) 

Barton and Ivey (1996) adapted the NM algorithm to accommodate stochastic variations in the 
objective function values. From empirical results, they found that the NM algorithm relies on the ranks 
of the objective function values at the simplex vertices. Therefore, it can make progress in the presence 
of relatively small randomness if this randomness does not change the rank of the function value at the 
simplex points. However, if the variations in the function value are too large, then the relative ranking 
of the simplex vertices could change and the algorithm could fail. 

Barton and Ivey also recommended that a value of 0.9 for the shrinkage coefficient in Step 3 
instead of the usual 0.5 could increase the rate of convergence of the algorithm. This change is also 
an effective method of improving the performance of the algorithm for cases where the original NM 
fails. Resampling the best point after the shrinking can reduce the frequency of contraction, but this 

        
 (a) Reflection                  (b) Expansion 
 

   
 (c) Contraction         (d) Shrink 

Figure 3 Operations of the NM simplex method 
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strategy was found to be not an effective method of improving algorithm performance. 
In their algorithm, Barton and Ivey applied another stopping criterion for stochastic problems, as 

suggested by Dennis and Woods (1987). This criterion was that the search was terminated when the 
simplex size was sufficiently small, i.e., when

 
0

1

0

,
max(1, )

d

i
i ε=

−
≤

∑
x

x x

x
 (5) 

where 0 1ˆ ˆ ˆ( ) ( ) ( ),dµ µ µ< < <x x x  and   is the Euclidean norm =x 2 2 2
1 2 .dx x x+ + +  In 

addition to using the stopping criterion in (5), the so–called RS9 algorithm of Barton and Ivey 
included the following modifications to the NM algorithm: 1) the objective function was estimated 
with 6 independent simulation outputs ( 6m =  in (2)) and 2) every solution was resampled every time 
it was encountered (no search history was kept), and the shrinkage coefficient τ  is 0.9. 

The rescaling operations of the NM algorithm can lead to a too–early termination at a non-optimum 
if noise is present. Tomick et al. (1995) modified the RS9 further to allow the sample size to adjust 
adaptively to the observed noise in the solution space. Their modified algorithm is called ANRS9. 
Suppose that jm  is the minimum number of observations taken at each new trial point during the thj  

iteration, and 0 6 :m =  

 
2 2 2

,1 if /( )

otherwise

j
dj

j

bm S d
m

m
ασ χ+

  ≤ = 


, (6) 

where 1.25b =  is a factor to increase the sample size, d  is a size of the decision variable ,x  x    is 

the largest integer smaller than x , and 

 

2 2
1 1

1 1 1 1

2

ˆ ˆ( ) ( )

( 1)

j jd m d m

ik ik
i k i k

j jm d mS
d

µ µ
+ +

= = = =

   
   
   −

+
=

∑ ∑ ∑∑x x

 

is the mean square estimated from Analysis of Variance (ANOVA), 2σ  is the variance of white 
noise, ξx  in (1), and 2

,d αχ  is an α  upper percentile of the chi–square distribution with d  degree of 

freedom. 
 
2.3.   The Nelder-Mead local selection with memory (NMSM) and its variant (ANSM) 

Tippayawannakorn and Pichitlamken (2013) use past information to save simulation effort by 
avoiding sampling at every encounter. In our implementation of the NM search, we compare the 
sample averages of all candidates and select the one with the smallest average as the winner. 

An “already-visited solution” is defined as a new solution x  that is not “too far” from a solution  
v  that has already been seen, i.e. where 

 1,2, ,
max ,i ii d

e
∞ =

− = − = vv x v x


 

where 
∞
  is the uniform norm, 

 }{ 1 2max , , , ,dx x x
∞
=x   
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and the neighbor distance 0 e ε≤ ≤v x  where 410 .ε −=x  This definition is similar to the terminating 

criterion used in the Matlab program fminsearch. We select the neighbor v  which provides the 
minimum norm ev  from .x  For an example of a 2–dimensional problem, suppose (1.00018,=x

2.50101),  1 (1.00018,2.50110)=v  and 2 (1.00011,=v  2.50101), 3 (1.00015,=v 2.60101)  then 

1 max{|1.00018 1.00018 |,| 2.50101e = − − 52.50110 |} 9 10 ,−= ×  
5

2 max(|1.00018 1.00011|,| 2.50101 2.50101|) 7 10 ,e −= − − = ×  

3 max(|1.00018 1.00015 |,| 2.50101 2.60101|) 0.1.e = − − =  Since  1e  and 2e   are less than 1,  εx v  and 

2v  are in the neighborhood of ,x  and we select 2v  to represent x  because 2e  has the smallest 
uniform–norm distance from .x  

The proposed NM–based algorithms with memory are as follows: 
 
2.3.1.   The Nelder-Mead seclection with memory (NMSM) 

Simulation outputs that have been obtained for revisited solutions and their candidate solutions 
are kept in a database, and they replace new sampling. Nevertheless, for an already–seen solution, 
NMSM computes one new simulation output and averages it with previous simulation outputs at that 
point.  This procedure is used to protect the search from an unusually good or bad history. 

Let jV  be a collection of visited solutions during the thj  iteration where 0 .V φ=  If ,jV∉x  then 
1j jV V −=  x . The NM is modified as follows: before generating new simulation outputs ( , )iG ξx  

for
 

0 1 2{ , , , ,∈x x x x   , , , },R E C
dx x x x  we check whether they have been visited. If ,jV∈x  we use 

their past simulation outputs and generate only one new observation. The historical and one additional 
observation are used to calculate a new ˆ ( )µ x  of a revisited solution. Otherwise, the NMSM generates 

m  new observations for calculating new ˆ( )µ x  then registers x  into the visited set. The details of 
the NMSM algorithm are shown in Figure 4. 
 
2.3.2.   The adaptive Nelder-Mead selection with memory (ANSMRS9) 

The ANSM+RS9 is NMSM+RS9, but when search reaches the step of updating the simplex 
in Step 4, the 1 2ˆ ˆ( ),  ( ),  ,j jµ µx x   1ˆ ( )j

dµ +x  are estimated by the NMSM with a modified Step 4 as 
follows: 

 

 
Figure 4 NMSM algorithm 

 
  

For each x 0 1 2{ , , , , , , , }R E C
d∈ x x x x x x x  

If 1,jV −∈x  % embedded NMSM Algorithm 

Add one new simulation output  

and calculate cumulative sample means as a new ˆ ( )µ x  

and let  1.count count= +  

End if 

End for 
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Step 4: Re-order the simplex points in ascending order then compare all updated expected objective 
functions of simplex points for determining the 1jm +  by (6). Let 1.j j= +  

 
3.    New variants of the Nelder-Mead simplex algorithm  

This work is extended from Tippayawannakorn and Pichilamken (2013) which apply existing 
variants for continuous problems. Moreover, we find that when the search gets stuck in any local 
optimum, it also consumes more computational resources. In this work, we suggest that a method to 
avoid getting stuck in the local optimum is to stop the optimization process when we find that the 
search stands still at the best point for an excessively long time. The algorithm is then restarted from 
a different initial simplex. We allow the restart to happen no more than 3 times, or a smaller number 
of times if the computational resources are limited. The aim of using the restart process is to try to 
find a better optimum than the local optima that have already been found. 

The modified version of the NM algorithm that includes a Restart Search algorithm (RSS) is 
shown in Figure 5. 

 

 
Figure 5 RSS algorithm 

 
4.    Numerical Experiments 

In Section 4.1, we describe a set of test functions and their starting solutions. Section 4.2 explains 
the main performance measure that we use to evaluate and compare the performance of our modifi-
cations of the NM. Section 4.3 discusses the empirical test setup. 

 
4.1.   Test functions 

We test the unconstrained optimization algorithm on a set of four deterministic test functions 
with an added white-noise term; that is, 
 ( , ) ( ) ,G gξ ξ= +x xx x  (7) 

where (x)g  is a deterministic test problem and ξx  is an unbiased random element with  [ ] 0E ξ =x

and 2[ ] .V ξ σ=x x  The test functions can have from 1 to 15 dimensions ( ).d  Our standard deviations, 

Let  0count =  and restart_index: 0.η =  

While 3η <  and ˆcount Nµ<   are true, 

      If   8
0 0 20,1,2,...,9

ˆ ˆmax 10j k j

k

− −

=
− ≤x x  

              let 1,η η= +  

              then do NM–algorithm as show in Section 2.1   

              until reach the stopping criteria. Then 

              return *x̂  and *ˆ ˆ( )µ x  as *ˆ ηx  and *ˆ ˆ( ).ηµ x  

       Else 

             Return *ˆ ˆmin ( )η

η
µ x  and  *ˆ ηx   

      End if 

End while 
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,σ x  are 0.10, 0.15, 0.20, 0.25  and 0.3 times *(x )g  as defined in (7). In the previous study 

(Tippayawannakorn and Pichitlamken 2013) used large values for ,σ x  with even the smallest one 

being relatively large, 0.75 *(x ).g  In this paper, we consider smaller values of σ x  in order to study 
the algorithm sensitivity. Common random numbers are used for each of our modified algorithms in 
order to make the   comparison sharper. Some of the selected functions that we use have appeared in    
previous studies. For example, the Test Functions 2, 3 are classical ones created by Moré et al. (1981). 
They were also used by Humphrey and Wilson (2000) and Barton and Ivey (1996) for tests of their 
algorithms for optimization of noisy responses. Test Function 4 is adapted from Neddermeijer et al. 
(2000). Each of these deterministic test functions has a unique optimum. 
 
4.1.1.   Test function 1: Paraboloid function 

The paraboloid function is defined as 

 2

1
( ) 1.

d

i
i

g x
=

= +∑x  

The starting point is given by [ , , , ].d d d=x   The optimal function value * 1g =  is achieved at 

point * [0, ,0].=x   Figure 6 depicts the polynomial function for case 2.d =  This function is a 
convex function and therefore has only one minimum point. It is easy to optimize if no noise exists. 
However, when noise is present, optimization can be difficult. 

 
 
4.1.2.   Test function 2: Extended rosenbrock 

The extended Rosenbrock function is defined as 

 2

1
( ) [ ( )] 1,

d

i
i

g f
=

= +∑x x
 

where for 1, , / 2,i d= 

2
2 1 2 2 1( ) 10( )i i if x x− −= −x  and 2 2 1( ) (1 ).i if x −= −x The starting point is 

[ 1.2,1, ,= −x  1.2,1].− . The optimal function value * 1g =  occurs at * [1,=x ,1].  Figure 7 depicts 

 
Figure 6 Paraboloid function for 2d =  
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the extended Rosenbrock function for the case of 2.d =  This function is non-convex. The global 
minimum is inside a long, narrow, parabolic shaped flat valley. To find the valley is trivial, but it is 
difficult for a Nelder-Mead method to converge to the global minimum.  

 
 
4.1.3.   Test Function 3: Variably Dimensioned Function 

The variably dimensioned function is given by
  

2
2

1
( ) [ ( )] 1,

d

i
i

g f
+

=

= +∑x x
 

where ( ) 1i if x= −x  for 1, , ,i d=   1
1

( ) ( 1),
d

d j
j

f j x+
=

= −∑x  and 2 ( )df + =x

 

2

1
( 1) .

d

j
j

j x
=

 
− 

 
∑  The 

starting point is given by 1 2[ , , , ],dx x x=x   where  1 ( / ),jx j d= −  1, 2, , .j d=   The optimal func-

tion value * 1g =  is achieved at point * [1, ,1].=x   Figure 8 depicts the variably  

 
Figure 7 Extended Rosenbrock function for 2d =  
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dimensioned function for 2d = . The search area is a U-shaped curve, which is crossed by a flat area. 
There are numerous local minima in the region of a flat area but only one unique global minimum 
exists. 
 
4.1.4.   Test function 4: Symmetrical Gaussian function 

The symmetrical Gaussian function is defined as 

 2

1

1( ) 2 exp [ ( )] ,
15000

d

i
i

g f
=

 
= − − 

 
∑x x  

where ( ) 100i if x= −x  for 1, , .i d=   The starting point is [70, ,70].=x   The optimal of the 

function value * 1g =  is achieved at the point * [100, ,100].=x   Figure 9 depicts the symmetrical 

Gaussian function for 2.d =  If any starting point is in the area of the valley where the curve is 
changing, a Nelder-Mead method converges to the unique global minimum point. On the other hand, 
if any starting point is in the flat area, it is difficult for the Nelder-Mead method to reach the minimum 
point. 

 
Figure 8 Variably dimensioned function for 2d =  
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4.2.   Search performance measures 

 When the search terminates, optimal solutions can be tested in at least 3 different ways: the 
solution on-hand, the most frequently visited solution, or the solution with the best cumulative 
averages (Banks 1998; Andradóttir 2006). Our preliminary experiments find that the solutions on 
hand outperform other estimates for optimal solutions. Motivated by Humphrey and Wilson (2000), 
we evaluate the search performance via the average of the following performance measures over 
many replications. 
 
4.2.1.   Logarithm of the total number of simulation outputs 

To measure the computation work performed by a simulation optimization procedure, we 
compute  
 ln(total number of simulation outputs).L ≡  

It provides a rough indication of the total computational work required by a simulation procedure. 
 
4.2.2.   Deviation of the best estimated optimal function value from the true optimal value 

For a measure of quality delivered by a simulation optimization procedure, we consider  

 
* *

*

ˆ( ) ( ) ,
( )

D µ µ
µ
−

=
x x

x
 (8) 

where *( )µ x  is the true minimum and *ˆ( )µ x  is the estimated minimum. 
 
4.2.3.   The analysis of mean (ANOM) 

The analysis of mean (ANOM) is a graphical design tool which was introduced by Ott (1983) 
for determining which of k  groups has significant difference with respect to their overall average.  

The ANOM constructs an interval estimation by computing the lower– and upper–decision lines 
(LDL and UDL, respectively) as follows: 

 
Figure 9 Symmetrical Gaussian function for 2d =  
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where X  is the overall average or grand mean; 
1

.
k

j
j

X X k
=

= ∑  Also, the sample size of group j  is  

,jn the pooled variance is 2 2 2 2
1 2( ... ) / ,p kS S S S k= + + +  and the Nelson’s h  statistics with k  groups 

and jn  equal sample sizes are given in the table of h  statistics in Nelson (1993). 
Any individual group mean not contained in the interval (LDL, UDL) is considered to be 

significantly lower than the overall group average if it falls below LDL and significantly above the 
overall group average if it lies above UDL. The test setup is explained in the next section. 

 
4.3.   Empirical test setup 

Our implementations were run on MATLAB by modifying the fminsearch function. The NM 
coefficients were as follows: 1,α =  2,γ =  0.5β =  and 0.5.τ =  The initial step size, is  in (3), was 

410 .−  Minimum deviation εx  and µ̂ε  were 410 .−  Maximum budget consumption ˆNµ  and searchN

were 510 .  To estimate the objective function, the sample size m  was 6. The standard deviations of 
random noise ξx  were 0.10, 0.15, 0.20, 0.25 and 0.30 times *( ).g x  These standard deviations were 

small compared with the lowest of degree of randomness 0.75 times of *( )g x  used by 
Tippayawannakorn and Pichitlamken (2013). We used these smaller values to test the sensitivity of 
each search algorithm when the variance is changed for a small amount.  

The factor of increasing simulation size b  used by Tomick (1995) was 1.25. We performed 15 
macroreplications (i,e., experiments) for each test problem on the following 10 search algorithms: 

1. NM – The original Nelder-Mead Simplex, 
2. RS9 – The Barton and Ivey stochastic modification,  
3. RSS – The RS with Restart search 
4. NMSM – The Nelder-Mead selection with memory, 
5. NMSMRS9 – The NMSM with RS9, 
6. NMSMRSS – The NMSM with RSS, 
7. ANRS9  – Adaptive Nelder–Mead modification, 
8. ANRSS – Adaptive Nelder–Mead modification with RSS, 
9. ANSMRS9 – Adaptive Nelder–Mead modification with memory 
10. ANSMRSS – ANSM with RSS. 

 
5.    Empirical Test Results 

Figure 10 shows the ANOM of the logarithm of the budget consumption of each algorithm until 
either the computation budget was exhausted or until the search was unable to get any improvements. 
Figure 11 contains the ANOM of average deviance in estimating the objective function values as 
defined in (8). As expected, as the dimensionality is increased, a given test problem becomes more 
difficult. Most algorithms perform worse for all Test Functions when the dimensionality goes up, and 
their estimated optimal solutions become further away from the true optimum, i.e., D  and the 
computational budget consumed increases as the dimension increases. As shown in Figures 10 and 11 
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as the degree of randomness increases the computational resources and the quality of solutions change 
uniformly for all test problems. This shows that all search algorithms have low sensitivity to 
randomness. As shown in Figure 10, the algorithms with memory utilization have approximately 50% 
less resource consumption than the corresponding algorithms with non–memory utilization. However, 
as shown in Figure 11, the deviances for the memory and non-memory algorithms are approximately 
the same. Similarly, the results show that the adaptive algorithms have approximately 30% less 
resource consumption than the non–adaptive algorithm, but the deviances are approximately the same 
for the adaptive and non-adaptive algorithms. The results also show that including both memory 
utilization and adaptivity in an algorithm reduces resource consumption by approximately 50% but 
does not appreciably improve the quality of solutions. A comparison of the restart (RSS) and non–
restart methods shows that RSS gives a 50% increase in quality of solution. However, RSS uses 67% 
more computational resources than non–RSS. In terms of ,D  the algorithm with RSS gives an 

improvement over the non-RSS algorithm. However, in terms of ,D  the algorithm with memory–
utilization and the adaptive algorithm do not appreciably improve the estimated optimal solution. 
 

 
Figure 10 ANOM of logarithm of computational effort ( )L  

The One-way Normal ANOM for L   
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Figure 11 ANOM of average deviation of function value of algorithm from true function value ( )D  
 

Figure 12 shows the logarithm of computation effort, ,L  of each algorithm for each test func-

tion, and Figure 13 shows the deviance, ,D  of each algorithm for each test function. The figures 
show that Test Functions 1, 2 and 3 use similar small amounts of computation effort and that Test 
Functions 1, 3 and 4 have small .D  

L

 
Figure 12 Logarithm of computational effort ( )L  plot for each test function 

 

The One-way Normal ANOM for D   
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D

 
Figure 13 Average deviation of function value of algorithm from  

true function value ( )D  plot for each test function 
 

This may be because it is easier to find the unique global optima for Test Functions 1, 3 and 4. 
However, Test Function 4 requires large computation resources even though it has small deviance 
from the true optimal solution. The Test Function 3 has a unique global minimum although there are 
many local minima in the flat area around it. Test Function 4 requires a small amount of computation 
resource L  but gives large .D  For this function, if the start point is in the flat region, then the 
improvement in function value is initially very slow, but as soon as the search reaches the valley 
region, a method rapidly converges to the global optimum. For Test Function 2, all algorithms give 
a high ,D  but use a low amount of computational resource. The reason might be that Test Function 
2 has a global minimum along a long, narrow valley. Although, it is possible to converge, an 
optimization algorithm obtains a high accuracy value for the function, but a very low accuracy for 
the optimal point .x  

To clarify the comparison, Table 1 contains relative ratios of computational effort between pairs  
( , )i j  of algorithms, ji LLe e and Table 2 contains the relative ratios i jD D  of .D  The data are 

divided into 3 sets. Firstly, we compare adaptive and non–adaptive methods. The data shows that an 
adaptive method reduces resource consumption by approximately 25% on average compared to a non-
adaptive method.  However, the D  values are similar for the two methods. Secondly, a comparison 
of the memory-utilization and non-memory utilization methods shows that the memory methods 
reduce resource utilization by approximately 50%. However, they have slightly more deviance.  
Lastly, a comparison of the Restart and non-Restart methods shows that the Restart methods give a 
better result.  However, they use up to 68% more resources.  

 
5.    Conclusions 

We show that the Nelder-Mead algorithm which is designed for deterministic optimization can 
be modified to accommodate discrete stochastic outputs. Using past information generally decreases 
computational effort but not reduce the performance significantly. Although all adaptive–with–
memory algorithms, ANSMRS9 and ANSMRSS, do not improve the quality of the estimated solutions, 
they use less computational resources compared with their corresponding non–adaptive ones. The 
most economical algorithms on discrete small variation problems is the ANSMRSS algorithm. 
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Table 1 Comparison of relative computational effort of each pair of algorithm 

 Algorithm 
Test Function 

Averagea Averageb 
Overall 

Average 1 2 3 4 

A
da

pt
iv

e 
vs

  
N

on
-A

da
pt

iv
e ANRS9/RS9 0.690 0.527 0.548 1.500 0.816 0.913 

0.693a 
0.765b 

ANSMRS9/NMSMRS9 0.583 0.527 0.584 1.553 0.812 0.869 

ANRSS/RSS 0.324 0.253 0.256 0.683 0.379 0.393 

ANSMRSS/NMSMRSS 0.600 0.603 0.652 1.203 0.765 0.806 

M
em

or
y 

vs
  

N
on

-M
em

or
y 

NMSM/NM 0.636 0.549 0.427 0.425 0.509 0.478 

0.494a 
0.491b 

NMSMRS9/RS9 0.623 0.522 0.459 0.395 0.500 0.469 

NMSMRSS/RSS 0.540 0.420 0.393 0.568 0.480 0.465 

ANSMRS9/ANRS9 0.526 0.521 0.489 0.409 0.487 0.477 

ANSMRSS/ANRSS 0.445 0.453 0.467 0.550 0.479 0.487 

R
es

ta
rt 

vs
 

N
on

-R
es

ta
rt RSS/RS9 1.338 1.967 1.786 1.871 1.061 1.073 

1.591a 
1.675b 

NMSMSS/NMSMS9 1.160 1.582 1.529 2.686 1.070 1.070 

ANRSS/ANRS9 1.414 2.085 1.787 1.549 1.069 1.057 

ANSMRSS/ANSMRS9 1.194 1.810 1.709 2.080 1.073 1.067 
a All Test Function average   b 1,3,4 Test Function Average  
 

Table 2 Comparison of relative D  of each pair of algorithm 

 Algorithm 
Test Function 

Averagea Averageb 
Overall 

Average 1 2 3 4 

A
da

pt
iv

e 
vs

  
N

on
-A

da
p-

 

ANRS9/RS9 1.013 1.015 0.999 0.931 0.989 0.981 

0.992a 
0.963b 

ANSMRS9/NMSMRS9 1.058 0.992 0.996 1.096 1.036 1.030 

ANRSS/RSS 1.024 1.193 1.019 0.584 0.955 0.938 

ANSMRSS/NMSMRSS 1.054 1.107 0.996 0.789 0.986 0.969 

M
em

or
y 

vs
  

N
on

-M
em

or
y 

NMSM/NM 1.030 1.027 1.017 1.028 1.026 1.025 

1.073a 
1.088b 

NMSMRS9/RS9 0.985 1.012 1.022 1.465 1.121 1.155 

NMSMRSS/RSS 0.971 1.078 1.023 0.741 0.953 0.949 

ANSMRS9/ANRS9 1.030 0.989 1.019 1.726 1.191 1.231 

ANSMRSS/ANRSS 0.997 1.055 1.009 0.638 0.925 0.907 

R
es

ta
rt 

vs
 

N
on

-R
es

ta
rt RSS/RS9 0.850 0.000 1.227 1.041 0.908 0.828 

0.767a 
0.985b 

NMSMRSS/NMSMRS9 0.876 0.359 1.058 0.782 0.478 1.002 

ANRSS/ANRS9 0.902 0.376 1.068 1.521 0.494 1.027 

ANSMRSS/ANSMRS9 0.873 0.400 1.058 0.562 0.514 0.994 
a All Test Function average   b 1,3,4 Test Function Average  
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