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Abstract

In this paper, recurrence relations for single and product moments of generalized order
statistics (gos) from the Compound Rayleigh distribution (CRD) have been established. These
relations are deduced for moments of order statistics and upper record values. Further, this
distribution has been characterized through the recurrence relation for a single moment of
generalized order statistics from CRD.
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1. Introduction
Kamps (1995) introduced the concept of generalized order statistics (gos) as follows:
Let X,,X,,...,X, be a sequence of independent and identically distributed (iid) random variable
(rv) with the df , F(x) and the pdf f(x).Let neN, n>=2, k>0, where k is a positive
n-1
integer, m=(m,m,,...m_)eR"™, M, =>m, such that y,=k+n-r+M >0 for all
j=r
re{l,2,...,n—-1. Then X(r,n,m,k), r=212,...,n are called gos if their joint pdf is given by
n-1 n-1 _ _
k[Hn—J(H[F (1™ f (Xi)J[F(Xn)]“f (%) @
j=1 i=1

on the cone F(0+) <x, <X, <---<x <F (1) of R". Here F(x)=1-F(x).

The pdf of r'™ m-—gos is given by (Kamps, 1995):

im0 :%F(x)}“lg:;l[F(x)]f(x) @

and the joint pdf of X(r,n,m,k) and X(s,n,m,k), 1<r <s<n, isgiven by



12 Thailand Statistician, 2017; 15(1): 11-16

C = 1
fX(r,n,m,k),X(s,n,m,k)(X’ y) = m['z(x)]m gl;7 [F(x)]
<[, (F())=h, (FONF T IFWIE () F(y), x<y )
where

Cr-1:ﬁ7i v v =k+(n=i)(m+1),

and
1 m+1
9,(3) = [ A-t)"dt = h, () -, (0) = Tmaa AT mE oy
—In(1-x) , m=-1
l m+1 _
h, (X) = T M x € [0,1).
—log(1-x) , m=-1

The result given in the paper can be used to compute the moments of ordered random variables,
if the parent distribution follows the CRD, since recurrence relations reduce the amount of direct
computation and hence reduce the time and labour.

The recurrence relations based on generalized order statistics have received considerable
attention in recent years. Many authors derived the recurrence relations for generalized order
statistics for different distributions. See, Ahmad and Fawzy (2002), AL-Hussaini et al. (2005),
Khan et al. (2007), Kumar and Khan (2013), Khan et al. (2015a, 2015b) among others.

We say that an absolutely continuous random variable (rv) X has a compound Rayleigh
distribution CRD (e, B) if its cumulative distribution function (cdf) F(x) is as follows,

2

F(X?Of,ﬂ)=1—(1+%j , x>0,a>0,8>0 (4)

where o, B are shape and scale parameters respectively.
The corresponding probability density function (pdf) f (x) is given by
f(x:a, p)=2aB"x(B+x*)“*? x>0,a>0,8>0. (5)
The two parameter compound Rayleigh distribution CRD (e, £) provides a population model

which is useful in several areas of statistics, including life testing and reliability. The compound
Rayleigh distribution CRD is a special case of the three- parameter Burr type- XII distribution. For
more details properties on CRD («, ) (see Sagheer and Ahsanullah, 2015).

Therefore, it is easy to see that from (4) and (5), we have
_ 1 B
F(x)=—[8x" +x]1f (x). (6)
2a

The relation in (6) will be exploited in this paper to derive some recurrence relations for the
moments of ordered random variables from the compound Rayleigh distribution CRD (e, £).

It appears from literature that no attention has been paid on the characterization of the
compound Rayleigh distribution CRD (e, ) based on generalized order statistics.
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2. Recurrence Relations for Single Moments

Theorem 1 For the compound Rayleigh distribution given (5) and ne N,meR ,2<r<n
E[X'(r,n,mK)]-E[X'(r-1,n,m,Kk)]=

B2 (e, nym k)1+=3— ELX (r,nm k). @)
2ay, 2ay,
Proof: From (2), we have
. C © . 7 -1 .
E[X’(r,n,m,k)]= ri)ljo X'F1 gy (F()) f (x)dx. ®)

Integrating by parts taking [F(x)]" ™ f (x) as the part to be integrated, we get
E[X'(r,n,m,k)]= E[X(r-1,n,m,k)] +%J':xi[lf(x)]yr gt (F (X)) f (x)dx.
r—1!

The constant of integration vanishes since the integral considered in (8) is definite integral. On
using relation (6), we obtain

E[X ! (rl n,m, k)] - E[X : (r _11 n,m, k)] =

jcr—l
7r (r _1)'
EDX I (r,n,m, k)] — ELX (r =1, n,m, k)] = =32 E[X 2 (e, n, m, k) —2— ETX 3 (r,n,m, k)]
2ay, 2ay,

r r

I, L0 0E TR OO Lx 11 9
o

Remark 1 Setting m =0,k =1 in the Theorem 1, we obtain the recurrence relations for the single
moments of order statistics of the compound Rayleigh distribution in the form

E[xjr:n]_E[Xjr—l:n]: J ﬂE[Xj_Zr:n]+E[xjr:n]}'

2a(n—r+1){

Remark 2 Setting m=-1,k =1 in the Theorem 1, we get the recurrence relations for the single

moments of upper K — record of the compound Rayleigh distribution in the form
ELX 'y I — EIX 'y o] = ﬁ{ﬂ E[X 2] + ELX 1}
as obtained by Khan and Khan (2016).

3. Recurrence Relations for Product Moments

Theorem 2 For the compound Rayleigh distribution given (5) and neN, meR , 1<r<s<n-1
E[X'(r,n,m,k) X (s,n,m,k)]—E[X"(r,n,mk) X'(s—1,n,m,k)] =

j {BEIX'(r,n,m,k) X '7(s,n,m,K)]+ E[X"(r,n,m,k) X!(s,n,m,K)]}. (9)

2ay,

Proof: From (3), we have

e [OXTFOOI™ g5 TF 001 £ () 10)dx (10

E[X'(r,n,m,k) X’(Sv“’m*k)]zm

where
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100= [ YIFO ™ T (F()~h, (FOOF £ () dy.

Solving the integral in 1(x) by parts and substituting the resulting expression in (10), we get
E[X'(r,n,mk) X'(s,n,m,k)]-E[X'(r,n,mk) X'(s=1,n,mk)] =
i,
7,(r=Hi(s—r-1!
The constant of integration vanishes since the integral in 1(x) is definite integral. On using relation

[7 7%y IF I £ () g5 TF (T 0y, (F(y) —hy (FOOT ™ [F ()] dy

(6), we obtain
E[X'(r,n,m,k) X'(s,n,m,k)]-E[X'(r,n,m,k) X'(s—1,n,m,k)]

_ Gy
oy (r=1)(s—r—1)!

S, (F(y) —h, (FOOT [F ()1 {i[ﬂylwlf(y)}dydx

[7[7 Xy IF 0T g5 [F 001 £ ()

and hence the Theorem.

Remark 3 Setting m=0,k =1 in the Theorem 2, we obtain the recurrence relations for the
product moments of order statistics of the compound Rayleigh distribution in the form
ij ij J ij-2 ij
E[X ! 1-E[X!! J=———3BE[X/*1+E[X ! ]}
[ r,s.n] [ r,s—l.n] 2a (n—5+1) { ﬂ [ r,s:n ] [ r,s:n }
Remark 4 Setting m=-1,k =1 in the Theorem 2, we get the recurrence relations for the product

moments of upper k —record of the compound Rayleigh distribution in the form
E[Xiu(r) X jU(s) ]k - E[X iu(r) X jU(S—l)]k = ﬁ{ ,3 E[Xiu(r)x J-72U(s)]k + E[Xiu(r) X jU(s)]k}
as obtained by Khan and Khan (2016).

4. Characterization

This section discusses the characterization of CRD. Characterization of a probability
distribution plays an important role in probability and statistics. Before a particular probability
distribution model is applied to fit the real world data, it is necessary to confirm whether the given
continuous probability distribution satisfies the underlying requirements. A probability distribution
can be characterized through the various methods mainly conditional expectations, L-moments and
recurrence relations. In this paper, we establish the characterization result based on recurrence
relation of single moments of generalized order statistics. In recent years, there has been a great
interest in the characterizations of probability distributions through recurrence relations based on
gos.

Theorem 3 is characterized based on the generalization of Muntz-Szasz Theorem (Hwang and
Lin, 1984), which states that on a space L (a,b) of summable functions defined on the interval

(a,b), a sequence of functions f, (x) is complete on (a,b) if forany g € L(a,b) the equalities
jb f (x)g(x)dx =0 n=12,..,

imply that g(x) =0 almost everywhere on (a,b).
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Theorem 3 The necessary and sufficient condition for a random variable X to be distributed with
pdf given by (5) is that,
E[X(r,n,m,k)] = E[X ' (r —=1,n,m,k)]

I8 erx (e mK)]+
Za

E[X(r,n,m,k)] (11
2ay,

r

if and only if
F(x) = L [Bx7+x]f (x).
2a

Proof: The necessary part follows immediately from (7). On the other hand if the recurrence
relation in (11) is satisfied, then

JBELX T2 (r,n,m, k)] + j E[X ) (r,n,m,k)] = 2ay, E[X (r,n,m,k)]- E[ X’ (r —1,n,m,k)]

JBEDX 7 (r.n,m 0T+ | EDX (1, n,m,K)] = 241, {ﬁ [ OTE]” g;l[F(x)]f(x)dx]

(r l)Crl J r-2
[mj Fool o [F(x)]f(x)dx}
Cr, 2 9n[FOO_ (r=DIF ("
= 2ay, 2 [ " xI[F(x FO1f
a7, o oo XFOO 9L T 0] <x){ = ” }
12)
Let
h(x) = —LEOII” g [FOOT (13)
Ve
Differentiating both sides of (13), we get
1) TE (VP (-2 9n[F()1 _ (r=DIF (0T
h'(x) =[F (T gy, [F(X)]f(X){ (F00] ” }
Thus
JBELX2(r,n,m,K)]+ JE[X ' (r,n,m,k)] = %j x'h'(x)dx. (14)
Integrating RHS in (14) by parts and using the value of h(x) from (13),
BEDX(r,n,m K)]+E[X (r,n,m,K)] = %f XEOT 97 [F (9]
ﬂcrl j-2 7e—1 yr-1 Cr1 V=1 -1
(i X TFOOF g TR (N ()dr e [ IR 00T 05 [F (0T (o
_ 208 Co (™ G E oy g7
=D [ X IR OOT g5 [F (0]dx.
Which reduces to
C wit r-1 a4,y [F(x)] _
r 1)'J [F(x)] gm [F(x)]f(x){ﬂx +X Za—f(x) dx=0. (15)

Now applying a generalization of Miintz-Szasz Theorem to (15)
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4 [FOOT|_
|:ﬂx +X—2aW:|—O.

Which gives
F(x) = L [Bx7+x]f (x).
20

This proves that f(x) has the form as in (5).
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