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Abstract
A new two-parameter discrete weighted Lindley distribution is proposed. The proposed distribution can be seen as a generalization of one parameter discrete Lindley distribution which has only increasing hazard rate whereas our proposed distribution has increasing and bathtub shaped hazard rates. In addition, this distribution can describe over, equi and under dispersed data. Some properties of the proposed distribution are obtained such as cumulative distribution function, hazard rate function, second hazard rate function, mean residual life function, reversed hazard rate function, accumulated hazard rate function as well as order statistics. In addition, an analytical study of the shapes of the hazard rate function is provided. Maximum likelihood estimation of the parameters of the proposed distribution is considered. The results obtained in this study are illustrated using both simulated and four real data sets.
______________________________
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Introduction
Most statistical research in life testing considers continuous lifetime probability distributions to model real lifetime phenomena. However, in life testing experiments, there are many situations where time can be interpreted as a discrete variable.  For example, in survival analysis, one may be interested in recording the number of days/weeks/months taken from remission to relapse. In reliability analysis, the life of a device may be measured by the number of shocks until failure. It can be seen that, in such cases, the measurements of lifetimes cannot be done on a continuous scale but can be counted, hence a discrete lifetime distribution is required (Alamatsaz et al. 2016). 
The well-known discrete distributions such as geometric, binomial, negative binomial and Poisson have monotonic hazard rate (HR) function and thus they are inappropriate to fit data having bathtub (BT) shape or other non-monotonic HR function. 



Therefore, many discrete analogues of continuous distributions were proposed by many researchers based on various discretization methods. A great review for these methods can be found in Chakraborty (2015). One of the discretization methods is discretizing using the reliability function. If the underlying continuous failure time  has the reliability function  the probability mass function (PMF) of the discrete random variable  associated with that continuous distribution can be written as

				             (1)
This method is commonly used in literature because it preserves the same functional form of the reliability function of the continuous distribution. Therefore, many reliability characteristics remain unchanged. See for example, Nakagawa and Osaki (1975) who proposed the discrete Weibull distribution, Gómez-Déniz and Calderín-Ojeda (2011) who introduced the discrete Lindley distribution and Mazucheli et al. (2020) who proposed Shanker distribution. As a result, this study is concerned with using this method to develop a new discrete lifetime distribution corresponding to the existing continuous one.
Although, there are many discretized continuous distributions, those having the property of BT HR functions are relatively few. Some examples follow. Nooghabi et al. (2011) introduced the three-parameter discrete modified Weibull distribution. Almalki and Nadarajah (2014) proposed the three parameters new discrete modified Weibull distribution. Recently, Tyagi et al. (2019) introduced the 4-parameter discrete additive Perks-Weibull distribution. Jayakumar and Babu (2019) obtained a 5-parameter discrete additive Weibull geometric distribution and El-Morshedy et al. (2019) proposed a two-parameter exponentiated discrete Lindley distribution. It is worth mentioning that most of the above mentioned papers do not provide an analytical study of the shape of the HR function. They rely mainly on plots to illustrate the shape of the HR; a tool which is quite misleading in many cases.
The one parameter Lindley distribution was proposed by Lindley (1958) and it was shown by Ghitany et al. (2008) that it has more flexibility than the exponential distribution in modeling some lifetime data sets. Since it has only increasing HR function, several extensions were conducted to accommodate various shapes such as increasing, decreasing, constant, BT and upside-down bathtub shaped (UBT) hazard rates. The two-parameter weighted Lindley distribution was suggested by Ghitany et al. (2011) as one of the generalization of the one-parameter Lindley (1958). The reliability function of the weighted Lindley distribution is given as follows:

			             (2)



where  and  are complete gamma function and the upper incomplete gamma function, respectively.





Ghitany et al. (2011) showed that this distribution has an increasing HR when  and a BT shaped when  The unknown parameters of the distribution were estimated by maximum likelihood (ML) method. The weighted Lindley distribution can also be expressed as a mixture of two gamma distributions with mixing proportion  The first component has  distribution, whereas the other component has  distribution. Several researchers considered estimating the parameters of the weighted Lindley distribution such as Mazucheli et al. (2013), Ali (2013), AL-Mutairi et al. (2015) and Ghitany et al. (2017). Recently, new closed-form estimators for two-parameter weighted Lindley distribution were obtained by Kim and Jang (2021). 
It is worth to note that Bashir and Rasul (2015) proposed a distribution with a different weight function and named it weighted Lindley distribution. This distribution has an increasing HR. Bodhisuwan and Sangpoom (2016) introduced the discrete analogue of the weighted Lindley distribution given by Bashir and Rasul (2015) and named it the discrete weighted Lindley distribution.
The main objective of this paper is introducing a new discrete distribution by discretizing the weighted Lindley distribution proposed by Ghitany et al. (2011). Our proposed model will be called new discrete weighted Lindley distribution (NDWLD). In addition to being a two-parameter model, our model has some advantages which will be shown in the following Section. It can be represented as a mixture distribution of two discrete distributions. As a result, it can be used to model the case of heterogeneous populations. In addition, it is over, equi and under dispersed. Moreover, it possesses both increasing and BT HR.
The rest of the paper is organized as follows. In Section 2, new discrete weighted Lindley distribution is obtained. In Sections 3 and 4 respectively, some distributional properties and the reliability characteristics of the proposed distribution are obtained. In Section 5, maximum likelihood estimation of the parameters of the proposed distribution is developed. Finally, in Sections 6 and 7, respectively a simulation study and four real data sets are given to illustrate the results.

Discrete Weighted Lindley distribution
In this Section, we will obtain the NDWLD by discretizing the weighted Lindley distribution proposed by Ghitany et al. (2011). Using the discretization method based on the reliability function (RF) given in Equation (1) the PMF of the NDWLD, is given by



(3)

After some simplifications,  will take the form

		(4)

where  is defined in Equation (2), and

		(5)
The corresponding RF is given by

		(6)
It is known that, using the reliability function method, the RF of continuous weighted Lindley distribution and NDWLD are the same.
· Particular Cases
a. 
For  the NDWLD in Equation (3) reduces to the one parameter discrete Lindley distribution.
b. 

For  and as  the NDWLD reduces to the geometric distribution.
Figures 1-3 display different shapes for the PMF of NDWLD. From the above figures the following is observed. 
· 

For   the NDWLD has a decreasing PMF regardless of the value of  
· 



For  the NDWLD has a decreasing PMF for  and a unimodal shape for Note that in the latter case, as  increases the proposed distribution tends to the normal distribution. 
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Figure 1 PMF plots of NDWLD for fixed  and different values of the parameter 
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Figure 2 PMF plots of NDWLD for fixed and different values of the parameter 
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Figure 3 PMF plots of NDWLD for  and 

Distributional Properties
1.1. Mixture representation of probability mass function
The continuous weighted Lindley distribution can be represented as mixture distribution as shown by Ghitany et al. (2011). We shall prove in this subsection that the PMF of NDWLD also can be written as a mixture distribution. This representation will be used in simulating observations from the NDWLD as explained in Section 6.
The reliability function of the continuous weighted Lindley distribution as a mixture representation is given as follows: 

			             (7)


where  and

Result:




The PMF of NDWLD can be represented as a two-component mixture of two parameter discrete gamma distributions. The first component is a discrete gamma distribution with parameters  and and the second component is a discrete gamma distribution with parameters  and  The mixture PMF is defined as follows

		(8)

where denotes the PMF of the discrete gamma distributions as proposed by Chakraborty and Chakravarty (2012).

Proof: The RF of NDWLD as a mixture distribution is as follows

		(9)
Therefore, the PMF of the mixture of NDWLD can be derived as follows

		

     
Hence, the result given by Equation (8) follows.

3.2.	Moments
The moments of a distribution can be used to study many of its important characteristics and features such as tendency, dispersion, skewness and kurtosis.

3.2.1.  The non-central moments of discrete weighted Lindley distribution





Suppose that  is a discrete non-negative integer valued random variable with RF given in Equation (6). Chakraborti et al. (2017) proposed the  moment of a nonnegative random variable  and derived formulas in terms of the RF.  The  moment of  for NDWLD is given by

	

		(10)
As a special case, the mean and variance of NDWLD are obtained as 

		(11)

	      (12)






The mean and variance of the NDWLD for different values of  and  are calculated numerically and displayed in Table 1. From this table, we can observe that both the values of the mean and variance of the NDWLD decrease when the value of the parameter  is fixed and the parameter  increases. Also, the values of the mean and variance of the NDWLD increase as the parameter  increases for a fixed value of 

3.2.2.  Index of dispersion


Index of dispersion (ID) for any distribution is defined as the ratio between variance to mean. ID indicates whether the distribution is suitable for over or under dispersed data. If ID>1 (<1) the distribution is over dispersed (under dispersed) and if ID=1 the distribution is equi-dispersed. The ID of the NDWLD for different values of  and  is calculated numerically. These results are listed in Table 1. From Table 1, we can observe that depending on the values of parameters, the variance can be smaller, equi or greater than the mean. Therefore, NDWLD is appropriate for modeling under, equi or over dispersed data.



Table 1 Values of the mean, (variance) and ID for different combinations of  and 
	

	0.3
	0.7
	1
	3
	6
	8

	0.5
	3.266
(14.506) 
4.442
	0.915
(2.113) 
2.309
	0.481
(0.866) 
1.800
	0.029
(0.032) 
1.103
	0.001
(0.001)
1.000
	0.0004
(0.0004)
1.000

	0.9
	4.965
(20.032) 
4.035
	1.600
(3.347)
 2.092
	0.913
(1.516) 
1.66
	0.073
(0.077) 
1.055
	0.003
(0.003)  
1.000
	0.001
(0.001)
1.000

	1.5
	7.216
(27.153)
 3.763
	2.600
(4.844) 
1.863
	1.594
(2.338) 
1.467
	0.190
(0.197) 
1.037
	0.015
(0.015)
1.000
	0.002
(0.002)
1.000

	2
	9.009
(32.826)
 3.644
	3.382
(5.987) 
1.77
	2.151
(2.919) 
1.357
	0.320
(0.292) 
0.912       
	0.027
(0.026) 
0.963
	0.005
(0.005)
1.000

	4
	15.805
(53.167)
 3.364
	6.384
(10.143)
1.589
	4.277
(4.989)
1.166
	1.008
(0.623)
0.618
	0.208
(0.172)
0.827
	0.059
(0.056)
0.949



3.2.3.  The moment generating function


Suppose is a non-negative integer valued random variable, then for any  we have

		
(see Song and Wang (2019)). Therefore, the moment generating function of NDWLD is given by

		(13)

3.2.4. 	Probability generating function
Based on Remark 2 in Song and Wang (2019), the probability generating function is given by

		

		(14)

Reliability Characteristics
4.1. 	Cumulative distribution function
The cumulative distribution function of NDWLD is given by

	      (15)

4.2. 	Hazard rate function
The HR function of NDWLD using Equations (3) and (6) is given by

		(16)
Shape of hazard rate function
We will study the shape of the HR theoretically and also illustrate it using plots. First, we will review the following proposition given by Noughabi et al. (2013) to determine the hazard rate shape.



Proposition 1 Let  be the HR of the continuous model and  be the HR of its discrete analogue. 




i. If  is increasing (decreasing) on  then  is an increasing (decreasing) sequence, where 






ii. Let  be BT (UBT) shaped with the change point, in  then  is BT (UBT) shaped. Moreover, if  then the change point is  Otherwise, its change point is 









This proposition determines the shape of the hazard rate of the discrete model in terms of the continuous one and shows that when the hazard rate of the continuous model is BT-shaped, the discrete model has an increasing or BT shaped hazard rate function. In other words, when  exhibits a BT (UBT) shaped, the discrete skeleton  is also BT-shaped (UBT-shaped), but when the change point of  is between  and  and  the sequence  is increasing (decreasing). Using Proposition 1 and the results of Ghitany et al. (2011), the HR of NDWLD is increasing when  and is BT or increasing when  The following lemma provides a sufficient condition for the HR of NDWLD to have a BT shape.

Lemma A sufficient condition for the HR of the NDWLD defined by (16) to have a BT shape is that



  where  and 

Proof:





Based on Proposition 1 the HR of NDWLD can be increasing for  if the change point of  occurs in the interval  where  has probability density function given by the continuous weighted Lindley distribution and   




Hence, a sufficient condition for  to have a BT shape is that this ensures that the change point of   will be at  From Ghitany et al. (2011), 

	



[bookmark: _Hlk241059450]It can be shown that  is given by  where with




   


   


 and 




Substituting in  by  and simplifying gives the following expression for the numerator of  say  






Under the condition  the second term of  will be less than 0 and the third term will be less than or equal to 0. Hence,  which guarantees that  will have a BT shape.










Note that the condition  is not a necessary condition.  will have a BT shape for any point satisfying that Also, for any pair satisfying that  and  the HR of NDWLD will be BT. Figure 4 displays HR plots for the case  whereas Figures 5 and 6 show graphs for the case  In the latter figure, 
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Figure 4 The HR plots of NDWLD for 
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Figure 5 The HR plots of NDWLD for 
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Figure 6 The HR plots of NDWLD with different combinations for  and   when   

Figures 4-6 illustrate increasing and BT-shaped HR. The applicability of increasing HR was observed by many researchers such as Lai (2013) who investigated the optimum number of minimum repairs for systems under increasing HR. For the BT shaped HR, Glaser (1980) mentioned that it is appropriate for modeling human lifetimes.

4.3. 	Second rate of failure
It was introduced by Roy and Gupta (1992) and also discussed in Xie et al. (2002). The second rate failure is given as follows

		           (17)

4.4. 	Mean residual life function
The mean residual life function as in Kemp (2004) is given by

		           (18)


Theorem 3.5 in Kemp (2004) showed the link between increasing HR/decreasing HR with decreasing/increasing mean residual life function. As a result of this theorem, the NDWLD has decreasing mean residual life function when 

4.5. 	Reverse hazard rate
The reverse hazard rate of NDWLD is given by


		(19)

4.6. 	Accumulated hazard rate
The accumulated HR function is equal to the area under the step function plot of the hazard function. The accumulated HR function is given as

		           (20)
(see Kemp (2004)).

4.7. 	Order statistics 



Order statistics is essential in many cases such as estimation, prediction and testing of hypothesis in both parametric and non-parametric inference. Let  be a random sample from NDWLD and  represents the corresponding order statistics. Then the cumulative distribution function of  order statistics is given by

       

	  (21)

Using the binomial expansion for  it follows that

 

	  		           (22)
Therefore,

	      (23)
The PMF of order statistics is given by



	(24)

where 

Important special cases of the order statistics are the minimum and maximum values of a sample. The PMF of  is

	                (25)

The PMF of  is


	(26)

Maximum Likelihood Estimation


Let  be a random sample of size n from NDWLD. Then the likelihood function is

		(27)

		(28)

where 

	

              	(29)

	

              		           (30)

where  is the digamma function (See Abramowitz and Stegun (1972)),



 

Similarly, 


 Similarly, 




Hence, we have to solve the two log-likelihood equations and  It is clear that the solution of these two non-linear equations cannot be done analytically. Numerical solution of these equations provides the ML estimates of  and  respectively.


The second order partial derivatives of the likelihood function which are useful in the computation of the variance-covariance matrix for the estimators and also in constructing confidence intervals for the unknown parameters  and  are presented as follows.



	  	           (31)



  (32)

	           (33)


where  is the polyGammafunction, 







Similarly, 

and  




The asymptotic variance-covariance matrix of the ML estimators of  and  is given by


Based on the above matrix, one can estimate the entries approximately by




 and so on. For large samples, the vector is consistent and asymptotically normal. That is  and also











Now, by using the normal distribution of  the  asymptotic confidence intervals for the parameters  and  are given respectively by  and  where  and  are the diagonal elements of  and  is the  quantile of the standard normal distribution.

Simulation Study




    Here, a simulation study is conducted to assess the performance of the ML estimators of the model parameters of NDWLD for various sample sizes  and three different combinations of the parameters  and  which cover unimodal shape of PMF for  and  (1.5, 1) and decreasing shape of PMF for (0.9, 0.3). The algorithm for the simulation study is given as follows




Step1: Generate samples of size  and specify the initial values of the two parameters and 

Step 2: Generate 





Step 3: If  generate discrete gamma distribution, otherwise generatediscrete gamma distribution. 
Step 4: Compute the ML estimates for the two unknown parameters.

Step 5: Repeat steps from 2 to 4,  times.
Step 6: Compute the estimated relative bias (RB), estimated mean square error (MSE), lower limit (LL) and upper limit (UL) of the confidence interval (C.I.), width (W) of the C.I. and coverage probability (CP) for each parameter for each sample size.






For the parameter  the average value (AV) of the estimates for a given value of the parameter and fixed sample size n is calculated as  and 95% asymptotic C.I.= Similarly, the corresponding measures for the parameter  may be obtained.




Since the ML estimators of the parameters cannot be obtained in closed forms, the Newton Raphson method is used to compute the parameter estimates. The AVs along with their RBs, standard errors (SE), MSEs, average widths of the 95% confidence interval for the two parameters  and the CPs are obtained and presented in Table 2 for (1.5, 1), Table 3 for (2, 0.3) and Table 4 for (0.9, 0.3).
From Tables 2-4, we observe that as the sample size increases the RB, SE, MSE and width of confidence intervals for the two parameters decrease. Moreover, the average estimates of the parameters get closer to the initial values. In addition, the simulated CP of the confidence intervals is close to the confidence level, 95%, for almost all sample sizes considered. 


Table 2 Simulation table for NDWLD distribution for 
	

	Parameter
	AV
	RB
	SE
	MSE
	LL
	UL
	W
	CP

	20
	

	1.767
	0.178
	0.775
	1.588
	0.248
	3.268
	3.037
	0.934

	
	

	1.151
	0.151
	0.417
	0.472
	0.334
	1.968
	1.634
	0.944

	50
	

	1.580
	0.053
	0.443
	0.434
	0.711
	2.449
	1.738
	0.951

	
	

	1.044
	0.044
	0.236
	0.123
	0.581
	1.506
	0.924
	0.962

	100
	

	1.547
	0.031
	0.308
	0.194
	0.943
	2.150
	1.206
	0.954

	
	

	1.024
	0.024
	0.163
	0.054
	0.704
	1.344
	0.639
	0.964

	150
	

	1.531
	0.021
	0.249
	0.128
	1.043
	2.020
	0.977
	0.953

	
	

	1.016
	0.016
	0.132
	0.036
	0.757
	1.275
	0.517
	0.953







Table 3 Simulation table for NDWLD distribution for 
	

	Parameter
	AV
	RB
	SE
	MSE
	LL
	UL
	W
	CP

	20
	

	2.418
	0.209
	0.928
	2.526
	0.586
	4.226
	3.639
	0.953

	
	

	0.348
	0.160
	0.108
	0.033
	0.135
	0.559
	0.424
	0.956

	50
	

	2.152
	0.079
	0.535
	0.681
	1.104
	3.201
	2.097
	0.939

	
	

	0.317
	0.060
	0.062
	0.009
	0.195
	0.439
	0.244
	0.945

	100
	

	2.060
	0.033
	0.365
	0.288
	1.344
	2.775
	1.431
	0.941

	
	

	0.306
	0.023
	0.043
	0.004
	0.223
	0.390
	0.166
	0.956

	150
	

	2.045
	0.027
	0.296
	0.191
	1.464
	2.626
	1.161
	0.939

	
	

	0.305
	0.019
	0.035
	0.003
	0.237
	0.372
	0.135
	0.940




Table 4 Simulation table for NDWLD distribution for 
	

	Parameter
	AV
	RB
	SE
	MSE
	LL
	UL
	W
	CP

	20
	

	1.102
	0.225
	0.465
	0.566
	0.191
	2.013
	1.822
	0.943

	
	

	0.345
	0.151
	0.107
	0.030
	0.135
	0.555
	0.419
	0.951

	50
	

	0.956
	0.062
	0.262
	0.157
	0.443
	1.469
	1.025
	0.942

	
	

	0.312
	0.041
	0.061
	0.008
	0.193
	0.431
	0.237
	0.951

	100
	

	0.922
	0.028
	0.180
	0.068
	0.570
	1.272
	0.704
	0.940

	
	

	0.305
	0.020
	0.042
	0.004
	0.223
	0.387
	0.164
	0.945

	150
	

	0.920
	0.025
	0.147
	0.046
	0.632
	1.207
	0.574
	0.939

	
	

	0.304
	0.015
	0.034
	0.002
	0.237
	0.370
	0.133
	0.947



Real Data
	In this Section, we illustrate the flexibility of our model (NDWLD) using four real datasets. The first and second are discrete real data sets whereas the third and fourth are counts. We will compare NDWLD with the following distributions:
(a) 
Discrete Lindley (dL) distribution (Gómez-Déniz and Calderín-Ojeda 2011) which is a special case of NDWLD when 
(b) Discrete power Lindley (dPL) distribution (Oliveira et al. 2018) with the following PMF,


(c) Poisson (Po) distribution having PMF,


(d) Discrete Burr (dB) distribution (Krishna and Pundir 2009) which has the following PMF,


(e) Discrete weighted exponential (dWEX) distribution (Khongthip et al. 2018) which has the following PMF,


(f) Exponentiated discrete Lindley (EDLi) distribution (El-Morshedy et al. 2019) which has the following PMF,




where  is a scale parameter,  is a shape parameter and


(g) Discrete Weibull (dWE) distribution (Nakagawa and Osaki 1975) which has the following PMF,


(h) Discrete Exponential (dexp) distribution (See Roy (1993)) which has the following PMF,


7.1. Discrete data


ML estimation was used to estimate the unknown parameters of our proposed distribution and also of the distributions compared to it. This was done using R software. The log-likelihood  Kolmogrov-Smirnov (K-S) statistic and its corresponding p-value, Akaike Information Criterion (AIC) and Akaike Information Criterion with correction (AICc) are calculated for all the compared distributions in order to verify which distribution fits better to the data. The better distribution corresponds to smaller, K-S, AIC and AICc and also larger  value and higher p-value.


Here,  where L is the likelihood function evaluated at the maximum likelihood estimates,  is the number of parameters and n is the sample size. 

7.1.1. First data
The first data is a COVID-19 data set from Puerto Rico that spans 38 days, from February 26 to April 4, 2021. This data set consists of newly reported instances on a daily basis (Almetwally et al. 2022). This data is as follows:
100, 311, 114, 253, 287, 151, 30, 102, 199, 261, 305, 185, 120, 68, 46, 356, 160, 235, 193, 216, 67, 69, 332, 212, 330, 295, 227, 145, 78, 260, 399, 268, 595, 447, 170, 365, 510, 881.

Table 5 Parameter estimates and goodness of fit for various models fitted 
for a COVID-19 data set from Puerto Rico
	 Distributions
	Estimate
	
	

	K-S
	        p-value
	AIC
	AICc

	NDWLD
	

 = 0.012,  = 1.696
	-235.917
	0.077
	0.965
	475.835
	476.177

	dL
	
 = 0.008
	-236.817
	0.096
	0.835
	475.634
	475.745

	dexp
	
 = 0.004
	-243.892
	0.207
	0.064
	489.783
	489.894

	dB
	

 =  0.934,  = 2.834
	-299.151
	0.499
	< 0.0001
	602.302
	602.645

	dWEX
	

 = 0.008,  = 0.0002
	-236.747
	0.096
	0.839
	477.494
	477.837

	Po
	
 = 224.979
	
	-1574.857
	0.411
	< 0.0001
	3151.715
	3151.826


Note: the boldface identifies the smallest K-S, AIC and AICc and largest logL and p-value for each case.



The fit of the proposed distribution will be compared with dL, dexp, dB, dWEX and Po distributions. The ML estimates of the parameters,  AIC and AICc, K-S statistic and its corresponding p-value are given in Table 5. From Table 5, we can see from the p-value of the K-S statistic that our proposed distribution and also dL, dexp and dWEX can fit the dataset. On other hand the p-values for dB and Po reveal that these distributions cannot fit this dataset. The NDWLD has smallest K-S statistic, highest p-value and  whereas dL has slightly smaller AIC and AICc values than NDWLD. 

7.1.2. Second data
The second one consists of failure time of 18 electronic devices due to Xie et al. (2002). The failure times are as follows:
5, 11, 21, 31, 46, 75, 98, 122, 145, 165, 196, 224, 245, 293, 321, 330, 350, 420.
The fit of this data is compared with dL, dPL, Po and dB. The ML estimates of the parameters, AIC and AICc, K-S statistics and p-value are given in Table 6. From Table 6, it is observed that our proposed distribution, dL and dPL distributions fit the dataset. On other hand the Po and dB distributions do not fit this dataset. Our proposed distribution NDWLD has smallest K-S statistic, largest p-value and Log L. The values of AIC and AICc, are also smallest for our proposed distribution.

Table 6 Parameter estimates and goodness of fit for various models fitted for the failure time 
of 18 electronic devices due to Xie et al. (2002)
	Distributions 
	Estimate
	

	K-S
	p-value
	AIC
	AICc

	dL
	
=0.012
	-112.600
	0.179
	0.607
	227.200
	227.450

	NDWLD
	
 = 0.007,  

 = 0.287
	-110.767
	0.116
	0.945
	225.534
	226.334

	dPL
	
 = 0.044, 

 = 0.748
	-111.042
	0.125
	0.909
	226.084
	226.884

	Po
	
 = 172.112
	-1025.960
	0.481
	0.000
	2053.928
	2054.178

	dB
	
 = 0.953, 

 = 4.512
	-112.600
	0.364
	0.012
	262.646
	263.446


Note: the boldface identifies the smallest K-S, AIC and AICc and largest logL and p-value for each case.

7.2. Count data

In the third and fourth data sets NDWLD is compared with dL, dB, EDLi, dWE, Po and dWEX distributions. The third data represents number of outbreaks of strikes in UK coal mining industries in four successive week periods in the years 1948–1959 (See Ridout and Besbeas (2004)). It is an under dispersed data (i.e. variance is smaller than mean). On the other hand, the fourth one is over dispersed. The fourth data represents number of carious teeth among the four deciduous molars in a sample of 100 children aged 10 and 11 years (see Krishna and Pundir (2009)). For the third and fourth data sets displayed in Tables 7 and 8, respectively, we compute the ML estimates of the parameters of the considered distributions, Log L, chi-square  degrees of freedom (df), p-value, AIC and AICc. 

It is observed from Tables 7 and 8, based on the p-value, that the distributions that fit the data are NDWLD, dPL, EDLi, dB and dWE for the third data set, whereas they are NDWLD, dPL, EDLi, dB, dWE and dWEX for the fourth data set. In the former data set, EDLi distribution has the smallest  and the largest p-value followed by NDWLD. Based on AIC and AICc the EDLi and NDWLD have the smallest values. In the later data set, both NDWLD and EDLi distribution provide the best fit with respect to all criteria.    



Table 7 Parameter estimates and goodness of fit for various models fitted 
for number of outbreaks of strikes in UK
	Observed frequencies
	Expected Frequencies

	

	Frq
	NDWL
	dL
	dPL
	EDLi
	dB
	dWE
	Po
	dWEX

	0
	46
	46.56
	72.05
	48.56
	46.16
	47.28
	48.51
	57.76
	61.31

	1
	76
	73.42
	43.89
	68.59
	74.95
	80.20
	68.70
	57.38
	56.26

	2
	24
	28.15
	22.16
	31.26
	26.77
	17.65
	31.09
	28.51
	24.92

	3
	9
	6.50
	10.23
	6.73
	6.42
	5.44
	6.84
	9.44
	9.10

	4
	1
	1.37
	7.66
	0.86
	1.70
	5.43
	0.86
	2.91
	4.41

	Total
	156
	156
	156
	156
	156
	156
	156
	156
	156

	
	
	
	
	
	
	
	
	
	

	Distributions
	Estimate 
	

	

	df
	p-value
	AIC
	AICc

	NDWLD
	

=2.501, =3.192
	-187.494
	0.758
	1
	0.384
	378.987
	379.066

	dL
	
=1.032 
	-206.830
	36.543
	2
	0.000
	415.660
	415.686

	dPL
	

=0.723, =1.616
	-188.278
	3.387
	1
	0.066
	380.556
	380.556

	EDLi
	

=0.169, =3.742
	-187.487
	0.737
	1
	0.391
	378.973
	379.052

	dB
	

=0.594, =4.653
	-192.209
	2.609
	1
	0.106
	388.419
	388.497

	dWE
	

=0.689, =1.902
	-188.183
	3.209
	1
	0.073
	380.366
	380.445

	Po
	
=0.994
	-191.936
	9.597
	2
	0.008
	385.872
	385.898

	dWEX
	

=1.356, =0.001
	-194.008
	11.691
	1
	0.001
	392.016
	392.094


Note: the boldface identifies the smallest K-S, AIC and AICc and largest logL and p-value for each case.

[bookmark: _Hlk241389676]Table 8 Parameter estimates and goodness of fit for various models fitted for number of carious teeth among the four deciduous molars
	Observed Frequencies
	Expected Frequencies

	

	Frq
	NDWLD
	dL
	dPL
	EDLi
	dB
	dWE
	Po
	dWEX

	0
	64
	63.50
	57.13
	62.59
	63.57
	63.77
	62.58
	51.17
	59.75

	1
	17
	19.81
	26.88
	21.27
	19.75
	21.60
	21.35
	34.28
	24.22

	2
	10
	9.09
	10.45
	8.91
	9.09
	7.14
	8.85
	11.48
	9.65

	3
	6
	4.17
	3.71
	3.90
	4.18
	3.04
	3.88
	2.57
	3.84

	4
	3
	3.43
	1.83
	3.33
	3.41
	4.45
	3.34
	0.50
	2.54

	Total
	100
	100
	100
	100
	100
	100
	100
	100
	100

	
	
	
	
	
	
	
	
	
	


	Distributions 
	Estimate
	

	

	df
	p-value
	AIC
	AICc

	NDWLD
	

 = 0.871,  = 0.528
	-111.528
	0.752
	1
	0.386
	227.056
	227.180

	dL
	
 = 1.294 
	-113.680
	6.638
	2
	0.036
	229.359
	229.400

	dpl
	

 = 1.447,  = 0.807
	-112.051
	1.456
	1
	0.228
	228.102
	228.102

	EDLi
	

 = 0.379, = 0.542
	-111.455
	0.739
	1
	0.390
	226.909
	227.033

	db
	

 = 0.231, = 1.440
	-114.740
	2.430
	1
	0.119
	233.479
	233.603

	dWE
	

 = 0.374, = 0.895
	-112.100
	1.507
	1
	0.220
	228.200
	228.324

	Po
	
 = 0.670 
	-121.048
	23.573
	1
	0.000
	244.096
	244.137

	dWEX
	

= 0.921,  = 91.57
	-112.550
	3.543
	1
	0.060
	229.100
	229.223


Note: the boldface identifies the smallest K-S, AIC and AICc and largest logL and p-value for each case.


Conclusion
In this paper, a discrete two-parameter analogue of the continuous weighted Lindley distribution suggested by Ghitany et al. (2011) is proposed. It is proved analytically that the hazard rate has increasing and bathtub shapes depending on the choices of its parameters values. The proposed distribution can be represented as a mixture distribution. So, it is useful in modeling heterogeneous data. Some properties of the distribution are discussed. Maximum likelihood estimation of its unknown parameters is considered and a simulation study is conducted to examine the efficiency of the estimators. The usefulness of the model is illustrated by fitting four real data sets. The results reveal that the NDWLD provides a better fit compared to some existing distributions. In this paper, the classical inference was developed. It will be interesting to develop the Bayesian inference in future work. 
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