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Convergence Theorem of Common Fixed Points for G-Nonexpansive Mappings
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Abstract
The purpose of this paper is to introduce a new algorithm for finding a common fixed point of G-nonexpansive mappings
on a Banach space. Under appropriate conditions, we prove a convergence theorem for the sequence generated by the proposed

algorithm.
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Introduction

Let G= (V(G),A(G)) be a directed graph (digraph) where ¥ (G) is a set of vertices of graph and 4(G) is a set of
ordered pair of element of J/(G). We call the elements of A(G) arcs or directed edges. We assume that G has no multiple edges.
We denote by G the directed graph obtained from G by reversing the direction of edges. Thatis, A(G™) = {(y,x):(x,y) € A(G)}.
A weighted directed graph is a directed graph in which a number (the weight) is assigned to each edge. Let X and Y be vertices
of G.Apathin G from x to ) oflength Ne NuU {0} is a sequence {xi}jio of N+1 vertices for which X, =X X, =y
and (xl.,xm) € A(G) for i=12,...,N—1. A directed graph G is weakly connected if there is an undirected path between any pair
of vertices, and strongly connected if there is a directed path between every pair of vertices. A directed graph G issaidtobetransitive
if, for any x,y,z €V (G) such that (x,y) and (y,z) are in A(G), we have (x,z) € A(G).

Let (E,d) beametricspace. Amapping 7' : E — E issaidtobecontractiveifthereis 0 < k <1 suchthat d(Tx,Ty) < kd(x, y)
forall x,y € E. A mapping T is said to be nonexpansive if d(Tx,Ty) < d(x,y) forall x,y € E. Recall that a point x € E is a fixed
point of a mapping T if Tx = x . The set of fixed point of 7" is denoted by F (7).

Theorem 1.1 [1] Let (E,d) be a complete metric space and T : E — E be a contractive mapping. Then 7 has a unique

fixed point.

Let E be a Banach space with the norm II. A Banach space E is said to be strictly convex if <1 forall x,yeE

‘x+y

with [|x[|= ||y|| =1 and x# y (see [2] for more details). For a sequence {xn} of a Banach space E and a point x € E, the strong

convergence of {x,} to x is denoted by x, — x.
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Lemma 1.2 [3] Let E be a Banach space and B, (0) = {x cE:lxd<r,r> 1} be a closed ball of £. Then E is uniformly
convex if and only if there exists a continuous, strictly increasing and convex function g =[0,00) — [0,0)with g(0)=0

such that
lax+(=y < Alxl + =2y - 20-D g (Jx- )

forall x,y € B,(0) and 1 €[0,1].

Lemma 1.3 [4] Let £ be a uniformly convex Banach space and {@,} be a sequence in [a,1—a] for some a €(0,1).
Suppose that the sequences {x,} and {y,} in E are such that lim sup|
=0.

ax,+(1-a,)y,

=c where limsup"x" ||S ¢ and
n—»0

Ko = Y

Let C be a nonempty subset of a Banach space E. A point P in C is said to be a strongly asymptotic fixed point

lim sup" yn" < cforsome ¢>0. Then lim
n—w Nn—»0

of T [5]if C contains a sequence {x,,} which converges strongly to p such that lim ||xn —Tx, || =0. The set of strong
asymptotic fixed point of T’ is denoted by F(T).Let C bea nonempty subset of a ;;CIC Banach space £ and A denote
diagonal of the cartesian product Cx C . Consider a directed graph G such that the set ¥ (G) of its vertices coincides with
C and the set of its edges with A < A(G). We assume G has no multiple edges.

A mapping T :C — C is G-nonexpansive (see [6]), if T satisfies the following conditions.
(i) T preserves edges of G, i.e.,

(x,7) € A(G) = (Tx,Ty) € A(G), ¥ (x,) € A(G);

(ii) T non-increases weights of edges of G in the following way:

(x,y)e A(G) = ||Tx—Ty|| < ||x —y||,V(x,y) € A(G).

Example 1.4 [7] Let £ =R and C:[O,%} with norm ||x—y||:|x—y| and let G=(V(G),A(G))be such that
V(G)=C, AG)={(x,y):x,ye [O,%} such that |x—y| S%}. Define 7:C — C by

8¢ irxend),

Tv= 625 1 ’
— if x=—.
64 i x=3

Note that 7"is G-nonexpansive.

The study of fixed point theorem on Banach spaces were investigated by many authors (see [8 - 14]). In 2008,
Jachymski [15] proved generalizations of the Banach’s contraction principle in complete metric spaces endowed with a
graph. In 2015, Tiammee et al. [7] proved Browder’s convergence theorem for G-nonexpansive mappings in Hilbert spaces
with a directed graph. The study of fixed point theorem for G-nonexpansive mappings in Hilbert spaces and Banach spaces
were investigated by many authors (see [6 - 7], [13 - 16]). In 2017, Suparatulatorn et al. [17] proved a strong convergence
theorem for two different hybrid methods by using CQ method for a finite family of G-nonexpansive mappings in a Hilbert
space. Recently, Saewan et al. [18] proved a strong convergence theorem for three-step iterative scheme for G-nonexpansive
mappings under condition (II). In this paper, inspired and motivated by the works mentioned above, we introduce an iterative
process for finding a common element of G-nonexpansive mappings in Banach spaces E endowed with a directed graph

G and we prove the strong convergence theorem under the appropriate conditions.

Materials and Methodology
1. Studying and investigating on the fixed point problem.
2. Studying and investigating on a directed graph.
3. Studying and investigating on the G-nonexpansive mapping.

4. Establishing a new theorem of the fixed point problem for G-nonexpansive mappings on Banach spaces.
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Results

In this section, we prove a fixed point theorem for G-nonexpansive mapping in a Banach space endowed with a
directed graph. First, we begin with some well-known results and useful definitions that will be use in results.
Property G: Let C be a nonempty subset of a normed space £ and let G = (V' (G), A(G)), where V(G)=C, be a directed
graph. Then C is said to have Property G if every sequence {xn} in C converging weakly to x € C, there is a subsequence
{xnk } of {x,} such that (xnk ,x) € A(G) forany keN.
Lemma 3.1 ([7]) Let £ be a norm space and G =(V(G), A(G)) be a directed graph with V'(G) = E. Suppose T: E — E
is G-nonexpansive mapping. If £ has a Property G, then T is continuous.
Theorem 3.2 ([7]) Let E be a norm space and let C be a subset of E having Property G. Let G =(V(G), A(G)) be a
directed graph such that V(G)=C and A(G) is convex. Suppose T :C — C is G-nonexpansive mapping and
F(T)xF(T) < A(G). Then F(T) is closed and convex.
Lemma 3.3 ([19]) Let the sequences {a,} and {5, } of real number be satisfied:

a,,<(1+8)a,, where a,>0, 5,>0, Vn=1,2,3,... and i@ <.

n=1

Then (i) lim a, exists. (ii) If liminfa, =0, then lima, =0.

n—o n—m n—w

Definition 3.4 Let C be a nonempty subset of a real Banach space E. If F(T) is nonempty, then T is call semi-compact

if for a bounded sequence { xn} in C with lim ||xn —Tx,

=0, there exists a subsequence {xn‘ } of {xn} suchthat x, - peC.
Next, we introduce a new iterative scheme for finding a common fixed point of G-nonexpansive mappings in a real
Banach space as follows.
Theorem 3.5
Let E be a real Banach space and let C be a nonempty closed convex subset of E endowed with a directed graph
G =(V(G), A(G)) such that ¥ (G)=C and A(G) is convex. The mappings 7, (i =1,2,3) are G-nonexpansive from C
into itself. Assume that F = mf;l F (7:) is nonempty and closed subset of C . For an initial point x, € C, define the sequence
{xn} in C by the iterative schemes:

‘xn+1 = (1—05 ,l)xn +an,17}yn’

yn :(1 n,Z)xn+an,2T22n9 (31)
z, (1 3

—-a
24

)%, +a,,Tx,,

Where {an’i}; are real sequences in [a,1- ] for some o e (o,%).

If the graph G is transitive and for u € F be such that (x,,u),(y,,u),(zyu),(u,%,),(u, 3, ).(4. 2, ) € A(G). Then
D) (5,00), (100)- (20002005, ), 00,2, (1:2,). (5,03, ), (702,) and. (x,.2,) are in A(G).

(ii) limJx, —u] exists.

(iii) lim"T;x” -x,|= 0,fori=12,3.

(iv) Assume that liminf d(x,,F) =0, where d(x,F)=inf

peF

|x - p" Then {x,} converges strongly to a common fixed

point of F.

(v) Assume that 7, is semi-compact for some i =1,2,3. Then {x,} converges strongly to a common fixed point of F.

Proof. For uekF, (xo,u),(yo,u),(zo,u)eA(G) and T (i=1,2,3) are edge-preserving. Then we have
(Tyy.u),(Tyzgu),(Tyx,,u) € A(G). By the convexity of A(G) and (T,ye,u),(x,,u) € A(G), we have (x,,u) e A(G).
By edge-preserving of 7}, then (T3x1,u)e A(G). By the convexity of A(G) and (T3x1,u),(x1,u) € A(G), we have
(z,,u) € A(G).By edge-preserving of T}, then (7,z,,u) € A(G). By the convexity of A(G) and (T,z,,u),(x,,u) € A(G),
we have (yl,u) € A(G).For (xk,u),(yk,u),(zk,u) € A(G) . Since A(G) is convex and T,,i =1,2,3 are edge-preserving,
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then (Ty,,u),(T,z,,u),(Tyx,,u) € A(G). Since (x,,u) and (T,y,,u) € A(G) and A(G) is convex, then we get
(1 O )(xk ’”) T, (];yk 7”) = ((1 O )xk +ao Ly, ,u) = (xk+17u) € A(G). (3.2)

By edge-preserving of T, then (Tx,,,,u) € A(G) . Since (Tyx,,,,u),(x,,,,u) € A(G) and A(G) is convex, we get
(1= 03 ) (%o t) + @y (Tx5w) = (1= @) X + @ ToXi54) = (2,051) € A(G). (3.3)
By edge-preserving of T}, then (7,z,,,,u) € A(G). Since (T,z;,,.u),(x,,,,u) € A(G) and A(G) is convex, we get
(1=, ) (%ou) + @5 (Tzu) = ((1 — 0y, ) X+ ak’szzkH,u) = (Vo) € AG). (3.4)
By induction, we get (x,,u),(,,u).(z,,u) € AG) forall n>1.

For(u,xo),(u,yo),(u,zo) € A(G) by a similar argument that (u,xn),(u,yn ),(u,zn) € A(G).From the transitivity of G
that (xn,yn),(yn,zn),(xn,zn) € A(G).

Next, we show that lim"xn —u" exists.
n—w

>

For u eF and (xoau)a(yoau)r(zoau):(u’xo)5(u»y0)s(uazo)eA(G)~ Notice that
||'xn+l _u" = || l_an,l )xn + an,lTiyn _u"

I-a,,)|x,

I-a,,)|x,

1-a, l)"x ~u|+a,, "(

(
(

—ul+a,, |y, —u|

=

i +a,,
w2 )%+, Tz,
1-a,,)
)

1-a,, )%, —u|+a,, |z, —u])

1-a,,)|x

v

X, — u|| +a,, ||Tzzn - u||)

l-a, 1)||x —u||+a

(
(
(
(
(
(1-a,,
(
(
(
(
(

g xn—u||+ a, (1-a,, xﬂ—u||+anlaﬂ2 —u" (3.5)
l-a,, ||x —u||+a (1-a,, ||x —u||+a s " 03 ) X +an,3T3xn—u||
I-a,,)|x, —u|+a,, : x, —u|+a,, 3xn—u")

o~ —

)

) (1-
1-a,,)|x —u||+aﬂ1an2(( -a,,

) (1

) |,

;)
)

=, )|, —ul+ @,q v, ~ul)
)

)
)
)
)

n
1-a,,)|x, —u|+a,, (1-,,)|x, —u|+a,q, (
l-a,, xn—u||+ot,,’l l-a,, xﬂ—u||+anlaﬂ2( u||
l-a,, ||xn —u||+ocm1 ||xn —u"

It mean that, lim"xn —u" exists. Then {x,} is bounded.
n—»0

Next, we show that lim"Tixn -x,|=
n—»0

Let y e F, there exists » >0 such that ||xn —u" <r, ||yn —u" <r and "Zn —u" <r forall n=>1.
Put c= lim"xn —u"
n—o

If ¢ =0, then by G-nonexpansiveness of 7, (i=1,2,3) and lim"xn —u" exists, we have

X, — X, —u|| ||u Tx, n—xn":O.

n

If ¢>0,by Lemma 1.1 and T, is G-nonexpansive, we have
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s -, 5
B "(1 % )(xn ~u)+a,,(Tx, —M)"2
: (1 = ) "x" - ”"2 +a,; "Tsxn - M"2 —Q,; (1 -, ) g ("Tsxn -X, ")
<(1-a,s)lx, —u||2 +a, || T, - “"2

< (1-a,0 ), ol + o, o
We have
11mj;1p||zn —u|<c. (3.6)
* we have
yn—u"z:"(l—anz)x +an2Tzz ulf
=), —u) v, (T2, ~u)f
<(1-ayo ), + [z, e, (11,0 (1T, )
< (1=, )l —ul + . Tz, —olf
<(1-a,. ), ~alf + sz, o
<(1-ao )b, =l + o, —uff
=[x, -~
Thus
lim sup"yn —u|<e. (3.7
vy =uf <[, —ul s we nave
||xn+1—u|| :" l—a V)X ta, Ly, - "2
== =) e (B~
< (1= )b, =l + e [Ty, —ull = e, (1= ) g ([T =, )
<(1-a,, ), —ulf —ull ~a, (1=a,,)g(Ify, =)
< (1= ), =l + e v, —ul ~ e, (1-a,,) g (I, —x])
=[x, —uff —an,l(l—an,l)g(llﬂyn—xn )
Then we have that
@, (1=t,,) & ([T, =5, ) <o =) =l el (338)
Since lim |x, —u| exists, we have that
lim  g(|7y, —uf)=0.
Thus
lim [Ty, -x,|=0. (3.9)

Since 7] is G-nonexpansive, we have
I, =l <lfx, =Ty [ +[75, =T < s, =Ty, [+, =],

From (3.9), we have that
i, <t (J, =) 5, 1) = tim], .

Then



ngufunmsgitrvesyansesawdmsumsawnylivets G NITTUNINNAInHA
s nariu nazame 34 I 22 paiudi 2 nsngau-Funay 2562

Thaksin.J., Vol.22 (2) July - December 2019

CS]il’:Liilf"yn —u" (3.10)
From (3.7) and (3.10), we have
1§1;||yn —u|=c. (3.11)
Since
2

yn _u"2 = an,ZTZZn +(1_an,2)xn _u"

2

a,,(Tz, —u)+(1 —an,z)xn —u"
<a,a|[Tz, —ul +(1=a,0)v, —ul =2 (1=, ) 2|7z, —x)|
<aalle,—ul +(1=a ), —uf ~ @, (1-a,) g1z, =

2

<, —ul + (1= )l ol - 2,2 (1=, ) gz, =

2
=[x~ ~a.. (1-a) e[z, |

Ttimply that @, ,(1-a,,) [Tz, x| <[x, —u| ~|v, —ul-
Since lim|x, —u|= cand from (3.11), then we have lim g|7,z, —x, || =0, we get

li_rg"Tzzn -x,[=0. (3.12)
since [[v, ~u[ <, =Lz, |+ |z, ~ T < v, = Loz, |+ ]z, ~u]-
From (3.12), we get 122"2 —ul| > 152||x —ul, thus

liminf ||z, —ul|> c. (3.13)
From (3.6) and (3.13), that -

lim||z, —u =c. (3.14)

n—om

Since

z, - =|(1-a,,)x, +a, T, —uf
=(1=,) (3, =)+, (T, =)
<(t-a)x, —ul +a,, 1w, —uf ~a,.(1-a,.) g (|Tx, = x[)
<(1=a,a) |l + @b, ~uff e, (1-,) g (|Tx, ~x,])
=[x, —ulf ~a,; (1-a,) g (|7, —=,)-

Then @ (1-a,)g (|75, ~,]) <[, —uff =z, ~af

Since lim"xn —u" =c and lim"zn —u" =c, we get limg(||T3xn —-X, ||) =0. From Lemma 1.2, we get
n—o n—o

P
lgg||gxn -x,[=0. (3.15)
Since 7, is G-nonexpansive,
||T2xn —x,||< ||T2)c,l -T,z, +||Tzzn -x,[|< ||xn —z,|+ ||Tzzﬂ -X,

=[x, =, [ +[7z, x| < |, =, +]Tz, -

From lim"Tzzn —-x, || =0 and lim||T3xn —xn" =0, we have
n—»0 n—»%0

lim |73, — x| =0. (3.16)

Since 7 is G-nonexpansive,
17, = x| < |, =T |+ 70, = %) < e, = v |77, =]

< "TZ‘xn _xn +||T2yn _xn

= an,2 I‘2xn - xn

+||Ty, - x,
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From hm"szn —-x,
n—»0

=0 and lim"szn —x,[=0, we have

=0.

lim"]]xn -X,
n—0

F)<d(x

From the assumption liminf d(x,,F) =0 and from (3.5), we getd(x . F). By using Lemma 3.3 (ii), we get

n+12

limd(x,,F)=0.Since liin X, —u" exists and {xn} is bounded, we get that, for any & >0, there exists a positive integer
n—o n 00

& e .
n, such that, ||x, —u" < 3 for n > n,. For any positive integer 7, we obtain

xnm—xn||S X —u||+||u—xn

n+m

X —u||+||xn —u" <

n+m

x, —u+

X, —u" < 2||xn —u" <e.

Thus, {xn} is a Cauchy sequence in E. Since E is complete, then there exists an element ¢ € E' such that {xn} —4q.
Because {xn} < C and C is closed subset of E, then g € C. Since F = mf;lF(ﬂ) and F(T) is a closed subset in C for
all i =1,2,3 and from the continuity of d(x,F) with d(x,F)— 0 and x, > ¢ as n—> 00, we have d(q,F)=0. It follow
that g € F'. From the assumption 7, is semi-compact for some i =1,2,3 and from{xn} is bounded, there exists a subsequence

{xnj} of {xn} such that x, >qeC as J —> . By continuity of T;, we get hi{} Ix, —x, " =||q—7;q|| forall i=1,2,3

then g € F.The proof is complete.

Remark If «,; =0, then Theorem 3.5 reduces to the results of Tripak [15].

Discussion
The result of this paper holds under the assumptions that the some mapping is semi-compactand liminf d(x,, F) =0.

We construct and prove a new convergence theorem for G-nonexpansive mappings in a real Banach space endowed with a graph.
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