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Abstract
The purpose of this paper is to introduce a new algorithm for finding a common fixed point of  G-nonexpansive mappings 

on a Banach space. Under appropriate conditions, we prove a convergence theorem for the sequence generated by the proposed 

algorithm. 
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Introduction
Let ( ) ( )( ),=G V G A G  be a directed graph (digraph) where ( )V G  is a set of vertices of graph and ( )A G  is a set of 

ordered pair of element of ( )V G . We call the elements of ( )A G  arcs or directed edges. We assume that G  has no multiple edges. 

We denote by 1−G  the directed graph obtained from G  by reversing the direction of edges. That is,  1A( ) {( , ) : ( , ) ( )}.− = ∈G y x x y A G  

A weighted directed graph is a directed graph in which a number (the weight) is assigned to each edge. 	Let x  and y  be vertices 

of G . A path in G  from x  to y  of length  0 N   is a sequence   0
 is a sequence { } 0=

N
i i

x  of 1+N  vertices for which 0 =x x  =Nx y  

and ( )1, ( )+ ∈i ix x A G  for 1,2,..., 1= −i N . 	A directed graph G is weakly connected if there is an undirected path between any pair 

of vertices, and strongly connected if there is a directed path between every pair of vertices. 	A directed graph G  is said to be transitive 

if, for any ( ), , ∈x y z V G  such that ( ),x y  and ( ),y z  are in ( )A G , we have ( ), ( )∈x z A G .

Let ( , )E d  be a metric space. A mapping : →T E E  is said to be contractive if there is 0 1< <k  such that ( , ) ( , )≤d Tx Ty kd x y  

for all , .∈x y E  A mapping T  is said to be nonexpansive if ( , ) ( , )≤d Tx Ty d x y  for all , .∈x y E  Recall that a point ∈x E  is a fixed 

point of a mapping T  if =Tx x . The set of fixed point of T is denoted by ( )F T .	

Theorem 1.1 [1] Let ( , )E d  be a complete metric space and  : →T E E  be a contractive mapping. Then T  has a unique 

fixed point.

	 Let E be a Banach space with the norm ⋅ .  A Banach space E is said to be strictly convex if  1
2
+

<
x y  for all , ∈x y E  

with 1= =x y  and ≠x y  (see [2] for more details). For a sequence { }nx  of a Banach space E and a point ,∈x E  the strong 

convergence of { }nx to x  is denoted by →nx x .  

1	 ผศ.ดร., สาขาวชิาคณิตศาสตร์และสถิติ คณะวทิยาศาสตร์ มหาวทิยาลยัทกัษิณ พทัลุง 93210
2	 อ.ดร., สาขาวชิาคณิตศาสตร์และสถิติ คณะวทิยาศาสตร์ มหาวทิยาลยัทกัษิณ พทัลุง 93210
3	 อ., สาขาวชิาคณิตศาสตร์และสถิติ คณะวทิยาศาสตร์ มหาวทิยาลยัทกัษิณ พทัลุง 93210
1	 Asst. Prof. Dr., Department of Mathematics and Statistics, Faculty of Science, Thaksin University, Phatthalung, 93210
2	 Lecturer, Dr., Department of Mathematics and Statistics, Faculty of Science, Thaksin University, Phatthalung, 93210
3	 Lecturer, Department of Mathematics and Statistics, Faculty of Science, Thaksin University, Phatthalung, 93210
*	 Corresponding author: Tel.: 089-7230444. E-mail address: si_wa_pon@hotmail.com
	 (Received: August 30, 2018; December 30, 2018; Accepted: January 7, 2019)



วารสารมหาวทิยาลยัทกัษิณ

ปีท่ี 22 ฉบบัท่ี 2 กรกฎาคม-ธนัวาคม 2562

 ทฤษฎีบทการลู่เขา้ของจุดตรึงร่วมส�ำหรับการส่งแบบไม่ขยาย G

 ศิวพร แซ่วนั และคณะ

Thaksin.J., Vol.22 (2) July - December  2019

30

Lemma 1.2 [3] Let E be a Banach space and ( ) { }0 : , 1= ∈ ≤ >rB x E x r r  be a closed ball of E . Then E is uniformly 

convex if and only if there exists a continuous, strictly increasing and convex function [ ) [ )0, 0,= ∞ → ∞g with ( )0 0=g  

such that

 		
( ) ( ) ( ) ( )2 2 21 1 1+ − ≤ + − − − −x y x y g x yλ λ λ λ λ λ , 

for all ( ), 0∈ rx y B  and [ ]0,1∈λ .

Lemma 1.3 [4] Let E  be a uniformly convex Banach space and { }nα  be a sequence in [ ],1−α α  for some ( )0,1∈α . 

Suppose that the sequences { }nx  and { }ny  in E  are such that ( )limsup 1
→∞

+ − =n n n n
n

x y cα α  where limsup
→∞

≤n
n

x c  and 

limsup
→∞

≤n
n

y c for some 0.≥c  Then lim 0→∞ − =n n nx y .

	 Let C  be a nonempty subset of a Banach space .E  A point p  in C  is said to be a strongly asymptotic fixed point 

of T  [5] if C  contains a sequence { }nx  which converges strongly to p  such that lim 0→∞ − =n n nx Tx . The set of strong 

asymptotic fixed point of T  is denoted by ( )F T . Let C  be a nonempty subset of a real Banach space E  and ∆  denote 

diagonal of the cartesian product ×C C . Consider a directed graph G  such that the set ( )V G  of its vertices coincides with 

C  and the set of its edges with ( )∆ ⊂ A G . We assume G  has no multiple edges. 

	 A mapping : →T C C  is G-nonexpansive (see [6]), if T  satisfies the following conditions.

(i) T  preserves edges of G , i.e.,

		  ( ) ( ) ( ), ( ) , ( ), , ( );∈ ⇒ ∈ ∀ ∈x y A G Tx Ty A G x y A G

(ii) T  non-increases weights of edges of G  in the following way:

		  ( ) ( ), ( ) , , ( ).∈ ⇒ − ≤ − ∀ ∈x y A G Tx Ty x y x y A G

Example 1.4  [7] Let 

  x y A G Tx Ty x y x y A G

Example 1.4  [7] Let E   and 10,
2

   
x and 10,

2
 =   

C  with norm − = −x y x y  and let ( )( ), ( )=G V G A G be such that 

( ) 3 1( ) , ( ) { , : , 0, }.
8 8

 = = ∈ − ≤  
V G C A G x y x y such that x y

 
Define : →T C C  by

28 1[0, ),
6 2
25 1 .
64 2

 ∈= 
 =


x if x
Tx

if x
 

Note that T is G-nonexpansive.

The study of fixed point theorem on Banach spaces were investigated by many authors (see [8 - 14]). In 2008, 

Jachymski [15] proved generalizations of the Banach’s contraction principle in complete metric spaces endowed with a 

graph.  In 2015, Tiammee et al. [7] proved Browder’s convergence theorem for G-nonexpansive mappings in Hilbert spaces 

with a directed graph. The study of fixed point theorem for G-nonexpansive mappings in Hilbert spaces and Banach spaces 

were investigated by many authors (see [6 - 7],  [13 - 16]). In 2017, Suparatulatorn et al. [17] proved a strong convergence 

theorem for two different hybrid methods by using CQ method for a finite family of G-nonexpansive mappings in a Hilbert 

space.  Recently,  Saewan et al. [18] proved a strong convergence theorem for three-step iterative scheme for G-nonexpansive 

mappings under condition (II). 	In this paper, inspired and motivated by the works mentioned above, we introduce an iterative 

process for finding a common element of G-nonexpansive mappings in Banach spaces E  endowed with a directed graph 

G  and we prove the strong convergence theorem under the appropriate conditions.

Materials and Methodology
1. Studying and investigating on the fixed point problem.

2. Studying and investigating on a directed graph.

3. Studying and investigating on the G-nonexpansive mapping.

4. Establishing a new theorem of the fixed point problem for G-nonexpansive mappings on Banach spaces.

limsup
→∞

≤n
n

x c

limsup
→∞

≤n
n

x c



วารสารมหาวทิยาลยัทกัษิณ

ปีท่ี 22 ฉบบัท่ี 2 กรกฎาคม-ธนัวาคม 2562

 ทฤษฎีบทการลู่เขา้ของจุดตรึงร่วมส�ำหรับการส่งแบบไม่ขยาย G

 ศิวพร แซ่วนั และคณะ

Thaksin.J., Vol.22 (2) July - December  2019

31

Results
	 In this section, we prove a fixed point theorem for G-nonexpansive mapping in a Banach space endowed with a 

directed graph. First, we begin with some well-known results and useful definitions that will be use in  results.

Property G: Let C  be a nonempty subset of a normed space E  and let ( )( ), ( ) ,=G V G A G   where ( ) ,=V G C  be a directed 

graph. Then C  is said to have Property G if every sequence { }nx  in C  converging weakly to ,∈x C  there is a subsequence 

{ }knx  of { }nx  such that ( ), ( )∈
knx x A G  for any x A G  for any .k   

Lemma 3.1 ([7]) Let E  be a norm space and ( )( ), ( )=G V G A G  be a directed graph with ( ) .=V G E  Suppose : →T E E  

is G-nonexpansive mapping. If E  has a Property G, then T  is continuous.

Theorem 3.2 ([7]) Let E  be a norm space and let C  be a subset of E  having Property G. Let ( )( ), ( )=G V G A G  be a 

directed graph such that ( ) =V G C  and ( )A G  is convex. Suppose : →T C C  is G-nonexpansive mapping and 

( ) ( ) A(G).× ⊆F T F T  Then ( )F T  is closed and convex.

Lemma 3.3  ([19]) Let the sequences { }na  and { }nδ  of real number be satisfied:

1 (1 ) , 0, 0, 1, 2,3,...+ ≤ + ≥ ≥ ∀ =n n n n na a where a nδ δ  and 
1

.
∞

=

< ∞∑ n
n
δ  

Then  (i)  lim
→∞ nn

a  exists.  (ii)  If liminf 0,
→∞

=nn
a  then lim 0.

→∞
=nn

a   

Definition 3.4   Let C  be a nonempty subset of a real Banach space .E  If ( )F T  is nonempty, then T  is call semi-compact  

if for a bounded sequence { }nx  in C  with lim 0,
→∞

− =n nn
x Tx  there exists a subsequence { }inx  of { }nx  such that .→ ∈

inx p C  

	 Next, we introduce a new iterative scheme for finding a common fixed point of G-nonexpansive mappings in a real 

Banach space as follows.

Theorem 3.5

	 Let E  be a real Banach space and let C  be a nonempty closed convex subset of E endowed with a directed graph 

( )( ), ( )=G V G A G  such that ( ) =V G C  and ( )A G  is convex. The mappings ( )1,2,3=iT i  are G-nonexpansive from C  

into itself. Assume that ( )3
1: == ∩i iF F T  is nonempty and closed subset of C . For an initial point 0 ∈x C , define the sequence 

{ }nx  in C  by the iterative schemes:
( )
( )
( )

1 ,1 ,1 1

,2 ,2 2

,3 ,3 3

1 ,

1 ,

1 ,

+ = − +

= − +

= − +

n n n n n

n n n n n

n n n n n

x x T y

y x T z

z x T x

α α

α α

α α                                                                      

Where { }3
,i 1=n i

α  are real sequences in [ ],1-α α  for some 1(0, )
2

∈α .

If the graph G  is transitive and  for ∈u F  be such that ( ) ( ) ( ) ( ) ( ) ( )0 0 0 0 0 0, , , , , , , , , , , ( ).∈x u y u z u u x u y u z A G Then

(i)  ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ), , , , , , , , , , , , , , ,n n n n n n n n n nx u y u z u u x u y u z x y y z  and ( ),n nx z  are in ( ).A G  

(ii)  lim
→∞

−nn
x u  exists.

(iii) lim 0
→∞

− =i n nn
T x x , for 1,2,3=i .

(iv) Assume that liminf ( , ) 0,
→∞

=nn
d x F  where ( , ) inf ∈= −p Fd x F x p . Then { }nx  converges strongly to a common fixed 

point of .F  

(v) Assume that iT  is semi-compact for some 1,2,3=i . Then { }nx  converges strongly to a common fixed point of .F  

Proof.  For ,∈u F ( ) ( ) ( )0 0 0, , , , , ( )∈x u y u z u A G  and ( )1,2,3=iT i  are edge-preserving. Then we have 

( ) ( ) ( )1 0 2 0 3 0, , , , , ( ).∈T y u T z u T x u A G  By the convexity of ( )A G  and ( ) ( )1 0 0, , ,T y u x u  ( ),∈ A G  we have ( )1, ( ).∈x u A G

By edge-preserving of 3T , then ( )3 1, ( ).∈T x u A G  By the convexity of ( )A G  and ( ) ( )3 1 1, , ,T x u x u ( ),∈ A G  we have 

( )1, ( ).∈z u A G By edge-preserving of 2 ,T  then ( )2 1, ( ).∈T z u A G  By the convexity of ( )A G  and ( ) ( )2 1 1, , ,T z u x u  ( ),∈ A G  

we have ( )1, ( ).∈y u A G For ( ) ( ) ( ), , , , , ( )∈k k kx u y u z u A G . Since ( )A G  is convex and , 1, 2,3=iT i  are edge-preserving, 

(3.1)
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then ( ) ( ) ( )1 2 3, , , , , ( ).∈k k kT y u T z u T x u A G  Since ( ),kx u  and ( )1 , ( )∈kT y u A G  and ( )A G  is convex, then we get

		  ( )( ) ( ) ( )( ) ( ),1 ,1 1 ,1 ,1 1 11 , , 1 , , ( ).+− + = − + = ∈k k k k k k k k kx u T y u x T y u x u A Gα α α α 	 (3.2)

By edge-preserving of 3T , then ( )3 1, ( )+ ∈kT x u A G . Since ( ) ( )3 1 1, , , ( )+ + ∈k kT x u x u A G  and ( )A G  is convex, we get

    ( )( ) ( ) ( )( ) ( ),3 1 ,3 3 1 ,3 1 ,3 3 1 11 , , 1 , , ( ).+ + + + +− + = − + = ∈k k k k k k k k kx u T x u x T x u z u A Gα α α α 	 (3.3)

By edge-preserving of 2T , then ( )2 1, ( )+ ∈kT z u A G . Since ( ) ( )2 1 1, , , ( )+ + ∈k nT z u x u A G  and ( )A G  is convex, we get

   ( )( ) ( ) ( )( ) ( ),2 1 ,2 2 1 ,2 1 ,2 2 1 11 , , 1 , , ( )+ + + + +− + = − + = ∈k k k k k k k k kx u T z u x T z u y u A Gα α α α .	 (3.4)

By induction, we get ( ) ( ) ( ), , , , , ( )∈n n nx u y u z u A G  for all 1.≥n  

For ( ) ( ) ( )0 0 0, , , , , ( )∈u x u y u z A G  by a similar argument that ( ) ( ) ( ), , , , , ( ).∈n n nu x u y u z A G From the transitivity of ,G  

that ( ) ( ) ( ), , , , , ( ).∈n n n n n nx y y z x z A G

Next, we show that lim
→∞

−nn
x u  exists.

For ∈u F  and ( ) ( ) ( ) ( ) ( ) ( )0 0 0 0 0 0, , , , , , , , , , , ( ).∈x u y u z u u x u y u z A G  Notice that

                                

( )
( )
( )
( ) ( )
( ) ( )( )
( ) ( )( )
( ) ( )

1 ,1 ,1 1

,1 ,1 1

,1 ,1

,1 ,1 ,2 ,2 2

,1 ,1 ,2 ,2 2

,1 ,1 ,2 ,2

,1 ,1 ,2

1

1

1

1 1

1 1

1 1

1 1

+ − = − + −

≤ − − + −

≤ − − + −

= − − + − + −

≤ − − + − − + −

≤ − − + − − + −

= − − + − −

n n n n n

n n n n

n n n n

n n n n n n n

n n n n n n n

n n n n n n n

n n n n n

x u x T y u

x u T y u

x u y u

x u x T z u

x u x u T z u

x u x u z u

x u x

α α

α α

α α

α α α α

α α α α

α α α α

α α α ( )
( ) ( ) ( )
( ) ( ) ( )( )
( ) ( ) ( )( )
( )

,1 ,2

,1 ,1 ,2 ,1 ,2 ,3 ,3 3

,1 ,1 ,2 ,1 ,2 ,3 ,3 3

,1 ,1 ,2 ,1 ,2 ,3 ,3

,1 ,1

1 1 1

1 1 1

1 1 1

1 1

3.5+ −

= − − + − − + − + −

≤ − − + − − + − − + −

≤ − − + − − + − − + −

= − − + −

n n n

n n n n n n n n n n n

n n n n n n n n n n n

n n n n n n n n n n n

n n n

u z u

x u x u x T x u

x u x u x u T x u

x u x u x u x u

x u

α α

α α α α α α α

α α α α α α α

α α α α α α α

α α α( ) ( )
( )

,2 ,1 ,2

,1 ,11

.

− + −

= − − + −

= −

n n n n n

n n n n

n

x u x u

x u x u

x u

α α

α α

It mean that, lim
→∞

−nn
x u  exists. Then { }nx  is bounded. 

Next, we show that lim 0
→∞

− =i n nn
T x x , for 1,2,3=i .

Let ,∈u F  there exists 0>r  such that ,− ≤ − ≤n nx u r y u r  and − ≤nz u r  for all 1≥n .

Put lim
→∞

= −nn
c x u .

If 0=c , then by G-nonexpansiveness of , ( 1, 2,3)=iT i  and lim
→∞

−nn
x u  exists, we have 

− ≤ − + − ≤ − + −n i n n i n n nx T x x u u T x x u u x . Then lim 0.
→∞

− =i n nn
T x x

If 0>c , by Lemma 1.1 and 3T  is G-nonexpansive, we have        
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( )
( )( ) ( )

( ) ( ) ( )
( )
( )

22
,3 ,3 3

2
,3 ,3 3

2 2
,3 ,3 3 ,3 ,3 3

2 2
,3 ,3 3

2 2
,3 ,3

2

1

1

1 1

1

1

.

− = − + −

= − − + −

≤ − − + − − − −

≤ − − + −

≤ − − + −

= −

n n n n n

n n n n

n n n n n n n n

n n n n

n n n n

n

z u x T x u

x u T x u

x u T x u g T x x

x u T x u

x u x u

x u

α α

α α

α α α α

α α

α α

We have

		
limsup .

→∞
− ≤n

n
z u c 	 (3.6)

Since 2T  is G-nonexpansive and 
2 2− ≤ −n nz u x u , we have

		

( )
( )( ) ( )

( ) ( ) ( )
( )
( )
( )

22
,2 ,2 2

2
,2 ,2 2

2 2
,2 ,2 2 ,2 ,2 2

2 2
,2 ,2 2

2 2
,2 ,2

2 2
,2 ,2

2

1

1

1 1

1

1

1

.

− = − + −

= − − + −

≤ − − + − − − −

≤ − − + −

≤ − − + −

≤ − − + −

= −

n n n n n

n n n n

n n n n n n n n

n n n n

n n n n

n n n n

n

y u x T z u

x u T z u

x u T z u g T x x

x u T z u

x u z u

x u x u

x u

α α

α α

α α α α

α α

α α

α α

Thus

		
limsup .

→∞
− ≤n

n
y u c 	 (3.7)

Since 1T  is G-nonexpansive and 
2 2 ,− ≤ −n ny u x u  we have

		

( )
( )( ) ( )

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

( )

22
1 ,1 ,1 1

2
,1 ,1 1

2 2
,1 ,1 1 ,1 ,1 1

2 2
,1 ,1 ,1 ,1 1

2 2
,1 ,1 ,1 ,1 1

2
,1 ,1 1

1

1

1 1

1 1

1 1

1

+ − = − + −

= − − + −

≤ − − + − − − −

≤ − − + − − − −

≤ − − + − − − −

= − − − −

n n n n n

n n n n

n n n n n n n n

n n n n n n n n

n n n n n n n n

n n n n

x u x T y u

x u T y u

x u T y u g T y x

x u y u g T y x

x u x u g T y x

x u g T y x

α α

α α

α α α α

α α α α

α α α α

α α ( ).n

Then we have that

		  ( ) ( ) ( ) 2 2
,1 ,1 1 11 .+− − ≤ − − −n n n n n ng T y x x u x uα α 	 (3.8)

Since lim
→∞

−nn
x u  exists, we have that

		   ( )1lim 0.→∞ − =n ng T y u
 

Thus

		  1lim 0.→∞ − =n n nT y x 	 (3.9)

Since 1T  is G-nonexpansive, we have

		  1 1 1 1 .− ≤ − + − ≤ − + −n n n n n n nx u x T y T y T u x T y y u

From (3.9), we have that  

		
( )( )1lim lim lim .

→∞ →∞ →∞
− ≤ − + − = −n n n n nn n n

x u x T y y u y u

Then

limsup
→∞

≤n
n

x c

limsup
→∞

≤n
n

x c
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		  liminf .
→∞

≤ −nn
c y u 	 (3.10)

From (3.7) and (3.10), we have

		  lim .
→∞

− =nn
y u c 	 (3.11)

Since

( )
( ) ( )

( ) ( )
( ) ( )
( ) ( )
( )

22
,2 2 ,2

2
,2 2 ,2

2 2
,2 2 ,2 ,2 ,2 2

2 2
,2 ,2 ,2 ,2 2

2 2
,2 ,2 ,2 ,2 2

2
,2 ,2 2

1

1

1 1

1 1

1 1

1 .

− = + − −

= − + − −

≤ − + − − − − −

≤ − + − − − − −

≤ − + − − − − −

= − − − −

n n n n n

n n n n

n n n n n n n n

n n n n n n n n

n n n n n n n n

n n n n n

y u T z x u

T z u x u

T z u x u g T z x

z u x u g T z x

x u x u g T z x

x u g T z x

α α

α α

α α α α

α α α α

α α α α

α α

It imply that  ( ) 2 2
,2 ,2 21 .− − ≤ − − −n n n n n ng T z x x u y uα α

Since lim
→∞

− =nn
x u c and from (3.11), then we have 2lim 0

→∞
− =n nn

g T z x , we get

		  2lim 0.
→∞

− =n nn
T z x 	 (3.12)

Since  2 2 2 2 .− ≤ − + − ≤ − + −n n n n n n nx u x T z T z T u x T z z u

From (3.12), we get lim lim ,
→∞ →∞

− ≥ −n nn n
z u x u  thus

		  liminf .
→∞

− ≥nn
z u c 	 (3.13)

From (3.6) and (3.13), that

		  lim .
→∞

− =nn
z u c 	 (3.14)

Since

	                        	

( )
( )( ) ( )

( ) ( ) ( )
( ) ( ) ( )

( ) ( )

22
,3 ,3 3

2
,3 ,3 3

2 2
,3 ,3 3 ,3 ,3 3

2 2
,3 ,3 ,3 ,3 3

2
,3 ,3 3

1

1

1 1

1 1

1 .

− = − + −

= − − + −

≤ − − + − − − −

≤ − − + − − − −

= − − − −

n n n n n

n n n n

n n n n n n n n

n n n n n n n n

n n n n n

z u x T x u

x u T x u

x u T x u g T x x

x u x u g T x x

x u g T x x

α α

α α

α α α α

α α α α

α α

Then  ( ) ( ) 2 2
,3 ,3 31 .− − ≤ − − −n n n n n ng T x x x u z uα α

Since lim
→∞

− =nn
x u c  and lim

→∞
− =nn

z u c , we get ( )3lim 0
→∞

− =n nn
g T x x . From Lemma 1.2, we get

		  3lim 0.
→∞

− =n nn
T x x 	 (3.15)

Since 2T  is G-nonexpansive,

2 2 2 2 2

,3 3 2 3 2 .

− ≤ − + − ≤ − + −

= − + − ≤ − + −
n n n n n n n n n n

n n n n n n n n n

T x x T x T z T z x x z T z x

T x x T z x T x x T z xα

From 2lim 0
→∞

− =n nn
T z x  and 3lim 0

→∞
− =n nn

T x x , we have

		  2lim 0.
→∞

− =n nn
T x x 	 (3.16)

Since 1T  is G-nonexpansive,

1 1 1 1 1

,2 2 2 2 2 .

− ≤ − + − ≤ − + −

= − + − ≤ − + −
n n n n n n n n n n

n n n n n n n n n

T x x T x T y T y x x y T y x

T x x T y x T x x T y xα
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From 2lim 0
→∞

− =n nn
T x x  and 2lim 0

→∞
− =n nn

T y x , we have

1lim 0.
→∞

− =n nn
T x x

From the assumption liminf ( , ) 0
→∞

=nn
d x F  and from (3.5), we get 1( , ) ( , )+ ≤n nd x F d x F . By using Lemma 3.3 (ii), we get 

lim ( , ) 0.
→∞

=nn
d x F Since lim

→∞
−nn

x u  exists and { }nx  is bounded, we get that, for any 0,>ε  there exists a positive integer 

0n  such that, 
2

− <nx u ε
 for 0≥n n . For any positive integer ,m  we obtain

2 .+ + +− ≤ − + − = − + − ≤ − + − ≤ − ≤n m n n m n n m n n n nx x x u u x x u x u x u x u x u ε  

Thus, { }nx  is a Cauchy sequence in E .  Since E  is complete, then there exists an element ∈q E  such that { }→nx q . 

Because { } ⊂nx C  and C  is closed subset of ,E  then .∈q C   Since ( )3
1: == ∩i iF F T  and ( )iF T  is a closed subset in C  for 

all 1,2,3=i  and from the continuity of ( ,F)d x  with ( ) 0→nd x F  and →nx q  as →∞n , we have ( , ) 0=d q F . It follow 

that ∈q F .   From the assumption iT  is semi-compact for some 1,2,3=i  and from{ }nx  is bounded, there exists a subsequence 

{ }jnx  of { }nx  such that → ∈
jnx q C  as .→∞j  By continuity of  ,iT  we get lim

→∞
− = −

j ji n n in
T x x q T q  for all 1,2,3=i  

then .∈q F The proof is complete.  

Remark  If ,3 0,≡nα  then Theorem 3.5 reduces to the results of Tripak [15].

Discussion
	 The result of this paper holds under the assumptions that the some mapping is semi-compact and liminf ( , ) 0.

→∞
=nn

d x F  

We construct and prove a new convergence theorem for G-nonexpansive mappings in a real Banach space endowed with a graph.
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