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บทคดัย่อ
	 การคูณเมทริกซ์ดว้ยเมทริกซ์เป็นการด�ำเนินการทางคณิตศาสตร์ท่ีใชเ้วลาในการประมวลผลอยา่ง

มากในงานทางวิทยาศาสตร์และวิศวกรรม เม่ือเมทริกซ์มีขนาดใหญ่จะเสียเวลาในการประมวลผลมาก 

ส่งผลใหซ้อฟตแ์วร์ท�ำงานชา้ซ่ึงเป็นส่ิงท่ีรับไม่ไดใ้นโปรแกรมประยกุตแ์บบเวลาจริง บทความน้ีน�ำเทคนิค

การปูกระเบ้ืองแบบ 2 มิติ การคลายการวนซ�้ ำ การเสริมเต็มขอ้มูล ตวัช้ีแนะโอเพนเอ็มพี และชุดค�ำสั่ง

เอวีเอ็กซ์ 512 มาใชเ้พิ่มความเร็วในการคูณเมทริกซ์บนสถาปัตยกรรมการประมวลผลแบบหลายแกน 

ขั้นตอนวธีิท่ีน�ำเสนอเม่ือทดสอบบนเคร่ือง Core i9-7900X พบวา่มีความเร็วมากกวา่ 2 เท่าเม่ือเทียบกบัการ

ด�ำเนินการท่ีใชค้ลงัโปรแกรมโอเพนบลาสและไอเกนส�ำหรับการประมวลผลเมทริกซ์แบบทศนิยมจุดลอยตวั

ทั้งชนิดความเท่ียงเท่าเดียวและความเท่ียงสองเท่า นอกจากน้ียงัไดมี้การน�ำเสนอสมการส�ำหรับใชป้รับค่า

พารามิเตอร์เพ่ือใหส้ามารถน�ำขั้นตอนวธีิท่ีน�ำเสนอไปประมวลผลบนเมทริกซ์ขนาดใด ๆ บนตวัประมวล

ผลอ่ืน ท่ีมีรูปแบบของหน่วยความจ�ำแคชแตกต่างกนั

ค�ำส�ำคญั เอวเีอก็ซ์ 512 โอเพนเอม็พี การปูกระเบ้ืองแบบสองมิติ การประมวลผลหลายแกน ไอเกน โอเพนบลาส

Abstract
	 Matrix-matrix multiplication is a time-consuming operation in scientific and engineering 

applications. When the matrix size is large, it will take a lot of computation time, resulting in slow software 
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which is unacceptable in real-time applications. In this paper, 2D-tiling, loop unrolling, data padding, 

OpenMP directives, and AVX512 intrinsics are utilized to increase the speed of matrix-matrix multiplication 

on multi-core architectures. Our algorithm, tested on a Core i9-7900X machine, is more than two times 

faster than the operations offered by the OpenBLAS and Eigen libraries for single and double precision 

floating-point matrices. We also propose an equation for parameter tuning which allows our algorithm to 

be adapted to process any size of matrix on CPUs with different cache organizations.

Keywords: AVX512, OpenMP, 2D-tiling, Multicore Processing, Eigen, OpenBLAS

Introduction
	 Matrix-matrix multiplication is a time-consuming operation which can be addressed in several 

ways. The hardware can be improved by switching to a faster CPU or utilizing an FPGA [1], or software 

modification can be utilized alone, or some combinations of the two. For example, the utilization of a GPU 

and its APIs can speed up processing [2] or distributing it among various machines [3]. In this paper, we 

choose the second approach (software alone) because it is cheaper than the others, which is an important 

consideration in our environment. 

	 When a standard multiplication algorithm is utilized, as shown in Figure 1(a), the performance 

can be very poor because most compilers cannot automatically parallelize this code efficiently among the 

cores. Programmers avoid this problem by calling ready-made functions provided in standard arithmetic 

libraries such as the Eigen [4] and OpenBLAS [5]. The latest versions of these libraries support AVX512 

instructions [4], [5], but their performance decreases when the matrix size is large due to memory bottlenecks. 

This is illustrated in Figure 2 which shows a block diagram for a modern x86 processor. Each core includes 

a dedicated small L1 data cache which allows it to run as quickly as possible. The L2 cache is also dedicated 

to each core but is larger, and the L3 cache is shared between all the cores. Cache latency increases with 

level, for example, the latencies of the L1, L2, and L3 caches for the Intel Skylake microarchitecture are 

4, 12, and 42 clock cycles respectively [6]. The performance of multiplication utilizing these libraries is 

highest when all the matrices are smaller than the L1 cache size, but crucially when the total space required 

for both the sources and destination matrices is larger than the L3 cache, the performance is considerably 

reduced due to memory bottlenecks. 

	 In this paper, we utilize loop tiling to solve this problem, and employ AVX512 intrinsics to 

further augment the speed of single and double precision floating-point multiplication. We have focused 

on the AVX512 because tenth generation Intel processors support it, especially low price CPUs such as 

the Core i3-1000G [7]. Loop unrolling is also utilized to increase the instruction level parallelism in each 

processing core.
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Background and Related Work
	 Figure 1(a) shows the standard sequential algorithm for matrix-matrix multiplication, defined 

as C = C+A×B. It requires 2n3 arithmetic operations when A, B, and C are square matrices of size n×n. 

Each result in C, defined as C[i, j], can be expressed as shown in Equation (1).

	
1

0
[ , ] [ , ] [ , ]* [ , ]

n
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C i j C i j A i k B k j

−

=

= + ∑ 	 (1)

Figure 1(b) is a modification of the code in Figure 1(a). The loop counter k is divided by the constant 

T
1
, resulting in a division of matrices A and B into the tiles of size 1×T

1
 and T

1
×1 respectively. Each result 

of the modified code, defined as C[i, j], can be expressed as shown in Equation (2). 
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Equation (2) gives the same result as of Equation (1). The speed of the code in Figures 1(a) and 

1(b) are not significantly different. However, if the k-loop is moved from its position and then be placed 

between the j-loop and the i-loop, as shown in Figure 1(c), then the performance will be improved. The 

B tile is reused for each increasing of the i variable, when it fits inside the cache, the main memory access 

for the B tile is considerably reduced. 

The performance is further improved by applying 2D-tiling, as shown in Figure 1(d). The loop 

counter i is divided by the constant T
2
, resulting in a division of matrices A, B, and C into the tiles of size 

T
2
×T

1
, T

1
×1, and T

2
×1 respectively. When the C tile is loaded, its adjacent data is also read into the cache 

due to the cache mechanism. Let L be the cache line size, total memory of T
2
×L is read and then be placed 

into the cache for the C tile of size T
2
×1. This adjacent data of the C tile is reused for each increasing of 

the k variable, thereby increasing performance.
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__m512 a_line, b1_line, b2_line;
__m512 r1_line, r2_line, c1_line, c2_line;

#pragma omp parallel for private(a_line, b1_line, b2_line, 
                                 r1_line, r2_line, c1_line, c2_line)
for (int j = 0; j < n; j += (AVX512_SZ * 2)) {
  for (int i = 0; i < n; i += T2) {
    for (int k = 0; k < n; k += T1) {
      for (int I = i; I < i + T2; I++) {
        r1_line = _mm512_setzero_ps();
        r2_line = _mm512_setzero_ps();
        for (int K = k; K < k + T1; K++) {
          a_line = _mm512_set1_ps(A[I][K]);
          b1_line = _mm512_load_ps(&B[K][j]);
          b2_line = _mm512_load_ps(&B[K][j + AVX512_SZ]);
          r1_line = _mm512_fmadd_ps(a_line, b1_line, r1_line);
          r2_line = _mm512_fmadd_ps(a_line, b2_line, r2_line);
        }
        c1_line = _mm512_load_ps(&C[I][j]);
        c2_line = _mm512_load_ps(&C[I][j + AVX512_SZ]);
        r1_line = _mm512_add_ps(c1_line, r1_line);
        r2_line = _mm512_add_ps(c2_line, r2_line);
        _mm512_store_ps(&C[I][j], r1_line);
        _mm512_store_ps(&C[I][j + AVX512_SZ], r2_line);
      }}}}

(g)

__m512 a_line, b1_line; //two AVX512 variables for keeping the data from matrices A and B
__m512 r1_line, c1_line; //two AVX512 variables for keeping the multiplication results
#pragma omp parallel for private(a_line, b1_line, //OpenMP directive call and its local variable declaration
                                                           r1_line, c1_line)
for (int j = 0; j < n; j += AVX512_SZ) { //the c tile is of size T2×AVX512_SZ
  for (int i = 0; i < n; i += T2) { //the b tile is of size T1×AVX512_SZ
    for (int k = 0; k < n; k += T1) { //the a tile is of size T2×T1
      for (int I = i; I < i + T2; I++) { //
        r1_line = _mm512_setzero_ps(); //r1_line[x] = 0 for all x ∈ {0, 1, 2, ... 15} 
        for (int K = k; K < k + T1; K++) { //
          a_line = _mm512_set1_ps(A[I][K]); //a_line[x] = A[I][K] for all x ∈ {0, 1, 2, ... 15}
          b1_line = _mm512_load_ps(&B[K][j]); //read 16 data from the B matrix, starting at location [K][j]
          r1_line = _mm512_fmadd_ps(a_line, b1_line, r1_line); //r1_line[x] = a_line[x] * b_line[x] + r1_line[x] for all x ∈ {0, 1, 2, ... 15}
        }
        c1_line = _mm512_load_ps(&C[I][j]); //read the previous values of 16 data, starting at [I][j] in the C matrix.
        r1_line = _mm512_add_ps(c1_line, r1_line); //

_mm512_store_ps(&C[I][j], r1_line); //write 16 results into memory, starting at [I][j] in the C matrix.
      }}}}

for (int j=0; j<n; j++)
  for (int i=0; i<n; i++)      
    for (int k=0; k<n; k++)
      C[i][j] += A[i][k]*B[k][j];

(a)

for (int j=0; j<n; j++)
  for (int i=0; i<n; i++)      
    for (int k=0; k<n/T1; k+=T1)
      for (int K=k; K<kT1; K++)
        C[i][j] += A[i][K]*B[K][j];

(b)

(e)

int i, j, k, I, K;
#pragma omp parallel for (private i, k, I, K)
for (int j=0; j<n; j++)
  for (int i=0; i<n/T2; i+=T2)      
    for (int k=0; k<n/T1; k+=T1)
      for (int I=i; I<iT2; I++)
        for (int K=k; K<kT1; K++)
          C[i][j] += A[i][K]*B[K][j];

for (int j=0; j<n; j++)
  for (int i=0; i<n/T2; i+=T2)      
    for (int k=0; k<n/T1; k+=T1)
      for (int I=i; I<iT2; I++)
        for (int K=k; K<kT1; K++)
          C[i][j] += A[i][K]*B[K][j];

for (int j=0; j<n; j++)
  for (int k=0; k<n/T1; k+=T1)
    for (int i=0; i<n; i++)      
      for (int K=k; K<kT1; K++)
          C[i][j] += A[i][K]*B[K][j];

(f)

(c) (d)

Figure 1. (a) Standard sequential matrix-matrix multiplication. (b) Our 1D-tiling matrix-matrix 

multiplication. (c) Another implementation of 1D-tiling multiplication. (d) Our 2D-tiling matrix-matrix 

multiplication. (e) Parallel matrix-matrix multiplication utilizing 2D-tiling. (f) Our proposed 2D matrix-

matrix multiplication for single precision floating-point matrices with an unrolling factor of two. (g) Our 

proposed 2D matrix-matrix multiplication with no unrolling for the same type of matrices.
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z = _mm512_add_pd(x, y)
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Figure 3. (a) Addition of two single precision floating-point vectors utilizing AVX512 intrinsics.  

(b) Block diagram of the Intel Skylake microarchitecture.

Even though the code in Figures 1(b), 1(c), and 1(d) utilizes different loop counters and loop 

sequences, they all comply with Equation (2) and produce the same results. 

When the code in Figure 1(d) is compiled on a multi-core architecture, it fails to utilize the 

processing cores efficiently. Typically, an OpenMP directive is added, as in Figure 1(e), which allows 

multiple threads to be assigned to the cores at runtime. Although this splits the data among the cores, the 

arithmetic units in each one will not be fully utilized. SIMD instructions and loop unrolling technique can 

be employed to overcome this problem. 

	 The SIMD instruction set has long been an integral part of most platforms, since it allows multiple 

data elements to be processed by a single machine instruction, resulting in higher performance. For example, 

SIMD appears as an extension in the NEON [8] and Altivec [9] architectures for the ARM and PowerPC 

respectively. For the x86-64, the AVX instruction set extension adds sixteen 256-bit registers supporting 

both integer and floating-point operations. Its successor, AVX512, doubles the register size to 512 bits, 

allowing eight double precision or sixteen single precision floating-point values to be processed 

simultaneously. Figure 3(a) shows the utilization of the _mm512_add_pd AVX intrinsic function, which 

simultaneously adds eight elements from x and y, producing eight results for the z variable. 

	 Many researchers have described how AVX can augment processing performance. For example, 

optimized QcBits key encapsulation with AVX512 [10], boosted the efficiency of 2D shallow water 

equations calculations [11], reservoir simulations [12], and strong string dictionary compression [13].

	 Along with SIMD, loop unrolling is an important programming technique for further increasing 

instruction level parallelism. When each core contains multiple ALUs, as shown in Figure 3(b), then 

parallel execution of instructions among those ALUs becomes simpler if complex statements are unrolled 

so they are more independent of each other.
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Figure 4. (a) Matrix tiles with unrolling in our 2D-tiling multiplication, and (b) an example when there 

are two threads.

2D-Tiling for Parallel Matrix-matrix Multiplication Utilizing AVX512
	 Our 2D-tiling method for parallel matrix-matrix multiplication utilizing AVX512 intrinsics is 

more complex than conventional multiplication or matrix-vector multiplication [14, 15]. Figure 1(g) shows 

our proposed algorithm. 

	 Instead of obtaining a single result during the last iteration of the k-loop, as in Figure 1(a), the 

source matrices are divided into tiles, and partial results are obtained by applying multiply-accumulate 

operations to those tiles. 

	 In order to obtain each partial product in the C tile, the data elements from the A tile are loaded 

one element at a time, and then broadcast to the AVX512 variable, a_line. It is multiplied to the data 

obtained from the B tile, and the result accumulated in the r1_line variable. This process is repeated T
1
 

times, and the partial product in r1_line is added to each element of the C tile. 

	 To further optimize performance, an unrolling technique increases the degree of instruction level 

parallelism (ILP). 

	 For an unrolling factor UF, the data from the B tile is loaded UF times in each iteration of the 

K-loop. This means that the B tile will be of size T
1
×(UF×AVX512_SZ), as illustrated in Figure 4(a). The 

AVX512_SZ parameter is the amount of data that can be processed simultaneously by an AVX512 instruction, 

which is 16 and 8 values for single and double precision floating-point data respectively.

	 Figure 4(b) shows the unrolled version of the code with a UF value of two. Since the B tile will 

be reused in the next iteration of the I-loop, performance will be increased if we can store all the data in 

the cache because then the CPU will not have to read it from slow main memory. For the best performance, 

an appropriate B tile size must be determined. 

	 To effectively distribute the workload in a multi-core architecture, an OpenMP directive is 

employed, as shown in Figures 1(f) and 1(g): “#pragma omp parallel for” parallelizes the j-loop among 

the cores.

	 Figure 4(b) illustrates how the algorithm works when there are two threads. Thread number 1 

multiplies the A1 tile to B1 and stores the result in C1, while thread number 2 does the same with A2, B2, 

and C2.
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	 The code in Figures 1(f) and 1(g) only supports single precision floating-point matrices. For 

double precision floating-point, _mm512_<operation>_ps must be changed to _mm512_<operation>_pd, 

and the AVX512_SZ parameter must be changed from 16 to 8.

Zero Padding
	 The L1 cache in modern x86 architectures is dedicated to each core, as shown in Figure 2. Since 

its latency is small compared to the higher levels cache, keeping the data in L1 as much as possible will 

improve the overall performance due to the reduction of memory bottlenecks. 

	 Even though our loop tiling splits the source matrices into smaller tiles to fit inside the L1 cache, 

when the matrix dimension is a multiple of 2 Kbytes, the number of tile data lines stored in the cache is 

reduced due to the cache mapping. For example, consider when the cache size is 32 KBytes, and its mapping 

is an 8-way set associative with 64 bytes per cache line. When the single precision matrix size 4096×4096, 

all the B tile lines will be mapped to the same cache set, number 0. This means that the number of tile data 

lines simultaneously kept inside the L1 cache is reduced to only W lines, which is actually the number of 

cache way. To reduce this effect, zero padding is required.

	 Let W, L and C
SZ

 be a number of cache way, an L1 cache line size, and a cache size. The data size, 

D
SZ

, is set to 4 or 8 bytes for single or double precision floating-point data respectively. For a matrix of size 

n×n, an optimum zero padding size (in bytes), P
SZ

, for our multiplication algorithm can be calculated using:

	

1 1

0
arg max * * % / .
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∑ 	 (3)

	 Although AVX512 allows unaligned memory addresses to be loaded, performance is better if 

they are aligned to multiples of 32 bytes, which indicates that the P
SZ

 value should be a multiple of 32. To 

apply zero padding, five steps are required, as shown in Figure 5.

Step 1: Three new matrices of size n×(n+PSZ) are allocated, producing Apadded, Bpadded, and Cpadded.

Step 2: The data in the matrices A, B, and C are copied to Apadded, Bpadded, and Cpadded.

Step 3: The AVX512 algorithm is applied to the padded matrices, with the multiplication result being stored in Cpadded.

Step 4: Cpadded is copied back to C matrix.

Step 5: The Apadded, Bpadded, and Cpadded matrices are deallocated.

Figure 5. Five steps for applying zero padding to our 2D-tiling matrix-matrix multiplication.

Experimental Results
	 Performance was measured on a Core i9-7900X (Skylake microarchitecture) with ten processing 

cores, using 64-bit Microsoft Windows 10 with hyper-threading turned on, and the Microsoft Visual Studio 

2019 C++ compiler. Compiler optimization was set to /O2 with parallel code generation turned on. 
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	 We determined the best parameters for our algorithm by testing three UF values (4, 8, 16), 

combined with four T
2
 values (32, 64, 128, 256), and four T

1
 values (32, 64, 128), for a total of 36 

combinations. The optimal combination of {UF, T
2
, T

1
} was found to be {8, 128, 64}, and all subsequent 

tests used these settings.

	 We examined how zero padding affected multiplication efficiency by repeats our tests with and 

without zero padding. With padding, P
SZ

 for each matrix dimension was calculated using Equation (3), 

and matrices of size n×n with ten different n values were examined, starting from n == 1024. The size was 

incremented in steps of 1024 until n == 10240. The results are shown in Figure 6.

	 (a)	 (b)

Figure 6. (a) Performance of our single precision AVX512 multiplication with and without zero padding. 

(b) Performance of our double precision AVX512 multiplication with and without zero padding.

	 For single precision multiplication, the padded version outperformed the unpadded version only 

when the matrix dimension were 4096 and 8192. For double precision, the padded version was faster than 

the unpadded version almost all dimensions, except for 1024 and 3072.

	 We also compared the performance of our algorithm with the open-source libraries OpenBLAS 

(version 0.3.10) and Eigen (version 3.3.7). For those tests, zero padding was only applied to single precision 

multiplication when the matrix dimension were 4096 and 8192. For double precision, zero padding was 

only utilized when the matrix dimensions were not 1024 or 3072. For single precision matrix multiplication 

(see Figure 7(a)), our algorithm is on average 2.12 and 2.13 times faster than OpenBLAS and Eigen. For 

double precision matrix multiplication (see Figure 7(b)), our algorithm is on average 2.06 and 2.17 times 

faster than OpenBLAS and Eigen. 
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Figure 7. (a) Performance comparison of our single precision AVX512 multiplication versus 

OpenBLAS and Eigen. (b) Performance comparison of our double precision AVX512 multiplication 

versus OpenBLAS and Eigen.

Discussions
	 The results in Figure 6 raise two questions. Why does the padded version of our multiplication 

outperform unpadded data when the matrix dimension is 4092 or 8192? Secondly, why does the padded 

version of our double precision multiplication outperform unpadded data for almost every matrix dimension? 

	 To answer these questions, the cache mechanism of the CPU must be analyzed. The L1 cache 

of the Core i9-7900X is separated into data and instruction caches, which occupy 32 KB per core, and use 

an eight-way set-associative mapping. A W-way set-associative mapping means that each cache set consists 

of W blocks. The chip’s L2 cache offers 1024 KB per core, and uses a 16-way set-associative mapping. 

The unified L3 cache is of size 14080 KB, is shared between 10 processing cores, and uses 11-way set-

associative mapping. The line size of these three cache levels is 64 bytes.

	 When zero padding was applied to matrices of size 4092 and 8192, the first 32 lines of the B tile 

were mapped to different sets of the L1 cache, and the next 32 lines were mapped to the same pattern. For 

example, line numbers {0, 32}, {1, 33}, {2, 34}, and {3, 35} were mapped to cache set numbers 0, 1, 2, 

and 3 respectively. Since the L1 cache of the Core i9-7900X consists of eight ways, all 64 lines of the B 

tiles could be put into L1 simultaneously, allowing all of them to be reused in the next iteration of the 

I-loop. Retaining all the B tile data in the L1 cache meant that padding improved performance when the 

matrix size was 4096 or 8192 for both single and double precision floating-point matrices.

	 When the single precision matrix dimension was not 4092 or 8192, all of the unpadded data lines 

in the B tile could be mapped to different set numbers of the L2 cache. For example, when the matrix size 

was 3072, the data line numbers {0, 16}, {1, 17}, {2, 18}, ..., {15, 31} could be mapped to the L2 cache 

set numbers 0, 1, 2, ..., 15. Therefore, all of the B tile of the unpadded version could be placed in the L2 

cache simultaneously, and be reused in the next iteration of the I-loop. Although the padding mechanism 

moved all of this B tile data up to the L1 cache which was faster, it was offset by the additional cost of 

memory allocation and deallocation for the Apadded, Bpadded, and Cpadded matrices, combined with the cost of 

data copying between the original A, B, C and the padded matrices.
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	 For double precision matrices with sizes other than 4096 or 8192, the unpadded data in the B 

tile could be mapped to some L2 cache sets, but at a lower level than for single precision data. For example, 

when the matrix size was 3072, the data line numbers {0, 8}, {1, 9}, {2, 10}, ..., {7, 15} could be mapped 

to the L2 cache set numbers 0, 1, 2, ..., 7. Since unpadded multiplication needed to read the B tile from 

the L3 cache more often, padded multiplication (which moves B up to L1) could run slightly faster even 

though it incurred an additional cost, as explained above.

Conclusions
	 We have proposed an effective implementation for matrix-matrix multiplication using 2-D tiling 

and AVX512 intrinsics. For single precision matrix multiplication, our algorithm is on average 2.12 and 

2.13 times faster than OpenBLAS and Eigen. For double precision matrix multiplication, our algorithm 

is on average 2.06 and 2.17 times faster than OpenBLAS and Eigen respectively. There are three main 

reasons for our algorithm’s higher performance: 1) the utilization of SIMD instructions, unrolling, and 

OpenMP directives, increases instruction level parallelism and efficiently distributes the workload among 

the AVX512 engines in the processing cores; 2) dividing data into tiles allows each one to be small enough 

to be kept in the CPU’s cache, which greatly reduces memory bottlenecks; and 3) zero padding allows 

tiles to be reused in upper cache levels which is faster, and reduces the wait state of the CPU’s AVX512 

engines.

	 We also present an equation for calculating the optimum padding size, which permits our algorithm 

to be applied to different sizes of matrix on CPUs with different cache mappings.
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