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Abstract: This research This study presents the Linear Ensemble Algorithm 

(LEAL), which couples evolutionary search with local, linear regression–based 

surrogates and a neighbor-guided linear combination scheme for constrained 

engineering problems and standard benchmarks. For single-objective problems, 

LEAL frequently attains or closely approaches global optima on multimodal 

functions such as Rastrigin and Griewank, yielding ~55–85% lower mean error 

than GA, DE, and PSO, and it can occasionally uncover best-known minima in 

engineering tasks (e.g., Pressure Vessel), indicating an ability to exploit intricate 

design trade-offs. For multi-objective problems, LEAL generates feasible Pareto 

fronts but generally trails NSGA-II in convergence and efficiency, exhibiting 

higher GD⁺, longer runtimes, and greater memory usage (often by one to two 

orders of magnitude). These outcomes reflect the computational overhead of 

maintaining local surrogate ensembles: while LEAL can produce high-quality 

solutions, its average performance, runtime, and memory footprint are often 

inferior to lightweight baselines. Comparisons with CMA-ES, Bayesian 

Optimization, and SSA-NSGA-II confirm the same trade-offs. Overall, LEAL is 

a robust yet computationally intensive option best suited when ultimate solution 

quality outweighs runtime; future work will focus on improving efficiency, 

streamlining ensemble components, and extending applicability to large-scale 

and dynamic problems. 

Keywords: Linear ensemble algorithm; evolution strategy; engineering design; 

multi-objective problems 

1. Introduction 

Optimization plays a pivotal role in modern engineering design and 

decision-making, where solutions must often satisfy multiple objectives and 

stringent constraints. Constrained optimization problems are particularly 

challenging due to their nonlinear and non-convex nature, high dimensionality, 

and the presence of numerous local optima [1-2]. Nonlinear constraints frequently 

generate complex feasible regions, while high-dimensional decision spaces 

expand the search domain exponentially. Additionally, the prevalence of 

multiple local optima increases the risk of premature convergence, making it 

challenging for algorithms to locate global or near-global solutions consistently. 

These characteristics are common in real-world applications such as the design 

of structural components, energy systems, and pressure vessels, where the 
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quality of solutions directly impacts safety, cost, and performance [3-4]. To address these challenges, meta-

heuristic algorithms have become widely adopted because of their flexibility, gradient-free search 

mechanisms, and ability to approximate near-optimal solutions across diverse problem domains. Among the 

most established methods are the Genetic Algorithm (GA) [5], Particle Swarm Optimization (PSO) [6], 

Differential Evolution (DE) [7], and the Non-dominated Sorting Genetic Algorithm II (NSGA-II) [8]. While 

these algorithms are versatile, they often suffer from limitations such as premature convergence, stagnation 

in local optima, and difficulties balancing exploration and exploitation. Handling constraints further 

complicates the search, as infeasible solutions may dominate the population or lead to excessive computational 

overhead [9]. 

In recent years, several advanced meta-heuristics and hybrid strategies have been proposed. The 

Covariance Matrix Adaptation Evolution Strategy (CMA-ES) [10] is known for robust self-adaptation of search 

distributions. Recent studies have further extended CMA-ES with improved constraint handling [11, 12], safe 

optimization variants [13], and surrogate-assisted hybrids [14]. Another direction is Bayesian Optimization 

(BO) [15, 16], which utilizes surrogate models and acquisition functions to guide exploration. Recent work has 

successfully applied BO to constrained black-box problems [17], hybridized it with local solvers such as IPOPT 

[18], and extended it to multi-objective optimization [19,20]. More recently, Surrogate-assisted Evolutionary 

Algorithms (SAEAs) have gained attention for their ability to reduce computational cost while maintaining 

solution quality [21]. For example, the Surrogate-assisted NSGA-II (SSA-NSGA-II) has been demonstrated to 

be effective for high-dimensional and expensive optimization tasks [22,23]. Despite these advances, significant 

gaps remain. Classical meta-heuristics often lack robustness in handling constraints, while modern methods 

such as CMA-ES, BO, and surrogate-assisted approaches incur high computational costs or require careful 

model management. There is therefore a strong need for algorithms that can balance exploration and 

exploitation, ensure feasibility under nonlinear constraints, and deliver competitive solution quality without 

prohibitive overhead. 

To conclude, this study proposes the Linear Ensemble Algorithm (LEAL), a novel meta-heuristic 

optimization framework that integrates ensemble learning principles with linear regression modeling. LEAL 

employs a neighbor-based sampling strategy and linear combination mechanisms to predict promising 

regions in the search space, aiming to improve both solution diversity and convergence stability. The 

contributions of this work are fourfold: to design an ensemble-based algorithm capable of effectively handling 

constrained, nonlinear, and non-convex problems. To systematically compare LEAL against both classical 

meta-heuristics (GA, PSO, DE, NSGA-II) and modern algorithms (CMA-ES, BO, SSA-NSGA-II) across 

benchmark functions and engineering design problems. To evaluate LEAL’s performance in terms of solution 

quality, runtime efficiency, memory usage, and constraint-handling ability. To provide insights into the 

strengths, limitations, and potential applications of ensemble-based meta-heuristics in engineering 

optimization. Through this comprehensive evaluation, the study seeks to establish LEAL as a competitive 

addition to the family of meta-heuristic algorithms, bridging the gap between classical heuristics and modern 

surrogate-assisted approaches. 

2. Materials and Methods 
2.1 Overview of LEAL 

The Linear Ensemble Algorithm (LEAL) is a novel surrogate-assisted meta-heuristic framework 

designed for solving constrained engineering optimization problems. Unlike classical evolutionary 

algorithms, which rely solely on stochastic search operators such as crossover and mutation, LEAL integrates 

local linear surrogate modeling into the search loop. The key hypothesis is that within sufficiently small 

regions, the objective landscape can be approximated by linear functions. By partitioning the decision space, 

generating neighbors, and fitting regression planes, LEAL analytically solves systems of linear equations to 

generate promising candidate solutions. This mechanism is combined with evolutionary variation and 

survival strategies, creating a balance between deterministic guidance and stochastic diversity. This design 

aligns with recent advances in surrogate-assisted evolutionary algorithms, which emphasize the importance 

of local modeling and ensemble learning for computationally expensive optimization [21]. 
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2.2 Algorithm Components 

2.2.1 Sampling Strategy 

The optimization begins with a domain-splitting sampling strategy. The feasible range of each 

decision variable is recursively divided into smaller subregions, from which low-discrepancy samples are 

drawn. This guarantees that all areas of the search space are represented and avoids early convergence toward 

narrow regions. An adaptive step size, Δ𝑥, calculated from the variable ranges, gradually decreases as the 

search progresses, enabling a natural transition from global exploration to local exploitation. 

2.2.2 Neighbor Search 
For each incumbent solution 𝑥, a neighborhood is generated by perturbing the decision variables with 

offsets {−Δ𝑥, 0, +Δ𝑥}. Formally, neighbors are defined as 

𝑥′ = 𝑥 + 𝛿, 𝛿 ∈ {−Δ𝑥, 0, +Δ𝑥}𝑛 (1) 

where 𝑛 denotes the dimensionality of the problem. Because {−Δx, 0, +Δx}𝑛 yields up to 3𝑛 candidates, a subset 

of five neighbors is sampled per incumbent to capture local variation without excessive computational burden. 

These neighbors enrich the local information surrounding each individual, which forms the basis for surrogate 

construction. 

2.2.3 Linear Regression Modeling 

Each incumbent and its neighbors form a training set for building a local linear regression surrogate. 

Here, the decision variables serve as the predictors, while the objective function values (fitness values) are 

treated as the targets of the regression model to approximate the local fitness landscape; this approximation is 

then used to generate new candidate solutions. For constrained problems, we additionally fit a local linear 

surrogate for the aggregate constraint violation 𝑣(𝑥) (e.g., the sum of positive normalized violations) to guide 

feasibility-first ranking. The regression takes the form 

𝑓(𝑥) = 𝛽0 +∑ 𝛽𝑖
𝑛
𝑖=1 𝑥𝑖  (2) 

where coefficients 𝛽0, 𝛽𝑖  are estimated using least-squares fitting. These surrogates provide piecewise-linear 

approximations of the fitness landscape. Rather than fitting a single global model, LEAL simultaneously 

constructs multiple overlapping local models, forming a micro-ensemble that predicts descent directions in 

different subregions [21]. To improve numerical stability, inputs and responses are z-score normalized within 

each neighborhood, and a small 𝐿2 ridge term (e.g., λ≈10⁻⁶) is applied if the design matrix is ill-conditioned. 

2.2.4 Equation Point Generation 

The ensemble of regression equations is then exploited to generate promising candidates. Subsets of 

equations are selected, and their intersections are obtained by solving. 

𝐴𝑥 = 𝑏, 𝐴 ∈ ℝ𝑑×𝑛,  𝑏 ∈ ℝ𝑑  (3) 

where rows of 𝐴 represent regression coefficients and entries of 𝑏 correspond to intercept terms. When 𝑑 ≠ 𝑛 

, intersections are computed in the least-squares sense via the Moore–Penrose pseudoinverse. The resulting 

solutions, referred to as equation points, represent locations where multiple surrogates agree on the fitness 

landscape. Equation points are clipped within bounds and repaired if they violate feasibility constraints, 

ensuring that the search remains within the admissible space. Candidates are prioritized using a feasibility-

first infill rule that minimizes predicted 𝑣̂(𝑥) and, among feasible points, predicted 𝑓(𝑥) before true evaluation. 

Final acceptance is always based on true objective/constraint evaluations 

2.2.5 Infill Criterion and Mating 

In addition to surrogate-driven candidates, evolutionary variation operators are employed to 

maintain exploration. Parent selection is based on an infill criterion that prioritizes feasibility and minimizes 

constraint violation. Binary tournament selection is applied, followed by simulated binary crossover (SBX) 

with probability 0.9 and polynomial mutation (PM) with probability 1/𝑛. By default, runs terminate after 100 
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generations. This stochastic mechanism introduces diversity into the search, preventing premature convergence 

while complementing the deterministic surrogate guidance. 

2.2.6 Survival Strategy 

The survival stage determines which individuals are passed on to the next generation. A feasibility-

first rule is applied, followed by non-dominated sorting where appropriate. To preserve diversity, the Least 

Hypervolume Contribution method is employed, whereby solutions that contribute the least to the overall 

hypervolume are discarded. This survival mechanism ensures that the evolving population remains both 

feasible and well-distributed across the objective space. For multi-objective problems, survival and selection 

adopt Pareto dominance with hypervolume-based pruning, ensuring a well-distributed set of feasible 

solutions along the Pareto front. 

2.3 Algorithm Workflow 

The iterative process of LEAL can be described as follows. The algorithm begins with domain-splitting 

sampling, followed by feasibility repair of initial candidates. In each generation, neighbors are generated, 

regression models are constructed, and equation points are derived analytically. After repairing infeasible 

solutions and eliminating duplicates, evolutionary variation operators are applied. Offspring and parents are 

merged, and survival selection determines the next generation. For multi-objective problems, selection follows 

Pareto dominance, and survival employs hypervolume-based pruning to preserve a well-distributed Pareto 

front. This process is repeated until the maximum number of generations or the termination criteria are 

satisfied. In practice, LEAL is most effective on rugged, multimodal landscapes; for time-critical or resource-

limited scenarios, lightweight baselines (DE/GA/PSO; NSGA-II for multi-objective) remain more efficient. 

 

 

Figure 1. Linear Ensemble Algorithm (LEAL) Pseudo-code 

2.4 Implementation Details 

LEAL was implemented in Python 3.10 using the pymoo framework [24] for evolutionary operators 

and population management. Additional surrogate-assisted modules were tested using pysamoo [25], and 

Bayesian optimization experiments employed scikit-optimize (skopt) [26] for Gaussian Process, Random 

Forest, and Extra Trees-based models. Scikit-learn was used to construct regression models, and joblib was 

used to enable parallel processing. Custom classes included Le_sampling for domain partitioning, Le_Mating 

for crossover and mutation, and LeastHypervolumeContributionSurvival for survival management. 

consistent with hypervolume-based selection literature [27]. Benchmark problems included well-known 

single-objective test functions (Ackley, Rastrigin, Griewank, G-series) and engineering problems such as 
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Piston Lever Optimization Design (PLOD), Tubular Column Design (TCD), Reinforced Concrete Beam Design 

(RCBD), and the Pressure Vessel design. To evaluate novelty and competitiveness, additional state-of-the-art 

algorithms were implemented for comparison: Covariance Matrix Adaptation Evolution Strategy (CMA-ES) 

[11, 13, 14], Bayesian Optimization (BO) [17–20], and Surrogate-Assisted NSGA-II (SSA-NSGA-II) [22, 23]. 

CMA-ES adapts the covariance of a Gaussian distribution to guide search directions, with recent work 

enhancing constraint-handling and safe optimization. BO employs probabilistic surrogates with acquisition 

functions such as Expected Improvement (EI), with multi-objective extensions via (differentiable/noisy) 

Expected Hypervolume Improvement [29,30] SSA-NSGA-II integrates surrogate modeling into NSGA-II, 

alternating between true and predicted evaluations to reduce computational cost while retaining convergence 

accuracy. Performance indicators such as modified GD/IGD were computed following the EMO literature [28] 

This design and evaluation protocol are in line with recent surveys on surrogate-assisted evolutionary 

optimization [31,32]. 

2.5 Parameter Settings 

LEAL was configured with a population size of 100, five neighbors per solution, and five regression 

combinations for generating equation points. SBX crossover was applied with probability 0.9, and PM 

mutation with probability 1/𝑛. Each run was executed for 100 generations, with constraint violations repaired 

immediately and duplicate individuals eliminated. For the comparative algorithms, CMA-ES was run with a 

population size of 50 and adaptive covariance updates [11]. BO was configured with Gaussian Process 

surrogates using Expected Improvement, as well as Random Forest and Extra-Trees variants [18–20]. SSA-

NSGA-II utilized a surrogate population size of 100, 50 surrogate generations, and evolutionary operators 

consistent with LEAL [22,23]. Preliminary sensitivity tests confirmed the robustness of these parameter 

settings. 

2.6 Theoretical Analysis 

LEAL rests on three theoretical principles: local convexity, domain decomposition, and surrogate 

forecasting. By partitioning the search space into fine subregions, the assumption of local convexity ensures 

that regression planes provide reliable local predictions. Domain decomposition guarantees comprehensive 

exploration, while overlapping surrogates form an ensemble that reduces bias, consistent with ensemble 

learning theory [21]. The computational complexity per generation is dominated by neighbor generation at 

𝑂(𝑁 ⋅ 𝑛), regression fitting at 𝑂(𝑁 ⋅ 𝑛2), and equation solving at 𝑂(𝑘3), where 𝑁 is population size, 𝑛 is 

dimensionality, and 𝑘 is the number of regression combinations. The overall complexity is therefore 

𝑂(𝐺 ⋅ 𝑁 ⋅ (𝑛2 + 𝑘3))   (4) 

with 𝐺 denoting the number of generations. 

When compared with modern algorithms, CMA-ES offers robustness through covariance adaptation 

[11, 13], BO frames optimization is framed as sequential decision-making under uncertainty [17-20], and SSA-

NSGA-II leverages surrogate predictions to reduce evaluation costs [22, 23]. LEAL differentiates itself by using 

equation-point generation from regression ensembles, offering a novel and complementary approach. 

2.7 Advantages and Limitations 

LEAL’s hybrid structure provides deterministic surrogate guidance and stochastic evolutionary 

diversity, enabling efficient search in multimodal and constrained landscapes. Its hypervolume-based survival 

preserves both feasibility and diversity. However, regression fitting and equation solving impose 

computational overhead, particularly in high-dimensional problems where numerical instability may arise. 

Parameter sensitivity is another limitation; however, preliminary analyses have helped identify robust 

settings. Comparative studies with CMA-ES, BO, and SSA-NSGA-II show that while LEAL does not dominate 

universally, it offers a structure-aware and competitive alternative for constrained engineering design. 
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3. Results and Discussion 

3.1 Experimental Setup 

To evaluate the performance of the Linear Ensemble Algorithm (LEAL), a series of experiments was 

conducted on both constrained engineering optimization problems and standard single-objective benchmark 

functions. LEAL's performance was compared against well-established algorithms, including NSGA-II [8], 

Genetic Algorithm (GA) [5], Differential Evolution (DE) [7], and Particle Swarm Optimization (PSO) [6]. In 

addition, recent optimization approaches, such as the Covariance Matrix Adaptation Evolution Strategy 

(CMA-ES) [11, 13, 14], Bayesian Optimization (BO) [17-20], and Surrogate-assisted NSGA-II (SSA-NSGA-II) 

[22, 23], were also considered to provide a broader and more up-to-date comparison. 

3.1.1 Evaluation Metrics 

The experiments employed several evaluation metrics to assess the algorithm's performance. The 

mean objective value represented the average objective function values obtained over multiple runs, providing 

a measure of general performance. The standard deviation was used to quantify the variability of objective 

values, reflecting the consistency of each algorithm. The minimum value indicated the best (lowest) objective 

function value achieved across runs, highlighting the algorithm's capacity to find optimal solutions. Finally, 

the runtime measured the computational time required by the algorithm to complete, offering insights into 

efficiency. In addition, for multi-objective problems, the Generational Distance Plus (GD⁺) indicator [28] was 

employed to evaluate the closeness of the obtained Pareto front to the true Pareto front, while memory usage 

was recorded to assess computational resource requirements 

3.1.2 Parameter Settings 

In all experiments, a population size of 100 was used for LEAL, while the settings for other algorithms 

were adjusted accordingly. The number of generations was set to 100 for all algorithms, ensuring a fair 

comparison. LEAL utilized a neighbor population size (neighbour_pop) of 5, and linear combination elements 

(linear_comb_element) were also set to 5. Crossover and mutation rates for all algorithms were configured 

using their default settings. For the recent methods added, CMA-ES was run with a default step-size 

adaptation strategy [11,13], Bayesian Optimization (BO) employed Gaussian Process regression with Expected 

Improvement (EI) as the acquisition function [17-20,29,30], and SSA-NSGA-II was configured with an initial 

design of experiments (DOE) size of 50 and 10 surrogate infills per iteration [22,23]. 

3.1.3 Benchmark Problems 

The engineering optimization problems include the Piston Lever Optimization Design (PLOD), 

Tubular Column Design (TCD), and Pressure Vessel problems [5,19]. These scenarios originate from practical 

engineering domains where mechanical and structural components must be optimized under rigorous 

physical and material constraints. The PLOD problem focuses on determining lever dimensions and 

configurations that minimize stress or deflection in mechanical assemblies. Similarly, TCD involves 

optimizing the geometry and material distribution of a tubular column to ensure it can support specified loads 

with minimal weight and deformation. The Pressure Vessel problem aims to reduce costs by optimizing the 

vessel’s thickness and material usage under high-pressure conditions, while adhering to strict safety and 

fabrication standards. Each of these engineering tasks combines nonlinear constraints, complex feasible 

regions, and real-world objectives, making them excellent testbeds for assessing an algorithm’s ability to 

handle intricate design landscapes and produce feasible, high-quality solutions. In the realm of single-

objective benchmark functions, the Ackley, G12, G2, G4, G6, Griewank, Himmelblau, Rastrigin, and Zakharov 

problems provide a broad range of computational challenges. Functions like Ackley, Griewank , and Rastrigin 

are well-known for their multimodality, featuring numerous local minima that test an algorithm’s capacity to 

avoid premature convergence and effectively explore the search space. Himmelblau’s function and the G-

series constrained problems (G12, G2, G4, G6) introduce additional complexity by imposing nonlinear 

constraints and known global optima, thereby gauging the precision and constraint-handling abilities of 

optimization methods. Zakharov and similar smoother landscapes assess how efficiently algorithms can move 
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toward global optima in less rugged, though still challenging, search spaces. Altogether, these benchmarks 

challenge exploration, exploitation, constraint management, and fine-tuning of solutions, painting a 

comprehensive picture of an algorithm’s strengths and weaknesses. The multi-objective benchmark problems 

BNH, CTP7, DF1, DF2, DF3, DF5, DF9, DTLZ1, and SRN each pose unique challenges by requiring 

simultaneous optimization of multiple, often conflicting objectives. Rather than seeking a single global 

optimum, algorithms must approximate the true Pareto front with a distribution of solutions that reflect 

different trade-offs among objectives. Tasks like BNH and the CTP family emphasize intricate constraints and 

highly nonlinear interactions, testing whether an optimizer can stay within feasible regions while preserving 

diversity among solutions. Problems such as DF1, DF2, DF3, and DF5 further highlight the interplay of 

complex constraint handling, whereas DF9, DTLZ1, and SRN integrate additional layers of difficulty—ranging 

from higher-dimensional search spaces to strict requirements on solution quality. Collectively, these 

benchmarks measure an algorithm’s ability to converge near the Pareto front and maintain an even spread of 

solutions across it, thereby providing a comprehensive evaluation of multi-objective optimization 

performance [18, 22]. 

3.2 Results  
3.2.1 Engineering Optimization Problems 
 

In examining the performance of the presented algorithms Differential Evolution (DE), Genetic 

Algorithm (GA), Particle Swarm Optimization (PSO), Covariance Matrix Adaptation Evolution Strategy 

(CMA-ES), Bayesian Optimization (BO), and the proposed Linear Ensemble Algorithm (LEAL) across three 

engineering optimization benchmark problems (Piston Lever Optimization Design, Tubular Column Design, 

and the Pressure Vessel problem), clear trends emerge in terms of solution quality, computational cost, and 

resource usage. For the Piston Lever Optimization Design (PLOD) (optimum ≈ 2.25), DE, GA, and PSO 

achieved mean best objectives of 10¹–10³ scale with relatively low variance, while CMA-ES and BO performed 

poorly, reaching means of 3.40×10⁵ and 2.03×10⁵, respectively. LEAL produced a mean of 1.34×10⁵, which, 

although better than CMA-ES and BO, was still orders of magnitude worse than DE, GA, and PSO. LEAL’s 

runtime (7.81 s) was also far higher than all other algorithms (all <1 s), and its memory usage (4.75) exceeded 

DE (8.36×10⁻¹) and GA (8.55×10⁻¹), though lower than BO (2.95×10¹). For the Tubular Column Design (TCD) 

(optimum ≈ 10.5), DE, GA, and PSO consistently converged near 2.66×10¹–2.68×10¹ with small variance, 

confirming strong stability. CMA-ES and BO delivered weaker results, with mean objectives of 2.92×10¹ and 

3.26×10¹, respectively. LEAL again lagged, showing a higher mean (3.13×10¹) and variance (6.90) than DE, GA, 

and PSO. Its runtime averaged 5.53 seconds, markedly slower than the sub-second runtimes of classical 

algorithms, and its memory usage (3.92) was larger than DE and GA (<1.0), but below BO (2.93 × 10¹). For the 

Pressure Vessel problem (optimum ≈ 300), DE, GA, and PSO performed best, with mean objectives ranging 

from 7.59 × 10³ to 9.36 × 10³. CMA-ES and BO showed higher means (1.78×10⁴ and 3.06×10⁴, respectively). LEAL 

produced the weakest performance, with a mean of 7.55×10⁴ and extremely high variance. Its runtime (8.48 s) 

was substantially greater than others (all <0.3 s except BO at 58.4 s), and its memory usage (6.08) was again 

much higher than DE and GA, but notably lower than BO (2.95×10¹). Overall, while DE, GA, and PSO provided 

the most reliable and efficient performance across all three engineering problems, CMA-ES and BO exhibited 

inconsistent behavior, accompanied by higher computational costs. LEAL, although occasionally capable of 

finding competitive minimum values, suffered from large performance variance, high runtime overhead, and 

greater memory consumption, making it less competitive in these engineering design benchmarks. 
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Table 1. Performance on Engineering Optimization Benchmark Functions 

Test problem 
Optimum 

point 
Metrics DE GA PSO CMA-ES BO LEAL 

Piston Lever 

Optimization 

Design 

(PLOD) 

2.25 

Mean 4.46×10¹ 5.04×10³ 1.47×10³ 3.40×10⁵ 2.03×10⁵ 1.34×10⁵ 

Std 4.41×10¹ 1.32×10⁴ 6.28×10³ 6.01×10⁵ 4.60×10⁵ 3.43×10⁵ 

Min 1.03×10⁰ 1.52×10¹ 7.66×10⁻¹ 1.35×10⁰ 5.53×10¹ 2.68×10¹ 

Runtime 

mean 
2.92×10⁻¹ 2.96×10⁻¹ 3.30×10⁻¹ 2.66×10⁻¹ 5.04×10¹ 7.81×10⁰ 

Runtime 

std 
1.61×10⁻² 1.60×10⁻² 1.36×10⁻² 1.15×10⁻¹ 3.50 4.55×10⁰ 

Memory 

mean 
8.36×10⁻¹ 8.55×10⁻¹ 1.97×10⁰ 2.59×10⁻¹ 2.95×10¹ 4.75×10⁰ 

Memory 

std 
5.55×10⁻⁴ 2.14×10⁻² 1.50×10⁻² 4.51×10⁻² 5.34×10⁻³ 2.29×10⁰ 

Memory 

min 
8.35×10⁻¹ 8.41×10⁻¹ 1.94×10⁰ 1.20×10⁻¹ 2.95×10¹ 8.94×10⁻¹ 

Tubular 

Column 

Design 

(TCD) 

10.5 

Mean 2.68×10¹ 2.67×10¹ 2.66×10¹ 2.92×10¹ 3.26×10¹ 3.13×10¹ 

Std 1.40×10⁻¹ 9.09×10⁻² 5.25×10⁻² 2.75×10⁰ 1.91×10⁰ 6.90×10⁰ 

Min 2.66×10¹ 2.65×10¹ 2.66×10¹ 2.69×10¹ 3.03×10¹ 2.68×10¹ 

Runtime 

mean 
2.35×10⁻¹ 2.68×10⁻¹ 2.48×10⁻¹ 1.40×10⁻¹ 4.96×10¹ 5.53×10⁰ 

Runtime 

std 
2.17×10⁻² 5.12×10⁻² 1.89×10⁻² 7.33×10⁻² 5.35×10⁰ 4.87×10⁰ 

Memory 

mean 
8.39×10⁻¹ 8.91×10⁻¹ 1.39×10⁰ 2.31×10⁻¹ 2.93×10¹ 3.92×10⁰ 

Memory 

std 
1.76×10⁻² 7.38×10⁻³ 7.93×10⁻³ 5.44×10⁻² 3.28×10⁻³ 2.97×10⁰ 

Memory 

min 
8.32×10⁻¹ 8.79×10⁻¹ 1.37×10⁰ 1.00×10⁻¹ 2.93×10¹ 8.94×10⁻¹ 

Pressure 

Vessel 
300 

Mean 9.36×10³ 8.83×10³ 7.59×10³ 1.78×10⁴ 3.06×10⁴ 7.55×10⁴ 

Std 1.30×10³ 1.13×10³ 6.83×10² 5.28×10³ 1.48×10⁴ 7.57×10⁴ 

Min 6.73×10³ 7.11×10³ 6.65×10³ 8.40×10³ 1.44×10⁴ 1.50×10³ 

Runtime 

mean 
1.90×10⁻¹ 2.01×10⁻¹ 2.20×10⁻¹ 1.42×10⁻¹ 5.84×10¹ 8.48×10⁰ 

Runtime 

std 
5.18×10⁻³ 1.27×10⁻² 1.26×10⁻² 6.49×10⁻² 1.84×10¹ 7.01×10⁻¹ 

Memory 

mean 
8.32×10⁻¹ 8.67×10⁻¹ 2.03×10⁰ 2.46×10⁻¹ 2.95×10¹ 6.08×10⁰ 

Memory 

std 
1.23×10⁻³ 9.29×10⁻³ 1.09×10⁻² 5.40×10⁻² 5.28×10⁻³ 1.30×10⁻¹ 

Memory 

min 
8.29×10⁻¹ 8.53×10⁻¹ 2.01×10⁰ 1.18×10⁻¹ 2.95×10¹ 5.82×10⁰ 
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3.2.3 Single-Objective Benchmark Functions 

Table 2. Performance on Single-Objective Benchmark Functions 

Test problem 
Optimum 

point 
Metrics DE GA PSO CMA-ES BO LEAL 

Ackley 0 

Mean 7.11×10⁻¹ 4.99×10⁻¹ 3.79×10⁻¹ 3.08×10⁰ 1.72×10⁰ 8.30×10⁻¹ 

Std 4.65×10⁻¹ 3.60×10⁻¹ 2.78×10⁻¹ 8.00×10⁻1 7.90×10⁻1 1.76×10⁰ 

Min 4.93×10⁻² 1.05×10⁻¹ 2.46×10⁻² 9.33×10⁻1 6.63×10⁻1 4.44×10⁻¹⁶ 

Runtime 1.79×10⁻¹ 1.99×10⁻¹ 2.04×10⁻¹ 1.28×10⁻1 3.25×10¹ 9.35×10⁰ 

G2 0 

Mean -2.74×10⁻¹ -3.83×10⁻¹ -2.62×10⁻¹ -1.89×10⁻1 -1.54×10⁻1 -1.52×10⁻¹ 

Std 3.33×10⁻² 4.14×10⁻² 4.92×10⁻² 2.27×10⁻2 2.38×10⁻2 2.29×10⁻² 

Min -3.42×10⁻¹ -4.44×10⁻¹ -3.83×10⁻¹ -2.35×10⁻1 -2.01×10⁻1 -2.08×10⁻¹ 

Runtime 2.04×10⁻¹ 2.43×10⁻¹ 2.86×10⁻¹ 1.96×10⁻1 9.78×10¹ 3.14×10¹ 

G4 0 

Mean -3.02×10⁴ -3.01×10⁴ -3.04×10⁴ -2.97×10⁴ -2.92×10⁴ -2.96×10⁴ 

Std 2.01×10² 1.70×10² 1.52×10² 4.92×10² 5.89×10² 7.26×10² 

Min -3.06×10⁴ -3.03×10⁴ -3.06×10⁴ -3.03×10⁴ -3.02×10⁴ -3.05×10⁴ 

Runtime 1.87×10⁻¹ 1.93×10⁻¹ 2.15×10⁻¹ 1.50×10⁻1 5.31×10¹ 8.85×10⁰ 

G6 0 

Mean -5.90×10³ -4.69×10³ -5.74×10³ -4.21×103 9.15×10⁵ -5.85×10³ 

Std 6.45×10² 1.17×10³ 8.64×10² 1.04×103 1.29×10⁶ 8.27×10² 

Min -6.85×10³ -6.73×10³ -6.85×10³ -5.42×103 -5.78×10³ -6.74×10³ 

Runtime 1.77×10⁻¹ 1.93×10⁻¹ 2.10×10⁻¹ 1.37×10-1 4.30×10¹ 7.74×10⁰ 

G12 0 

Mean -9.97×10⁻¹ -9.98×10⁻¹ -9.99×10⁻¹ -8.20×10⁻1 -9.09×10⁻1 -9.93×10⁻¹ 

Std 4.31×10⁻³ 3.23×10⁻³ 1.49×10⁻³ 1.37×10⁻1 7.84×10⁻2 2.02×10⁻² 

Min -9.99×10⁻¹ -1.00×10⁰ -1.00×10⁰ -9.89×10⁻1 -9.84×10⁻1 -1.00×10⁰ 

Runtime 3.94×10⁻¹ 4.12×10⁻¹ 4.19×10⁻¹ 4.74×10⁻1 4.90×10¹ 2.92×10¹ 

Griewank 0 

Mean 7.93×10⁻² 8.19×10⁻² 7.53×10⁻² 4.36×10⁻1 1.16×10⁻1 3.17×10⁻² 

Std 4.44×10⁻² 5.20×10⁻² 4.87×10⁻² 1.95×10⁻1 7.11×10⁻2 1.01×10⁻¹ 

Min 1.60×10⁻² 2.74×10⁻³ 3.85×10⁻³ 8.97×10⁻2 1.56×10⁻2 0.00×10⁰ 

Runtime 1.79×10⁻¹ 1.89×10⁻¹ 1.94×10⁻¹ 1.17×10⁻1 5.05×10¹ 4.08×10¹ 

Himmelblau 0 

Mean 7.49×10⁻² 1.20×10⁻² 2.52×10⁻² 4.54×10⁻1 9.04×10⁻3 3.80×10⁰ 

Std 9.03×10⁻² 1.30×10⁻² 3.00×10⁻² 1.08×10⁰ 5.35×10⁻3 8.75×10⁰ 

Min 1.46×10⁻³ 8.08×10⁻⁵ 3.19×10⁻⁴ 1.85×10⁻3 2.97×10⁻3 1.94×10⁻⁴ 

Runtime 1.71×10⁻¹ 1.89×10⁻¹ 1.91×10⁻¹ 1.03×10⁻1 4.72×10¹ 7.54×10⁰ 

Rastrigin 0 

Mean 1.75×10⁻¹ 1.85×10⁻¹ 2.23×10⁻¹ 4.60×10⁰ 3.94×10⁰ 3.59×10⁻² 

Std 2.66×10⁻¹ 3.46×10⁻¹ 2.67×10⁻¹ 2.94×10⁰ 4.31×10⁰ 1.61×10⁻¹ 

Min 8.59×10⁻³ 5.59×10⁻³ 9.29×10⁻⁴ 6.23×10⁻1 2.52×10⁻2 0.00×10⁰ 

Runtime 2.01×10⁻¹ 1.94×10⁻¹ 1.96×10⁻¹ 1.35×10⁻1 4.19×10¹ 3.99×10¹ 

Zakharov 0 

Mean 2.69×10⁻² 2.30×10⁻³ 1.04×10⁻³ 5.70×10⁻2 8.16×10⁻2 4.28×10⁻³ 

Std 3.01×10⁻² 2.20×10⁻³ 1.11×10⁻³ 9.57×10⁻2 9.08×10⁻2 9.42×10⁻³ 

Min 1.49×10⁻³ 9.05×10⁻⁵ 5.08×10⁻⁵ 1.40×10⁻4 5.14×10⁻3 0.00×10⁰ 

Runtime 1.61×10⁻¹ 1.79×10⁻¹ 1.78×10⁻¹ 1.20×10⁻1 5.46×10¹ 7.39×10⁰ 
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When examining the results for each benchmark function, a central point of interest is how closely 

each algorithm’s best-found solutions approximate the known global optimum, which, for all the tested single-

objective functions, is zero. On the Ackley function, LEAL achieved an exact minimum of 4.44 × 10⁻¹⁶, which 

is practically the global optimum. However, its mean (8.30 × 10⁻¹) was worse than that of PSO (3.79 × 10⁻¹), GA 

(4.99 × 10⁻¹), and DE (7.11 × 10⁻¹). CMA-ES and BO performed poorly, with higher mean values (3.08×10⁰ and 

1.72×10⁰, respectively). This shows that while LEAL can sometimes locate the global optimum, it lacks the 

consistency of classical algorithms. For the G-series constrained problems, LEAL achieved near-optimal 

minima but less stable averages. On G12, it matched the known optimum (-1.00 × 10⁰) but had a slightly inferior 

mean (-9.93 × 10⁻¹) compared to GA and PSO, both of which consistently converged to the optimum. On G2 

and G4, LEAL’s minima were close to the optimum, but its mean values trailed those of DE, GA, and PSO. 

CMA-ES and BO again underperformed, failing to reliably reach optimal values. On G6, LEAL’s mean (-

5.85×10³) was competitive with DE and PSO, while BO performed extremely poorly (9.15×10⁵), highlighting 

instability in surrogate-based optimization for constrained functions. On multimodal landscapes, LEAL’s 

strengths became more evident. For Griewank, LEAL not only achieved the exact optimum (0.00 × 10⁰) but 

also had the lowest mean (3.17 × 10⁻²) compared to DE, GA, and PSO (means ~7.5 × 10⁻²–8.2 × 10⁻²). Both CMA-

ES and BO performed worse, with means above 10⁻¹ and higher variance. On Rastrigin, another highly 

multimodal problem, LEAL again reached the global optimum (0.00 × 10⁰) and recorded the best mean (3.59 × 

10⁻²), surpassing DE, GA, and PSO (means ~10⁻¹–10⁻²) and clearly outperforming CMA-ES (4.60 × 10⁰) and BO 

(3.94 × 10⁰). For Zakharov, LEAL found the optimum (0.00 × 10⁰), but its mean (4.28 × 10⁻³) was slightly worse 

than PSO (1.04 × 10⁻³) and GA (2.30 × 10⁻³), although still better than CMA-ES (5.70 × 10⁻²) and BO (8.16 × 10⁻²). 

For Himmelblau’s function, LEAL performed poorly, with a high mean (3.80×10⁰) compared to GA (1.20×10⁻²), 

PSO (2.52×10⁻²), and DE (7.49×10⁻²). BO showed the best result (9.04×10⁻³) while CMA-ES underperformed 

(4.54×10⁻¹). This highlights that LEAL struggles with relatively sensitive but straightforward landscapes, 

where lightweight optimizers or surrogate-based search may excel. Across all functions, runtime patterns 

were consistent: LEAL required significantly longer execution times (several seconds to tens of seconds) 

compared to DE, GA, and PSO, which typically solved these problems in under 0.3 s. BO also suffered from 

extreme runtime costs (tens of seconds to minutes), whereas CMA-ES remained efficient but less reliable in 

terms of accuracy. In summary, LEAL demonstrated exceptional potential on highly multimodal functions 

like Griewank and Rastrigin, where it outperformed all other methods and achieved exact global optima. 

However, its performance on simpler or constrained problems was inconsistent, with higher means and 

variances than classical algorithms. CMA-ES and BO generally underperformed in both accuracy and stability, 

with BO additionally incurring very high runtimes. Thus, while LEAL’s ensemble approach can provide 

superior performance on complex landscapes, its computational cost remains a major drawback compared to 

classical algorithms. 
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3.2.4 Multi-Objective Benchmark Problems 

Table 3. Performance on Multi-Objective Benchmark Functions 

Test problem Metrics SSA-NSGA-II NSGA-II LEAL 

BNH GD+ mean 1.66×10⁻¹ 2.14×10⁻¹ 6.90×10⁻¹ 

GD+ std 2.52×10⁻³ 1.43×10⁻² 9.18×10⁻¹ 

GD+ min 1.64×10⁻¹ 1.93×10⁻¹ 5.82×10⁻² 

Runtime mean (s) 1.84×10³ 3.05×10⁻¹ 8.57×10⁰ 

Runtime std (s) 1.68×10² 4.59×10⁻² 7.89×10⁻¹ 

Memory mean 2.64×10² 9.05×10⁻¹ 4.69×10⁰ 

Memory std 1.58×10¹ 5.40×10⁻³ 1.55×10⁻¹ 

CTP7 GD+ mean 1.83×10⁻² 2.27×10⁻² 8.79×10⁻² 

GD+ std 2.03×10⁻³ 1.13×10⁻² 8.03×10⁻² 

GD+ min 1.62×10⁻² 6.40×10⁻³ 6.00×10⁻⁴ 

Runtime mean (s) 1.50×10³ 2.46×10⁻¹ 7.57×10⁰ 

Runtime std (s) 1.20×10² 8.50×10⁻³ 1.94×10⁻¹ 

Memory mean 3.30×10² 8.85×10⁻¹ 5.46×10⁰ 

Memory std 1.80×10¹ 2.30×10⁻³ 1.89×10⁻¹ 

DF1 GD+ mean 4.59×10⁻³ 2.77×10⁻¹ 2.10×10⁰ 

GD+ std 1.07×10⁻³ 9.54×10⁻² 7.71×10⁻¹ 

GD+ min 3.36×10⁻³ 9.45×10⁻² 8.91×10⁻¹ 

Runtime mean (s) 6.91×10³ 1.79×10⁻¹ 1.48×10¹ 

Runtime std (s) 8.34×10² 7.00×10⁻³ 1.32×10⁻¹ 

Memory mean 1.37×10³ 8.69×10⁻¹ 8.76×10⁰ 

Memory std 9.63×10¹ 6.80×10⁻³ 7.51×10⁻¹ 

DF2 

 

GD+ mean 5.23×10⁻³ 2.27×10⁻¹ 1.43×10⁰ 

GD+ std 1.94×10⁻³ 7.94×10⁻² 5.45×10⁻¹ 

GD+ min 3.96×10⁻³ 2.14×10⁻¹ 7.42×10⁻¹ 

Runtime mean (s) 5.88×10³ 1.76×10⁻¹ 1.47×10¹ 

Runtime std (s) 5.81×10² 6.90×10⁻³ 1.13×10⁻¹ 

Memory mean 1.30×10³ 8.66×10⁻¹ 8.75×10⁰ 

Memory std 5.13×10¹ 4.70×10⁻³ 5.81×10⁻¹ 

DF3 GD+ mean 1.53×10⁻² 3.87×10⁻¹ 6.13×10⁰ 

GD+ std 7.02×10⁻³ 9.54×10⁻² 6.27×10⁻¹ 

GD+ min 7.38×10⁻³ 2.14×10⁻¹ 8.91×10⁻¹ 

Runtime mean (s) 3.76×10³ 1.83×10⁻¹ 1.48×10¹ 

Runtime std (s) 2.70×10² 1.46×10⁻² 2.03×10⁻¹ 

Memory mean 1.36×10³ 8.76×10⁻¹ 8.76×10⁰ 

 Memory std 1.80×10² 4.70×10⁻³ 5.81×10⁻¹ 

DF5 GD+ mean 9.90×10⁻³ 7.89×10⁻² 1.02×10⁻¹ 

GD+ std 2.57×10⁻³ 2.13×10⁻² 8.04×10⁻² 

GD+ min 6.53×10⁻³ 1.53×10⁻² 2.26×10⁻² 

Runtime mean (s) 3.50×10³ 2.48×10⁻¹ 7.65×10⁰ 

Runtime std (s) 1.36×10² 1.14×10⁻² 2.38×10⁻¹ 

Memory mean 9.51×10² 9.02×10⁻¹ 5.13×10⁰ 

Memory std 7.87×10⁰ 1.14×10⁻² 1.37×10⁻¹ 
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Table 3. Performance on Multi-Objective Benchmark Functions 

Test problem Metrics SSA-NSGA-II NSGA-II LEAL 

DF9 GD+ mean 3.83×10⁻¹ 1.59×10⁰ 6.12×10⁰ 

 GD+ std 1.58×10⁻¹ 1.31×10⁻¹ 3.53×10⁰ 
 GD+ min 2.47×10⁻¹ 1.33×10⁰ 8.62×10⁻¹ 
 Runtime mean (s) 2.64×10³ 1.80×10⁻¹ 1.48×10¹ 
 Runtime std (s) 9.97×10¹ 5.60×10⁻³ 1.17×10⁻¹ 
 Memory mean 1.40×10³ 8.86×10⁻¹ 8.76×10⁰ 
 Memory std 1.85×10¹ 4.70×10⁻³ 5.81×10⁻¹ 

DTLZ1 GD+ mean 1.25×10² 1.59×10⁰ 3.07×10⁰ 

GD+ std 2.77×10¹ 1.31×10⁻¹ 8.60×10⁻¹ 

GD+ min 9.16×10¹ 1.33×10⁰ 2.19×10⁰ 

Runtime mean (s) 2.21×10³ 1.79×10⁻¹ 3.73×10¹ 

Runtime std (s) 7.08×10¹ 8.50×10⁻³ 9.19×10⁻¹ 

Memory mean 9.08×10² 9.15×10⁻¹ 1.92×10¹ 

Memory std 9.56×10¹ 4.80×10⁻³ 8.70×10⁻³ 

SRN GD+ mean 6.00×10⁰ 2.11×10⁰ 1.39×10¹ 

GD+ std 1.44×10⁰ 6.96×10⁻² 1.49×10¹ 

GD+ min 4.56×10⁰ 1.52×10⁻² 1.24×10⁰ 

Runtime mean (s) 7.15×10² 2.40×10⁻¹ 7.12×10⁰ 

Runtime std (s) 1.23×10¹ 1.57×10⁻² 3.25×10⁻¹ 

Memory mean 2.38×10² 8.95×10⁻¹ 4.74×10⁰ 

Memory std 1.56×10¹ 1.07×10⁻² 2.64×10⁻² 

 

In evaluating LEAL's performance across nine diverse multi-objective benchmark problems (BNH, 

CTP7, DF1, DF2, DF3, DF5, DF9, DTLZ1, and SRN), a consistent pattern of underperformance compared to 

NSGA-II emerges across several critical metrics: Generational Distance Plus (GD+), runtime, and memory 

usage. The GD+ metric serves as an indicator of how closely an algorithm's solutions approximate the true 

Pareto front, with lower values signifying better convergence. In nearly all of the evaluated problems, LEAL 

records higher mean GD+ values than NSGA-II, indicating less effective convergence to optimal solutions. For 

instance, in the BNH problem, LEAL achieves a mean GD+ of 6.90 × 10⁻¹, substantially higher than NSGA-II's 

2.14 × 10⁻¹. Similarly, in DF1, LEAL exhibits a GD+ mean of 2.10 × 10⁰ compared to NSGA-II's 2.77 × 10⁻¹, 

underscoring LEAL's challenges in consistently approaching the Pareto optimal set. Delving deeper into 

runtime performance, LEAL demonstrates significantly longer execution times across all benchmark 

problems. For example, in the BNH problem, LEAL averages a runtime of 8.57 × 10⁰ s, which starkly contrasts 

with NSGA-II's rapid runtime of 3.05 × 10⁻¹ s. This disparity is even more pronounced in the DTLZ1 problem, 

where LEAL requires an extensive 3.73×10¹ s per run compared to NSGA-II's swift 1.79×10⁻¹ s. Such prolonged 

runtimes suggest that LEAL's computational processes are considerably more time-consuming, potentially 

limiting its applicability in scenarios demanding quick decision-making and real-time optimization. Across 

other problems such as DF1 and SRN, LEAL maintains this trend of longer runtimes, further highlighting its 

inefficiency relative to NSGA-II. Memory usage presents another area where LEAL lags behind NSGA-II. 

Across all evaluated problems, LEAL consistently demands more memory resources. In the BNH problem, 

LEAL utilizes an average of 4.69 × 10 units of memory, significantly higher than NSGA-II's 9.05 × 10-¹ units. 

This pattern holds for other problems as well: in DF1, LEAL reports a memory usage of 8.76 × 100 units, 

compared to NSGA-II's 8.69 × 10-1 units. The consistently higher memory consumption implies that LEAL is 

less resource-efficient, which could be a substantial drawback in environments with limited memory 

availability or when scaling to more complex, larger-scale problems. In conclusion, the data from these multi-

objective benchmarks strongly suggest that LEAL is less effective and less efficient compared to NSGA-II. 

LEAL's higher GD+ values across most problems indicate poorer convergence to the Pareto front, while its 

extended runtimes and elevated memory consumption highlight significant computational inefficiencies. 
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These combined factors render NSGA-II the more practical and effective choice for achieving high-quality, 

consistent multi-objective optimization results within the scope of the evaluated benchmark problems. 

3.3 Analysis of Results 

The experimental findings across engineering, single-objective, and multi-objective benchmarks 

(Tables 1–3) provide a comprehensive assessment of the Linear Ensemble Algorithm (LEAL) in comparison 

with both classical and recent meta-heuristics. Engineering problems, such as PLOD, TCD, and Pressure 

Vessel, LEAL, occasionally identify competitive minima. In the Pressure Vessel problem, the best solution 

(~1.5×10³) was more than 75% lower than the best solutions of GA and PSO (~7.6–8.8×10³), highlighting its 

capacity to exploit nonlinear constraints. However, LEAL’s mean objective values (7.55×10⁴) were substantially 

worse than classical algorithms, and its runtimes (5–8 s) were an order of magnitude higher. This indicates 

that while LEAL can uncover exceptional minima, it struggles to maintain consistent average performance. 

Single-objective benchmarks on multimodal landscapes such as Rastrigin and Griewank, LEAL excelled. On 

Rastrigin, it achieved a mean error of 3.59×10⁻², representing an improvement of ~80–85% over GA, DE, and 

PSO. On Griewank, LEAL’s mean of 3.17×10⁻² was ~55–65% better than the classical methods. Conversely, on 

constrained functions such as G2 and G4, as well as simpler problems like Himmelblau, LEAL performed 

poorly, with its mean error (3.80) being more than two orders of magnitude worse than GA or PSO. Runtime 

patterns were consistent: LEAL required several seconds to tens of seconds, compared with <0.3 s for DE, GA, 

and PSO, and ~30–90 s for BO. These findings confirm LEAL’s strength in tackling rugged, multimodal 

problems, but also highlight its inefficiency and inconsistency on constrained or smoother landscapes. Multi-

objective benchmarks, LEAL generally underperformed relative to NSGA-II [8]. Its GD⁺ values [28] were 

consistently higher; for example, in DF1, LEAL’s GD⁺ mean was 2.10 compared to NSGA-II’s 0.277. Runtime 

differences were extreme: LEAL required ~15 s on DF1 (~80× slower than NSGA-II) and ~37 s on DTLZ1 (~200× 

slower). Memory usage also reflected inefficiency, with LEAL consuming 10–20× more than NSGA-II across 

most problems. SSA-NSGA-II [22,23] achieved competitive GD⁺ convergence, but at a prohibitive cost, 

requiring runtimes in the 10³-second range and memory exceeding 10³ units. Comparisons with recent 

methods reveal similar trade-offs: CMA-ES [11,13,14] sometimes achieves stable results but with high 

variance, while BO [17–20] produces unstable solutions with runtimes far longer than those of classical 

methods. Overall synthesis. The results highlight LEAL’s dual nature. It demonstrates strong performance on 

multimodal single-objective problems and has the potential to identify breakthrough minima in engineering 

design; however, it suffers from high runtime, extensive memory usage, and inconsistent averages. Compared 

with GA, DE, and PSO, LEAL trades efficiency for occasional superior accuracy. In comparison to newer 

methods such as CMA-ES, BO, and SSA-NSGA-II, it remains competitive in some cases but is generally less 

efficient. NSGA-II continues to provide the most balanced performance for multi-objective problems, while 

LEAL is best suited for tasks that prioritize ultimate solution quality over computational efficiency. In practice, 

LEAL is most suitable for rugged, multimodal landscapes or complex engineering designs where ultimate 

solution quality outweighs runtime and memory overhead. In time-critical or resource-constrained scenarios, 

lightweight baselines such as DE or GA/PSO are generally more efficient; for multi-objective problems,   
NSGA-II typically remains the preferred default due to better GD⁺ and lower runtime/memory. 

3.4 Discussion 

In examining LEAL’s performance across engineering, single-objective, and multi-objective problems, 

several key patterns emerge that highlight both its promise and limitations. The integration of evolutionary 

search with linear regression–based ensemble modeling offers a distinct advantage for navigating rugged and 

multimodal landscapes. This was particularly evident in functions such as Griewank and Rastrigin, where 

LEAL not only achieved the exact global optimum but also delivered mean values more than 80% lower than 

those of GA [5], DE [7], and PSO [6]. Such results underscore the capability of LEAL’s ensemble strategy to 

balance exploration and exploitation in high-dimensional, multimodal spaces. In engineering problems such 

as Pressure Vessel Design, LEAL occasionally produced best-known minima far surpassing those of classical 

algorithms, confirming its capacity to exploit nonlinear constraints and structural interactions. Its best minima 

(~1,500) were over 75% better than the 6,600–7,100 range reported by GA and PSO, demonstrating its ability 
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to deliver breakthrough solutions. However, mean values and variance were often inferior to those of DE, GA, 

and PSO, while runtimes averaged several seconds, which was an order of magnitude higher than those of 

classical methods. This inconsistency suggests that LEAL is powerful in isolated cases but lacks robustness 

across repeated runs. For multi-objective optimization, the evidence indicates clear underperformance relative 

to NSGA-II [8]. LEAL generally produced higher GD⁺ values [28], longer runtimes, and greater memory 

demands. On DF1 and DTLZ1, LEAL’s runtime was 30–200× higher than NSGA-II, and its memory usage was 

10–20× greater. SSA-NSGA-II [22,23] achieved competitive convergence, but at the expense of extreme 

computational costs (runtime in the 10³-second range, with memory exceeding 10³ units), highlighting 

scalability issues for surrogate-assisted ensembles. Comparisons with more recent methods further emphasize 

the trade-offs: CMA-ES [11,13,14] has shown competitive results on some constrained benchmarks but exhibits 

high variance, while BO [17–20] often requires excessive runtimes with unstable accuracy. These findings place 

LEAL within a broader context, showing that even advanced methods suffer from computational overheads 

and variance, although LEAL’s costs remain among the most pronounced. Theoretically, LEAL’s ensemble 

structure increases computational complexity due to repeated regression fitting and neighbor evaluations, 

which scale with population size and problem dimension. This complexity helps explain the observed runtime 

overhead and memory demands. While current experiments provide empirical validation, formal 

convergence proofs and computational complexity analyses remain essential to establish stronger theoretical 

guarantees. Overall, LEAL demonstrates reliability in consistently producing feasible solutions and 

occasionally uncovering exceptional minima. However, the trade-off is clear: substantial computational 

demands and memory requirements. For applications where solution quality outweighs runtime, such as 

high-stakes engineering design or safety-critical optimization, LEAL’s approach may prove invaluable. Future 

refinements should aim to reduce overhead through parallelization, surrogate simplification, or adaptive 

ensemble sizing, making the algorithm more competitive in broader contexts.  

4. Conclusions 

The Linear Ensemble Algorithm (LEAL) demonstrates considerable promise as an optimization 

method by combining ensemble regression with evolutionary search operators. This methodological 

integration allows LEAL to approximate promising regions of the search space while maintaining global 

exploration, thereby strengthening its convergence capacity on rugged landscapes. In addition, the use of a 

neighbor-based linear combination mechanism provides a more adaptive search process, enabling LEAL to 

balance exploration and exploitation more effectively than conventional evolutionary algorithms. On single-

objective benchmark functions, LEAL frequently attained or closely approached the global optimum. For 

multimodal problems such as Rastrigin and Griewank, it achieved improvements of 55–85% in mean 

performance compared to GA [5], DE [7], and PSO [6]. These results confirm that the ensemble regression and 

neighbor-based combination strategies significantly enhance solution accuracy. In engineering optimization 

tasks, LEAL occasionally uncovered breakthrough minima. For instance, in the Pressure Vessel Design 

problem, the best solution (~1.5×10³) was more than 75% better than those reported by GA and PSO (~7.6–

8.8×10³), validating the algorithm’s ability to exploit nonlinear constraints. However, higher mean values, 

longer runtimes, and greater memory usage reflect the computational cost of maintaining ensemble structures 

and neighbor-based modeling. In multi-objective problems, LEAL consistently underperformed relative to 

NSGA-II [8], showing higher GD⁺ [28], runtimes one to two orders of magnitude longer, and memory usage 

10–20× higher. Comparisons with CMA-ES [11,13,14], BO [17–20], and SSA-NSGA-II [22,23] further illustrate 

the trade-offs among recent methods. CMA-ES demonstrated competitive results but with high variance, 

while BO often suffered from unstable accuracy and long runtimes. In contrast, SSA-NSGA-II provided strong 

convergence but at a prohibitive computational cost. Against this backdrop, LEAL remains competitive in 

producing feasible solutions but is less efficient overall. In conclusion, LEAL’s key methodological 

contributions, its ensemble regression with evolutionary operators, neighbor-based linear combination, and 

systematic benchmarking against both classical and recent algorithms, underline its novelty and potential. 

LEAL is most suitable for single-objective and constrained engineering optimization where solution quality is 

more important than runtime. To enhance its competitiveness in broader domains, future research should 
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focus on: (i) reducing computational complexity through parallelization and lightweight surrogate modeling; 

(ii) improving efficiency via adaptive ensemble sizing; (iii) providing formal convergence and complexity 

guarantees; and (iv) extending applications to large-scale, dynamic, and real-world optimization tasks. With 

these refinements, LEAL could evolve into a more broadly applicable and impactful optimization framework. 
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