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Abstract: Fractional integro-differential equations (FIDEs) with weakly
singular kernels arise in mathematical models of viscoelasticity, anomalous
diffusion, and hereditary systems, yet closed-form solutions are rarely
attainable. This study proposes a numerical scheme based on a hybrid
combination of block-pulse functions and Taylor polynomials for solving both
linear and nonlinear FIDEs with weakly singular kernels of the form
(t-s)”,0<pB<1, formulated within the Caputo fractional derivative
framework. The fractional problem is transformed into an equivalent system of
polynomials. ASEAN J. Sci. algebfaic equations by constructing a Riemann—Lim.lvil?e operational matrix and
Tech. Report, 2026, 29(7), e262844. applying Newton—Cotes collocation nodes, yielding a computationally
httpsy/doi.org/10.55164/ajstr. straightforward solver. Three illustrative examples were examined, including
v29i7.262844 two linear equations with exact solutions u(t) = t? +t* and u(t) =t +t°, and one

nonlinear equation with an exact solution u(t)=t*. The proposed method
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fewer basis functions. These results confirm that the hybrid block-pulse-Taylor
polynomial approach offers a reliable and efficient alternative for solving FIDEs
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1. Introduction

In general calculus, derivatives of order n are considered only for the
particular case when n is a positive integer. The next logical direction is to
explore generalized definitions of derivatives and integrals that are valid for
arbitrary real orders. This area of mathematics is known as fractional calculus,
with origins traceable to 1695, when L'Hospital posed the question to Leibniz:

1

'What could d—zl f (x) mean?' For more than two centuries, this subject remained
dx2

largely within pure mathematics. Pioneering mathematicians such as Euler,

Fourier, Abel, Liouville, Riemann, and Hadamard contributed significantly to
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the early development of fractional operators by introducing various definitions and examining their
fundamental properties. In recent decades, however, fractional calculus has expanded considerably,
demonstrating applicability across a wide range of natural and applied sciences.

The growing significance of fractional differential equations (FDEs) in various fields of science and
engineering has led to increasing research interest [1-12]. Fractional calculus provides a powerful framework
for modelling memory effects and hereditary properties in complex systems, making it particularly valuable
in applications ranging from viscoelasticity to anomalous diffusion processes [13-15]. Distributed-order
fractional derivatives refer to fractional derivatives integrated over a continuum of derivative orders within a
specified range [6, 16]. Since analytical solutions to many fractional differential problems are often unavailable,
considerable research has been devoted to developing efficient numerical and analytical methods [1, 8, 10, 11, 17-19].
Numerous researchers have developed numerical methods for solving fractional integro-differential equations
(FIDEs), which combine the complexities of both fractional derivatives and integral operators [20-24]. In cases
where exact analytical solutions are unattainable, attention has been directed toward accurate approximate
solutions using various computational techniques [7, 25-27]. For instance, Mingxu et al. [1] employed the
Legendre wavelet approach to investigate numerical solutions of FIDEs with weakly singular kernels,
transforming the original equations into an algebraic system for efficient computation. More recently, several
wavelet-based methods have been proposed, including Haar wavelets [7], Bell wavelets [28], and modified
hat functions [29].

The challenge of handling weakly singular kernels in FIDEs has attracted significant attention due to
their prevalence in modelling real-world phenomena [30-32]. These kernels, typically of the form (t—s)”
where 0< <1, introduce computational difficulties requiring specialized numerical treatments [33, 34]. In

this research, we develop a numerical method for solving linear and nonlinear FIDEs with a weakly singular
kernel as described by Equations (1) and (2), respectively, subject to appropriate initial conditions. The method
applies to both linear and nonlinear problems.

Daf(t):ﬂﬁj'(tf_(i;y dx+ﬁzjl.u(t,x)f (x)dx+g(t) (1)

and D“f(t):ﬂl_l.%dxjt/giu(t,x)f (x)*dx+g(t) )

2. Materials and Methods

2.1 Fractional Integral and Derivative
In this section, we present the fundamental definitions, notations, and theoretical concepts related to
fractional integrals and derivatives used throughout this study.

Definition 1 (Riemann-Liouville Fractional Integral). The integral operator defined by Equation (3) is called
the Riemann-Liouville fractional integral operator of order « [5].

(3)

For any constants A and u, the operator is linear, as expressed in Equation (4).

(A f )+ ugt)=2171 1)+ u1"9() )

Definition 2 (Caputo Fractional Derivative). The derivative defined by Equation (5) is called the Caputo
fractional derivative of order «, where n is the smallest integer such that n-1<a <n [2-4].
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£ (x)

)a+l—n

l t
D“f)(t)= ds, n-l<a<n, nel, (5)
(o) r(”—Of)l(t—x
For any constants, the Caputo derivative is a linear operation, as shown in Equation (6). From
Definitions 1 and 2, the composition property is given by Equation (7), and additional key properties

are provided as Equations (8) and (9).

072 0+ (1) = 07 1) 4075 - ©
1 0°bi) i3 a0 o

For any real number a such that n-1<a<n and nell , we have

I"“D"h(t) =

D"()f:(z)l) i

1 t
F(n—a)-([(t—x

L),
- F(n—a)-!-(t—x)‘”l” ‘

= D"h(t)
1"“D"h(t) = D“h(t) (8)
D’B(t,a)=D’1”1°7B(t)=B(t,a - A). )

2.2 Hybrid of Block-Pulse Functions and Taylor Polynomials
2.2.1 Definition of Hybrid Functions
The hybrid functions denoted by b, (t) are defined by Equation (10), where n is the order of block-

pulse functions such that T, (t)=t", n=12,..,N and m=0,1..,M -1, defined on the interval [0,t;). The

hybrid of block-pulse functions and Taylor polynomial functions constitutes a semi-orthogonal set on the

interval [0,t,) .

n-1. n
T, (Nt-(n-1)t,) .t e[th N j (10)

0 , otherwise.

b, (1) =

For the four elements (N =2,M = 2), the basis functions are explicitly expressed.

2.2.2 Function Approximation
A function f(t) defined over [0,t;) may be expanded as a series in hybrid functions as Equation (11).

Truncating this expansion yields the approximation given in Equation (12).

F023 S e, b (1), (11)

n=1 m=0

;
where C" =[Ci0+Cogr-1Chr0+CizsCoprevs Cprgreees Copg 15 Copt1s-+» ot 1 |
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and t) |:b10 (t 20 t) NO(t)’bll(t)’bzl(t)""’le(t) lM l(t) bZM l( NM l t):| (12)

2.3 Riemann-Liouville Fractional Integral Operator for Hybrid Functions

The operational matrix for the Riemann-Liouville fractional integral of hybrid functions is introduced
in Equation (13) and obtained via the Laplace transform applied to each basis function, as shown in Equation
(14).

1“B(t)= Bt,a), (13)

(T, (Nt—(n-1)t, ), (14)

tf

By 0)= sy (O, (N1t )

n

N N
2.4 Numerical Scheme

Without loss of generality, assume the initial condition >« . Expanding D’ f () in hybrid functions

as Equation (15) and applying Equations (7) and (13) yields the fractional derivative approximation Equation
(16).

D’ f(t)=C"B(t). (15)
f(t)=C"B tﬂ+/zl:f 0>tk (16)

Substituting into Equation (1) and collocating at Newton—Cotes nodes t; as defined by Equation (18)

converts the integral equation into an algebraic system (Equation 17), from which the coefficient vector C,
and hence the numerical solution f (t), is obtained.

B ﬂ_lf(k)O
& AL U e
+§D“ :/llj (t_kxzoﬂ : +/12‘!‘u(t,x)CT B(t, )
S ¢ (k)()k
+;f k(?)t_dx+g(t). an
2i+1 .
=— 2= i=01...,N(M+1)-1. 8
' 2N(M+1) ! ( +1) (18)

3. Results and Discussion

To assess the performance and efficiency of the proposed method, three illustrative examples are
presented: two linear FIDEs and one nonlinear FIDE with weakly singular kernels. Results are compared with
the Legendre wavelet method (LWM) [1] and exact solutions.

3.1 Example 1 - Linear FIDE (N=1, M =3)
Consider the linear fractional integro-differential equation given by Equation (19), subject to initial conditions
f (0) = 0 and Equation (20). The equation has a unique exact solution u(t) =t +t°.

D% 2'[ —dx+= I(t—x)f(x)dx+ g(t) (19)

2
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(20)

(t)— F(3) £175 F(4) £275 _ \/;tgr(3) B \/;I%F(4) B 7t 3
= F(2.75) + [‘(3.75) 21_[7) zr(gj % + 2—0 .
2 2

Applying the hybrid scheme with N =1 and M =3, the coefficient vector C is obtained by collocating

1 3 5 7
Equation (21) at Newton—Cotes nodes t, = g'tl = §‘t2 =3 and t, = I we obtain

¢, =—2.4978x10" ¢, =2 and c,, = 3. The numerical solution is then reconstructed via Equation (22).

— 1C'B(x1), 1 -
C'B(t,0.75) == | ———“dx+=| (t—x)C"B(x,1)dx+g(t . 21
(t0.79) ==, s 5], €= 0CTB(x.Ddx+g() @1
f(t)=CTB(t,1) =t> +t°, (22)
fx)
200 e Exact
Approximation
15
1.0
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0.2 0.4 0.6 0.8 1.0

Figure 1. Comparison of exact solution and approximate solution with N =1 and M = 3 (Example 1).
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Figure 2. Absolute errors with N =1 and M =3 (Example 1).
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3.2 Example 2 - Linear FIDE (N =1, M = 2)
Consider the linear fractional integro-differential equation given by Equation (23), subject to conditions in
Equation (24). The unique exact solution is u(t) = -t +t°. Applying the hybrid scheme with N =1 and M =2

1 5
and collocating at Newton—Cotes nodes t, =—,t, == and t, =—, we obtainc,, =-1,¢c;, =2. Table 1 presents
6 6 6

numerical results at selected collocation points for N =1 and M =2 in Example 2.

t
D5 f (t) = j dx+ jet*xf )dx+g(t) (23)

O 0

t)= r'(3) L5 r(2) £085 \/;tgr(?’) \/;'[%1"(2)_(3”1—%t
g()_r(z.ss) "Tass) 4F(Zj ’ 4r(§) 7
2

2

(24)
fx)
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Figure 3. Comparison of exact solution and approximate solution with N =1 and M =2 (Example 2).

Table 1. Approximate solution at selected points for N =1 and M =2 (Example 2).

t LWM Present Method Exact Solution
0 0.0000 0.0000 0.0000

1/8 -0.1090 -0.1094 -0.1094

2/8 -0.1869 -0.1875 -0.1875

3/8 -0.2338 -0.2344 -0.2344

4/8 -0.2498 -0.2500 0.2500

5/8 -0.2337 -0.2344 -0.2344

6/8 -0.1869 -0.1875 -0.1875

7/8 -0.1084 -0.1094 -0.1084
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Figure 4. Absolute errors with N =1 and M =2 (Example 2).

3.3 Example 3 — Nonlinear FIDE (N =2, M =2)

Consider the nonlinear fractional integro-differential equation given by Equation (25), subject to conditions in
Equation (26). The unique exact solution is u(t) =t?. Applying the hybrid scheme with N =2 and M =2 and

collocating at Newton—-Cotes nodes produces the following numerical solution.

Dot ( I[ dx+j (t+sinx)[ f(x ]3dx+g(t) (25)

)
r(3) 4o JFT(E) ¢

t)= ———389cosl 606sin1+ 720
9(1) r(25) (11) 7 : (26)
T =
2
f
.00 e Exact
Approximation
0.8/
0.6
0.4}
0.2
02 0.4 0.6 0.8 1.0 t

Figure 5. Comparison of exact solution and approximate solution with N =2 and M =2 (Example 3, nonlinear).
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Figure 6. Comparison of absolute errors between the proposed method and exact solution with N =2 and M =2
(Example 3, nonlinear).

4. Conclusions

In this study, a numerical method based on a hybrid combination of block-pulse functions and Taylor
polynomials was proposed for solving linear and nonlinear fractional integro-differential equations (FIDEs)
with weakly singular kernels, formulated within the Caputo fractional derivative framework. By transforming
the fractional problem into an equivalent algebraic system via the Riemann-Liouville operational matrix and
Newton—Cotes collocation, three illustrative examples were examined. The results demonstrate that the
proposed technique yields solutions in excellent agreement with the exact solutions while achieving lower
absolute errors than the Legendre wavelet method (LWM).
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