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Linear Programming Approaches to the Classification

Problem in Discriminant AnalYsis

Introduction
The goal ol classification problem in

discriminant analysis is to dcrivc a rule for the

assignment of an observation into one of several
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Abstract

The classification problem in discriminant analysis involves the construction a rule tbr the

assignment of an observation into one of several groups. Various discriminant analysis techniques

have been proposed in the llelds of statistics. management science and artificial intelligence. This

paper introduces two most witlely used linear programming (LP) tbrmulations to the classification

problem. The results of experimental comparisons of LP and the statistical approaches are reported'
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groups. The original discriminant analysis

techniques wcre statistical itpproaches. They have

been joined recently by methods in the areas ol

management science and artificial intelligence.
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Perhaps, Fisher's (1936) linear discriminant

function (FLDF) is the most widely used

discriminant analysis method. The primary
purpose of FLDF is to separate populations.

However, it can also be used to classify. Under the

assumption of multivariate normality with comrnon

covanance matdx and known parameters, FLDF
is optimal in minimizing the expected cost of
misclassifications. When the covariance matrices

are not equal, Smith's ( 1s4z) quadratic disoiminant
function (QDF) and Anderson-Bahadur (1962)

linear discriminant function were proposed. The

altemative statistical method of classification is

logistic regression, or logistic discriminant (LGD)
model. Unlike discriminant functions, the LGD
approach trcals the distribution tbr each population

as a multinomial. Under nonnormality, Press and

Wilson ( 19?B) recommended the LGD motlel with
maximum likelihood estimators for solving the

classifi cation problem.

ln recent years, neural networks (NNs) have

been applied to rhe classification problem in
discriminant analysis. Several authors compared

NNs with statistical models (Patuwo et. a1.,1993;

Subramanian et. al., 19s3; Tam and Kiang, 1992;

Yoon et. al., 199t). Markham and Ragsdale (tses)
combined NNs and statistical methods to provide

more accurate composite predictions for the
classification problem. NNs are widely used

in discriminant analysis as well as statistical
approacn.

For the last two decades, various
mathematical programming (MP) approaches have

been developed for solving the classification
problem in discriminant analysis. Mp-based
methods include LP, goal programming and mixed
rnteger programming models. Only LP approaches
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are discussed here. Freed and Glover (toata,
1981b) and Hand (1oar) introduced LP approaches

to the classification problem. Glorfeld and Gaither
(1982) and Freed urd Glover (reaz) debated the

relative complexity of the LP approaches and FLDF.

Several authors have been proposed various

normalization consfaints to solve unacceptable and

trivial solution from the LP approaches (Freed and

Glover, 1986b; Glen, 199s; Glover, 1990; Ko€hler,

1989; Markowski and Markowski, 1985; Ragsdale

ld Stam, 1 9 9 1 ). Unlike NNs and statistical models,

LP approaches to the classification problem are

not widely used although LP is the well-known
model.

In this paper, the rwo most widely used LP
formulations to the classification problem in
discriminant analysis are introduced. (For other Lp
models, see Freed and Glover, toSoa; Gochet et.

al., r9s?; ke and Ord, rsso.) Comparisons ofthe
LP models and the classical discriminant analysis

are presented.

Linear Programming Formulations to the
Classification Problem

L€t x be the observation on variable i (i = t, 2, ...,

P) of case j ( = r, z, ..., n).

The maximize minimum deviation
(MMD) model

Freed and Glovel (t9sla) firstly proposed

the MMD model for the two-group problem.

This model determines the coefficients, w (i = r,
2, ..., p), that maximize the minimum deviation, d,

between a case score, *, x,; * *, X, j * ..,

*o Xo j , ffid the cutoff score, c. The form of the

MMD formulation is:
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Subject to

wx

Mzximize d

+ ... + w x - d'c for all observations in group t
I ll

+...+w x +d.c for all observalions in group 2
P PJ

d, w uffestricted in sign' i = 1, 2' ...' p

The maxirnize sum of deYiation (MSD) model

The MSD model miximizes the sum ot

the distances from the case scorcs to the cutotf

(Freed and Glover, rsela). Let dj , j = 1' 2' ...' n'

Subject to

w,xtj*wrXrj
w x +w x

t ri 2 2l

ComParisons
To illustrate for comparison of the MSD

model and FLDF, the data of a bankruptcy problem

are used and shown in Table 1. Glen (1999) used

the MSD model with normalization constant

+1, that is c = 1, to generate the discriminant

function

1.291 x, 2.689 x, * 0,541 X3 - 0.249 X{ = 1

where x, is the cash flow to total debt ra1io, x, rs

the net income to total assests ratio, xs is the

cu[ent assests to curent liabilities ratlo' md x,

is the current assests to net sales ratio. The

FLDF are produced by running the SPSS

discriminant program. The m is classi fic ation

mtes of the MSD and FLDF procedures are o'le

and o.og respectively.

Maximize I d
l'' l

+ ... + w x - d 'c for all observattons In group 1
p Pl J .,+...+w x +d<c tbr all observations m group 2
p fJ l_

d , w unrestricted in sign, i = r,2, ...' P; J = 1' 2' "'' n

represent the distance of group member.j's score

from the cutoff c. The basic form of the MSD

formulation is:

A number of studies have compared the

performance of LP and statistical approaches

to the classilication problem. Experimental

results indicated that the MMD formulation

outperforms FLDF when overlap between

groups is lowest and the covariance mafices

are most unequal (Bajgier and Hill' 1s82) and

that the MSD formulation generally is the

most reliable predictor of group rnembership

(Freed and Glover, 1986a). Joachimsthaler

and Stam ( rsaa) suggested that the MSD model

is a useful alternative to LGD However, Nath et'

al. (1992) noted that statistical methods itre

generally superior to LP based approaches. Further

work may combine the statitstical and LP

approaches to creale composite predictions that are

more accurate than either of the individual

techniques used in isolation.
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Table t Data for an example (Clen. rsss)

Case Group xxxx

1

1

I
1

I
2

3

5

-0.4485

-0.5633

0.0643

-0,o721

-0.1002

-o.1421

0.0351

-0.0653

o.0724

-0.1353

-o-225a

0.0713

0.0109

-o.2777

o.7454

0.3703

-o.o757

0.0451

0.0115

o.1227

-0.2843

-0.4106

-0.3114

0.0156

-0.0930

-0.0917

-0.0651

o.o14?

-0.0566

-0.00?6

-0.1433

-0.29 61

0.0205

0.0011

-0.2316

0.0500

0.1098

-0.0821

0.0263

-0.0032

0.1055

-0.2?03

1.0865

1.5134

t.oo7 7

1.4544

1.6644

0.?066

1.5046

L.37 37

1.3123

1.419 6

0.3310

1.3124

2.t495

1.1918

t ,a7 62

1.9941

1.507 7

1.6756

L.2602

1.1434

t.2722

o.4526

o-1642

0.3978

0.2589

0.6683

o.27 S4

0.7080

0.4032

0.3361

o.4347

0.1824

o.2457

0.6969

0.6601

o.2723

0.3828

o.4215

0.9494

0.6038

0.5128

6

7

8

I
10

1I

L2

13

I4

16

r7

18

19

20

21

I
I
7

I
1

1

I
1

1

I
I
I
1

1

1

1

I
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Table r (continued)

Case Group xxxx

1

2

3

4

5

6

?

8

I
10

ll

t2

14

16

17

18

1S

20

2T

22

24

2

2

2

2

2

z

2

2

2

2

2

2

2

2

z

z

2

2

2

2

2

2

0.5135

0.0769

o.37 ? 6

0.1933

o.3248

0.3132

0.1184

-0.0173

0.2169

0.1703

0.1460

-0.0985

0.139 8

0.1379

0.1486

0.1633

o.2907

0.5383

-0.3330

o.4786

0.5603

o-202s

o.47 46

0.1661

0.5808

0.1001

0.019 5

0.10 7 5

0.0473

0.0718

0.0511

0.0499

0.0233

0.0779

0.0695

0.0518

-0.0123

-0.0312

0.0?28

0.0564

0.0486

0.0597

0.1064

-0.08 54

0.0910

o.11t2

o.o? 92

0.1380

0.0351

0.03? 1

2.487r

2.0069

3.2651

2.2506

4.2401

4.4500

2.52!.O

2.O528

2.348I

1.7I73

2.1692

2.5029

o-4611

2.6123

2.234?

2.3080

1.8381

2.3293

3.0124

1.2444

4.29r8

1.9I39

2.916 6

5.0 5 94

0.5368

0.5304

0.3548

0.3309

0.62?9

0.6852

0.6925

0.3484

0.39 70

0.51?4

0.5500

o.67 ? 8

0.2643

0.5151

0.5563

0.19?8

0.3?86

0.4835

0.4730

0.184?

0.4443

0.3018

o.4487

0.13?0

0.12 68
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